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A bstract

Quantum Calogero-Sutherland m odel of A, type @J, @] is com pletely integrable EJ, @],
E]. U sing this fact, we give an elem entary construction of low ering an raising operators for
the trigonom etric case. T his is sin ilar, but m ore com plicated (due to the fact that the energy
Spectrum is not equidistant) than the construction for the rational case [E].

1 Introduction

T he class of quantum systam s associated w ith root system s was introduced in E] (see also [@], @])
as a generalization of the C alogero-Sutherland system s El], @]. In these papers it was shown that
the systam s of A , type (which depend on one real param eter , related to the coupling constant)
are quantum com pletely integrable system s.

Forthepotentialv(g)= ( 1)sin 2 (q) and specialvalues ofthisparam eter, the w ave functions
correspond to the characters of groups SU N ), N = n+ 1 ( = 1) or to zonal spherical functions
( = %;2;4) (see [ﬂ]). TIf changes continuously, the wave functions are not related to group
theory but they give an interpolation between these ob fcts. U sing appropriate variables these
functionsbecom e the polynom ials in n variableswhich are naturalm ultidin ensionalgeneralizations
of G egenbauer polynom ials (which we have forthe SU (2) case). T he properties of such polynom ials
and analogous functions w ere considered from di erent points of view in m any papers, ofwhich we

mention here only {1, @1, @471, @1, @), @31, £, £ @41 @31 691 @@ &1, &1 220 23
B41 231 241 7
Below we follow the approach developed in ], [@], @J, @]. U sing the fact that quantum

trigonom etric C alogero-Sutherland system is com pletely integrable we give an elem entary construc—
tion of Jow ering and raising operators for thiscase. T his is sin ilar, butm ore com plicated (due to the
fact that the energy spectrum is not equidistant) than the construction for the rational C alogero-
Sutherland case ]. T he approach uses just elem entary m eans com pared w ith other approaches
@], ], and m ay be extended to the case of arbitrary root system s.

2 Theguantum CS modeland GG polynom ials

The quantum C alogero-Sutherland m odelof A , type EI 1, E] for the trigonom etric case was consid—
ered rst in [ﬂ] and describes the m utual Interaction of N = n + 1 particles m oving on the circle.
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W e recall som e in portant facts about this m odel follow ng @]. T he ground state energy and
(non—-nom alized ) wavefunction are

Eo( ) = 2(;)°=>N@+ 1N 1) ?
bal
ola) = £ sy gx)g ; (2)
i<k
P
where is the standard W eyl vector, =% or+ With the sum extended over all the positive
roots of A, . The excited states depend on a n-tuple of quantum numbersm = (m;m;:::;my )
_ )
H m - Em () m
Eg() = 20+ 5+ ) (3)
P
where isthe highest weight of the representation ofA,, bbelled bym ,Le. = L m; jand ;

are the fundam entalweights of A, . Equation @) has been obtained com bining form ulas (42)~4.5)
of B91. fwe substitute in @)

mn (@)= oa) n (@) (4)
we are led to the eigenvalue problam
2 m "1512)( ) m (5)
w ith
} + g cty (g )(i £) (6)
2 = 2 . qj dx @qj @qk
j<k
and
") =EP () BEo()=2(; +2 ) (7)

Introducing the inverse C artan m atrix
1 . NN
Ajk = Jjr k):mm(jrk) N_ (8)

it is possible to give a m ore explicit expression for ", ( ):

xn X
2) _ 1 1
"C) = 2 Ajkmjmk+4 Ajkmj
k=1 k=1
2 X0 , 4x xn
= N kN km § + N IN k)m my+ 2 k(N  k)m 9)
k=1 Kk k=1

In order to nd the egenfuntions  (qi), it is convenient to introduce a set of baricentric coordi-
nates
0 1 ¥

B=95 A 9= aj (10)
N



0

and change variables to the follow Ing set of elem entary sym m etric functions of x4 = ?%

A
z1 = X4
=1
R
Zy = XXy
i<k
bl
z3 = XX X1
j<k<1
7N = X1Xp iiixXy ¢ (11)

Wewill x the center ofm ass in the origin of g-coordinates. Then,qg = gj,zy = 1 and theonly
Independent variables are z; ;z2;:::;2, . The , operator becom es

bl bl
0 = gk (21)@z, @z + aj(z1)Q, (12)
Jjk=1 =1
w here
9k (1) = 2Ajklzjzk+ low er order temm s
2
aj(z) = 201+ N Ayjzy= =1+ N 3O Iz; (13)

A s a consequence of the simple form of ,,the  are polynom ials

w (Zi)= Py (zi)= 2] "2; 2 trazp @+ (14)
which, for the A1 case, are standard G egenbauer polynom ials, and for A, , constitute a natural
generalization of G egenbauer polynom ials for n variables . Som e relevant properties of these poly—
nom ials as well as gpeci ¢ exam ples can be found in [E], [@], @], @]r BY1, [@].

A s an illustration, we give the form of , and its eigenvalues for A, and A;:

For A, the Inverse C artan m atrix is

1 2 1
A t=C 15
> 1o (15)
Wewritem = (m;n)and nd
45 2 2 2
, = gf(z1 3z2)@; + (27 3z1)@;, + (mmzz 9)@; @y + 3 + 1) (€@ + 220z, )9
"n(fz,n() = 5fm2+r12+mr1+3(m+n)g (16)
For A3 we obtain 0 1
1 3 2 1
A1—58242% (17)
1 2 3



and puttingm = (m ;1;n),we get

+ 4(zyzp 623)Q, @y,

1
, = Ef(?szf 82,)Q7 + (325 8z,)Q7 + 4(z5 22123 4@

+  4(zpz3 621)@,, @, + 2(z1z3 16)@ 5 @y, + (4 + 1)(3z1@; + 3z3@,, + 422Q,, )g

1
) = Ef3mZ+ 3n®+ 4%+ 4m 1+ 4nl+ 2mn+ 4 (3m + 3n+ 4l)g (18)

3 Complete set of quantum integrals ofm otion

T he system under consideration is com pletely integrable. T hism eans that there are n com m uting
operators including the Ham iltonian. They m ay be constructed as follow s. Let us introduce the
operatorvalied m atrix of order N

H = ( 1 (19)

Lik=p; « g k)sin “(@y dx)i py=

i—;
@qj
and let 74 be the sum of all principalm inors of order j. It is easy to see that these operators are
well-de ned (there isno problan w ith ordering operators p; in them ) and that ™, coincides w ith
the Ham iltonian In (). Them ain statement ({1, B, {1 is that these operators com m ute one to

another
(7577 1= 05 (20)

and therefore the wave functions are eigenfiinctions of all of them :

5o =800 (21)
T he explicit form of these operators is as follow s
£
Nj = (1) J g21v(2l)@(3 21) (22)
=0
w ith
v@a@ 2b _ % Vi Vo L i Vi = sin Z(qi q-) (23)
hERD 3 ot ’ 17 J
1 12 11 21@%2l+1 @q.l]

C

and C is the set of all non-equivalent com binations of non—+epeated Indices between 1 and N .
T he form er hierarchy of com m uting operators can be transform ed in another one w hich includes
the , Introduced in @). The substitution of @) in @1)) leads to the equation
(C o) '75 o) o =B (24)
and, In particular, in thecasem = 0 to

(o) '™ o) 1=EY; (25)

where 1 is the function dentically equal to one. It is therefore convenient to de ne the new set of
operators as

j::( o)le 0 7 (26)
w here the m eaning of the nom alordering operator is the follow Ing: all derivatives are digplaced
to the right and, am ong the new temm s which arise as a result of this displacem ent, those which



are purely m ultiplicative give a constant w hich we subtract. In temm s of these new operators, )
takes the form

"Dy = 2P0 B0 (27)
T he construction of | involves the follow ing replacem ent in @):
X
@ ! @5+ Ay; Ag= () (@ o)= ctol(@; dx); j= 1;:::5N (28)
k6 j

n ). A fter this \gauge transform ation" has been done and the nom alzreordering has been
applied, we obtani the follow ing results:

2X

> = (1) f@4@ + A4Ckg
£

5 o= (17 £058c@+ A3@@+ “[(@5Ax)+ AR, Rg
c
X

s = (:'L)4 £O5@ @10, + A QK EQ, + 2[(@jAk)+ A Ay 3@y
c

+ @A AL+ AAAI LG (29)

and so on. The sum s are over all non-equivalent com binations of non—repeated indices between 1
and N (note that (@A )= (€xA5)). Tt is easy to check that the rst operator of the preceding list
coincides w ith that of (E), as it should be. T he other operators can be put in m ore explicit form in
each concrete case. For instance, for A ,

i 3 = @@0@3+ flctgla g2)+ col@ 93)k08:3+ [l g1)+ cgl@m g93)R:163
+ ltgl@ gi)+ cgl@ g92)Rieg+ 2 “fI1+ ctglas gi)ctg(@ g2)Rs
+ [+ cyl@ gi)ctg@ g3)l+ L+ col@a gz)ctgl@ gs3)kig: (30)

A fter the change of variables ), we get:

2
;= (5)3f(22f 9z 12p + 27)Q;, + (3zzy 18z 5+ 2721)@2Q,, (32125 18z + 272,)Q,, QZ

223 9z1zp+ 27)Q; + 3(3 + 2)[(z] 3z2). (z5 3z1)@l]
+ (3 +2)3 + Dz, z,8,)g (31)

4 R aising and low ering operators

In this Section, we will show how to build raisihg and lowering operators for the G egenbauer
polynom ials associated to A, . A fter explaining the general treatm ent, we w ill give the explicit
form of these operators for A, and A3 cases. O ur approach relies on com bining the characteristic
polynom ial for the Lax m atrix @) w ith the recurrence relations satis ed by the G egenbauer
polynom ials ]. The nom altordered characteristic polynom ial for the Lax m atrix takes the form

'y , .
D (t)= det(tI L)= tV + (1)I~.¢88 9, (32)



Asa resultof ), the generalized G egenbauer polynom ials are eigenfunctions ofD (t). Ifwe apply
nom al ordering and and use the shifted operator

R oy
(t)=:D (t) : (IESE T; (33)

¥ .
wp . = « 19p (34)
=1

w here ]pf]j) are the com ponentes of the N din ensionalvector L, = 2( + ):

G _ 2. X1 1 -
W= Zf N kg N mi+ NN+ 1023) g (35)
k=1 k=0

T he easiest way to check this equation is by m eans of analytical continuation of the coordinates,
g5 ! gy, to the asym ptotic region g; > > g if j> k, in which only the diagonalpart of L. and the
leading tetm of P, survive.

O n the other hand, the recurrence relations am ong G egenbauer polynom ials are deform ations
of the C lebsch-G ordan serdes for SU (N ), speci cally

bl
z,P, = ai sy iy (P4 Lm0 L= 1;2;:::5n (36)
1< o< iy

or, altematively
el
Zy Py = by i e ()P y oo W r= 1;2;:::;n: (37)
1< o< nux iy
Here by ;uii, () = @i, um, L fhsiiiiiyg= fl;:::;Ngand ;,wih igoing from 1 to N, are

n-dim ensional vectors w hose com ponents are

1= (ks ki 1)7 k= 1;2;::05n: (38)
U sing the explicit orm B§) in §J), we nd

3) _ 1) — J J.
]m ERRR - ]m N 2 i 2 i * (39)
Bearing in m ind (B4), this in plies that ( 9 %) is zero when applied to all tem s of (3§) which
donotinvolve 5 and,sin flarly, (léj)+ IZq—r ) vanishes w hen acting on the term s of ) not including
.. Thus
3 ’

, 2r ) 2r A 2r
Lol ) A o g =)mPy / Pay v i
, 2r ) 2r A 2r
(1;11)+N—) <1r§32>+N_>::: <1r§3r)+N—)zN Po [ Pu (40)

and are therefore these products w hich give the desired raising and low ering operators, in this case
annhilating P, and creating P,

i ir



Let us now concentrate on theA, case, forwhichm = (m ;n) and ]g(qu-n are

() = 22m 3
Tn = 5( +n+ )
2
(2) _
]m’,n = §(m+n)
2
(3) _ .
Ln = g(m 2n 3 ): (41)
T he explicit form of the recurrence relations Pg] is
Z]-Pm;n = Pm+l;n+am;ﬂ( )Pm;n 1+Cm( )Pm 1n+17
ZZPm;n = Pm;n+1+afl.m( )Pm l;n+cn( )Pm+l;1'1 17 (42)
w here
) nm+n+ )n 1+2 )m+n 1+ 3 )
a = 7
o n+ )n 1+ )m+n+2)m+n 1+2)

() = mm 1+ 2) . (43)
G  m+ )m 1+ )

U sing the general construction explained above, and w ith the notation

Sa;me n = gjgmpm+a;n+b ; (44)
we nd the follow iIng raising and low ering operators and corresponding proportionality factors:
2
Si0= Q%) 37 1= hon();
2
s 1a= Q%) )i =K ()G ()i
2
So; 1= (Qgn )7 0.1 = han ( anal )
2
S 10= Q5L+ 3)%i = han( Janm ()
2
S1; 1= (an+ 3)%i 1= Kann( e ()
2
Sop= @5+ 3% 04 = han (); (45)
where thenew coe clentsh 5 ( ) and kyp 5 ( ) are
hon() = 2°m +n+2)m+ );
knm( ) = 22m+ )+ ): (46)
Let usnow move to the A3 case, orwhich wewillwritem = (m ;1L;n). The lr(nj?lm are:
W~ lamea 6 );
Loan = 5(m+ + n+ );
@ _ 1 21 2 );
Jm;l;n = 5(m+ + n+ );
(3) 1
Jm,.l;n = E(m 21+ n 2 );
w _ 1 21 3n 6 ): 47
hoan = E(m n ): (47)



T he recurrence relations have the form :

1Py An = Pm+l;l;n t G ( Pn 1p1nt anal Py A in+1 T dn 1 (P An 17
2Py in T Pn a1n T ci( )Pm+1;l 1n+1 T aim ( )Pm+1;1;n 1t al;n( )Pm 1in+17
+  fn ;1;0( )Pm 1;+1mn 1T Sm ;lfﬂ( )Pm A1 1n”
Z3Pm An = Pm ;]_;n+]_+ Cn( )Pm A+ 1ln 1 + an;l( )Pm+]_;]_ in + dn;l,m ( )Pm 1;1;[’1; (48)

where the coe clentsa p5( ) and ¢, ( ) areasin ),and

4 1 () = nl+n+ )n 14+ 2 )m+1+n+2 )1+n 1+3 )m +1+n 1+ 4 ) .
R m+ )Jn 1+ )1+n+2)1+n 1+2 )m +1+n+3)m+1+n 1+3 ) '
£ () = mnm 1+2 )n 1+2 )m+1+n+2 )m+1+n 1+ 4 ) .
o m+ )n+ H)m 1+ )n 1+ )m +1+n+3 )m+1+n 1+3) '

Im + 1+ )1+ n+ )L 1+ 2 Ym+1+n+2 )m+1 1+ 3 )1+n 1+ 3 )

G an ) = A+ )L 1+ )Ym+1+2)m+1 1+2)1l+n+2)1+n 1+ 2 )m+ 1+n+ 3

m+1+n 1+ 4)

m + 1+ n 1+3):

W ith the notation (@), the raising and low ering operators are as follow s:

(1) 1 Al
Si1pp= Ly aq 5)21; T;O;én: dm an ()i
2) 1 i
S aap= (gan )75 Ao = Tnan( )G ();
(3) 1 Al
So; 11 = (lm An E)le Ig; fl;l_ Tnam ( Jam a( );
(4) 1 Al
Sop; 1= (Upan )27 04, 1= Gam ( On an ()i
(4) 1 iL
Sopn = (pgp + 5)273 064 = Dnam ()i
(3) 1 il
Soa; 1= (g an * 5% 0i; 1= Inam ( ) ()
2) 1 Al
S1; 10= (A, an T 5)23/ T; in,o Toan( Janal );
1 .
(1) il
S 1p0= (pant 5)%i 0= Goan( )ahan (); (50)
(1) (2) pt
Sopp= (Upan 1 Q5. Dzo; 049 = Pman( )
(1) (3) pt
Syn= Qpan 1 Qg a, Dzo; 10 = tnoan (ol )
1 4 S
Sio; 1= (g 1)@ Lzg; 145 = Waan(Oam ()
2 (3) e
S 1pn= Qphn 1) Q7 Dza; T = Xaan(am ()
(2) (4) e
S ;1= Qpan 1 Qg Dzo; 1= fam (fnan ()i
3 (4) b
So; 1p= ok, 1)@ Lz 0 = Paam (G an ()i (51)
w here
Goan () = 24(m + Jm + 1+ 2 )Ym + 1+ n+ 3 );
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Iman( ) = 2°m+ )1+ )1+ n+ 2 );

Poan( ) = 2851+ )m + 1+ )m 1+ )@+ 1+ 2 )1+ n+ 2 )m + 1+ n+ 3 );

than( ) = 28@ + A+ )+ HYA+m+1+2 )m+1 1+ 2 )m + 1+n+ 3 );
Wnan( ) = 28(m+ ym+ )m + 1+ 2 )1+ n+ 2 )m +1+n+ 1+ 3 )m +1+n 1+ 3 );
Xpan( ) = m+ Yo+ YA+ 1+ )L 1+ )m+ 1+ 2 )1+ n+ 2 ): (52)

5 Conclusions

In this paper, we have described a procedure for buiding raising and lowering operators for the
systam of generalized G egenbauer polynom ials associated to the root system of A, . T his procedure
hasbeen applied to obtain the step operators for the cases of A, and A 3. In the latter case, we have
also written for the rst tin e the explicit form of the recurrence relations am ong the polynom ials.
A lso,we give in the A ppendix the exact expression of som e of the lowest order polynom ials for A 5.
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A ppendix. Explicit expressions for G egenbauer polynom ials for the
A5 case up to totaldegree four

W e provide a list of som e G egenbauer polynom ials for the A 3 case which extends that given in [@ ]
for the A, case.

PO;].;O = Zy
) 2
Poon = 7o T =
2 2( 1)
2
P,. = Z Z1Z
020 2 17 Y Ha+ 2)
3
Pl;l,@ = Z1Z T3 2 z3
4
Pioa = a2 1+ 3
: . 6 . 6
= Z Z12Z —_———Z
3,00 1 142 (l-‘r )(2+ ) 3
6 6 32+ + 9

P . = Z3 — 717290723 + —M8m————————— ZZ+ 22 —_————Z
0538 2 oy o AmBt T o A\t B T eey ®
. 5 2 1+ 3 . 4

E = Z1 Z Z Z12Z EE——
2,10 12 9y 2 1+ ) 143 1+ )2
: ) 2 201+ 4 )

. = Z1 Z Zo7Z Z
2071 15Ty 1y e+ 3))*?



B 5 2 1+3 5
Pioo = 217 Z123 1+ )22223 mzl
3 5 8( 1)
P.,, = +
1 nzzs o BT B oy 32
- . 12 N 12 2, 24 24
= V4 Zq Z V4 VAWA
400 L3y T 00 )@ 02T 2y )3+ O o ar Her e+ )
P = z3z 6 Z 22 32+ 3 ) 222 + 30 ZoZ3 + 6+ 4 ) z
3150 122 o oy @y 2P 2y )3+ 2H)* T ay et e+ 2t
P = z3z Z1Z0Z 2a+2 ) 22 6 22+ 40+ 2 ) Z
3071 15 7S g hes )Y @t He+s )T @y rer ¢
P = 2272 2 (zpz5 + 2720) + 4 72 8 A+ 2 )zz B3+ 4 2)
202 15 ry ) 7R AT gy 2 3as 2 PP 3@+ Pe+3)
2 121 ) 23+ 8 2) 9(1 )
2.2 3 3 2 2
P,. = + + +
220 2% Ty ABT R T 2228 32 ar A Br2oas s
23+ 7 + 10 2)
+ Vi)
3+ 2 )a+ )»P
- 5 30, 5 1+ 3 2, 202+ 25 +72 8 3
A . = Z1 227 Z ZnZ 717 717
244 128 T Ty 2B gy pan 31+ 2 )1+ P
201+ 5 + 8 2)
+ Z3
1+ 2 )1+ )3
6 30 32+ 3 ) 6
3 2 2 3
Piopg = - + +
130 2122 ARBT OBy 2 ) B 2y (312 ) 2B 513 4 2”&
62 3 + 2 3(10+ 13 3 2)
Z17Z Z
1+ )2+ )3+ 2 ) ¥ 2+ »B+2)a+ 2>
2 1+ 3 4 (1 ) 30+ 73 + 44 2 3 3
2 2.2 2 2 2
Pipoa = 212373 17 Z7 23 m(2122+ Z73) + 301 ) z5 + 30: ) 2123
46+ 7 2)
31+ )4
12 12 24
Poaup = zg 3+—zlz§z3+ 21 )3+ )zfz§+ 21 )3+ )(zfzz+ zzzi)
126+ 3 + 2) 5 246 ) 6(18+ + 2)
Zy Z123 +
2+ Y3+ )3+ 2) 2+ Y3+ )3+ 2) 1+ )2+ Y3+ )3+ 2
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