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An elementary construction ofloweringand raisingoperatorsfor

thetrigonometricCalogero-Sutherland model
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Departam ento de F��sica,Facultad de Ciencias,Universidad de Oviedo,E-33007 Oviedo,Spain

A bstract

Q uantum Calogero-Sutherland m odelofA n type [1],[2]is com pletely integrable [3],[4],

[5]. Using this fact,we give an elem entary construction oflowering an raising operators for

the trigonom etriccase.Thisissim ilar,butm ore com plicated (due to the factthatthe energy

spectrum isnotequidistant)than the construction forthe rationalcase[6].

1 Introduction

Theclassofquantum system sassociated with rootsystem swasintroduced in [3](seealso [4],[5])

asa generalization ofthe Calogero-Sutherland system s[1],[2]. In these papersitwasshown that

the system sofA n-type (which depend on one realparam eter�,related to the coupling constant)

are quantum com pletely integrable system s.

Forthepotentialv(q)= �(��1)sin � 2(q)and specialvaluesofthisparam eter,thewavefunctions

correspond to the charactersofgroupsSU (N ),N = n + 1 (� = 1)orto zonalsphericalfunctions

(� = 1

2
;2;4) (see [7]). If� changes continuously, the wave functions are not related to group

theory but they give an interpolation between these objects. Using appropriate variables these

functionsbecom ethepolynom ialsin n variableswhich arenaturalm ultidim ensionalgeneralizations

ofG egenbauerpolynom ials(which wehavefortheSU (2)case).Thepropertiesofsuch polynom ials

and analogousfunctionswereconsidered from di�erentpointsofview in m any papers,ofwhich we

m ention here only [8],[9],[10],[11],[12],[13],[14],[15],[16],[17],[18],[19],[20],[21],[22],[23],

[24],[25],[26],[27].

Below we follow the approach developed in [28],[29],[30],[31]. Using the fact thatquantum

trigonom etricCalogero-Sutherland system iscom pletely integrablewegivean elem entary construc-

tion ofloweringand raisingoperatorsforthiscase.Thisissim ilar,butm orecom plicated (duetothe

factthatthe energy spectrum isnotequidistant)than the construction forthe rationalCalogero-

Sutherland case [6]. The approach uses just elem entary m eans com pared with other approaches

[25],[26],and m ay beextended to thecase ofarbitrary rootsystem s.

2 T he quantum C S m odeland G G polynom ials

Thequantum Calogero-Sutherland m odelofA n-type[1],[2]forthetrigonom etriccasewasconsid-

ered �rstin [2]and describesthe m utualinteraction ofN = n + 1 particlesm oving on the circle.

�
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Thecoordinatesofthese particlesareqj,j= 1;:::;N and the Schr�odingerequation reads

H 	 � = E (�)	 �

H = �
1

2
� + �(� �1)

NX

j< k

sin� 2(qj �q k); �=

NX

j= 1

@2

@q2j
: (1)

W e recallsom e im portant facts about this m odelfollowing [28]. The ground state energy and

(non-norm alized)wavefunction are

E 0(�) = 2(�;�)�2 =
1

6
N (N + 1)(N �1)� 2

	 �
0(qi) = f

NY

j< k

sin(qj �q k)g
�
; (2)

where � isthe standard W eylvector,� = 1

2

P

�2R + � with the sum extended overallthe positive

rootsofA n.Theexcited statesdepend on a n-tupleofquantum num bersm = (m 1;m 2;:::;m n)

H 	 �
m

= E
(2)
m
(�)	 �

m

E
(2)
m
(�) = 2(� + ��;� + ��); (3)

where� isthehighestweightoftherepresentation ofA n labelled by m ,i.e.� =
P n

i= 1m i�iand �i

arethefundam entalweightsofA n.Equation (3)hasbeen obtained com bining form ulas(4.2)-(4.5)

of[28].Ifwe substitutein (3)

	 �
m
(qi)= 	 �

0(qi)�
�
m
(qi); (4)

we areled to the eigenvalue problem

�� �
2�

�
m
= "

(2)
m
(�)��

m
(5)

with

� �
2 =

1

2
�+ �

NX

j< k

ctg(qj�q k)(
@

@qj
�

@

@qk
) (6)

and

"
(2)
m
(�)= E

(2)
m
(�)�E 0(�)= 2(�;� + 2��); (7)

Introducing theinverse Cartan m atrix

A
� 1

jk
= (�j;�k)= m in(j;k)�

jk

N
(8)

itispossibleto give a m oreexplicitexpression for"m (�):

"
(2)
m
(�) = 2

nX

j;k= 1

A
� 1

jk
m jm k + 4�

nX

j;k= 1

A
� 1

jk
m j

=
2

N

nX

k= 1

k(N �k)m 2
k +

4

N

nX

l< k

l(N �k)m lm k + 2�

nX

k= 1

k(N �k)m k (9)

In orderto �nd the eigenfuntions� �
m
(qi),itisconvenientto introduce a setofbaricentric coordi-

nates

q
0

j = qj �q; q=
1

N

NX

j= 1

qj (10)
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and change variablesto the following setofelem entary sym m etric functionsofxj = e
2iq0

j

z1 =

NX

j= 1

xj

z2 =

NX

j< k

xjxk

z3 =

NX

j< k< l

xjxkxl

...

zN = x1x2:::xN : (11)

W e will�x the centerofm assin the origin ofq-coordinates. Then,q0j = qj,zN = 1 and the only

independentvariablesare z1;z2;:::;zn.The�
�
2 operatorbecom es

� �
2 =

NX

j;k= 1

gjk(zi)@zj@zk +

NX

j= 1

aj(zi)@zj (12)

where

gjk(zi) = 2A � 1

jk
zjzk + lowerorderterm s

aj(zi) = 2(1+ N �)A
� 1

jj zj =
2

N
(1+ N �)j(N �j)z j (13)

Asa consequence ofthesim ple form of� �
2,the �

�
m
arepolynom ials

��
m
(zi)= P

�
m
(zi)= z

m 1

1 z
m 2

2 :::z
m n

n + ::: (14)

which,for the A 1 case,are standard G egenbauer polynom ials,and for A n,constitute a natural

generalization ofG egenbauerpolynom ialsforn variables.Som erelevantpropertiesofthese poly-

nom ialsaswellasspeci�cexam plescan befound in [5],[24],[28],[29],[30],[31].

Asan illustration,we give the form of� �
2 and itseigenvaluesforA 2 and A 3:

� ForA 2 the inverse Cartan m atrix is

A
� 1 =

1

3

 

2 1

1 2

!

: (15)

W e writem = (m ;n)and �nd

�� �
2 =

4

3
f(z21 �3z 2)@

2
z1
+ (z22 �3z 1)@

2
z2
+ (z1z2 �9)@ z1@z2 + (3� + 1)(z1@z1 + z2@z2)g

"
(2)
m ;n(�) =

4

3
fm 2 + n

2 + m n + 3�(m + n)g (16)

� ForA 3 we obtain

A
� 1 =

1

4

0

B
@

3 2 1

2 4 2

1 2 3

1

C
A (17)
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and putting m = (m ;l;n),we get

�� �
2 =

1

2
f(3z21 �8z 2)@

2
z1
+ (3z23 �8z 2)@

2
z3
+ 4(z22 �2z 1z3 �4)@

2
z2
+ 4(z1z2 �6z 3)@z1@z2

+ 4(z2z3 �6z 1)@z2@z3 + 2(z1z3 �16)@ z1@z3 + (4� + 1)(3z1@z1 + 3z3@z3 + 4z2@z2)g

"
(2)

m ;l;n
(�) =

1

2
f3m 2 + 3n2 + 4l2 + 4m l+ 4nl+ 2m n + 4�(3m + 3n + 4l)g (18)

3 C om plete set ofquantum integrals ofm otion

Thesystem underconsideration iscom pletely integrable.Thism eansthattherearen com m uting

operators including the Ham iltonian. They m ay be constructed as follows. Let us introduce the

operator-valued m atrix oforderN

Ljk = pj�jk �ig(1�� jk)sin
� 1(qj �q k); pj = �i

@

@qj
; g

2 = �(� �1) (19)

and let ~� �
j bethe sum ofallprincipalm inorsoforderj.Itiseasy to see thatthese operatorsare

well-de�ned (there isno problem with ordering operatorspj in them )and that ~�
�
2 coincideswith

the Ham iltonian in (1). The m ain statem ent([3],[4],[5])isthatthese operatorscom m ute one to

another

[~� �
j;
~� �
k]= 0; (20)

and thereforethe wave functionsare eigenfunctionsofallofthem :

� ~� �
j	

�
m
= E

(j)
m
(�)	 �

m
: (21)

Theexplicitform ofthese operatorsisasfollows

~� �
j = (�i)j

[
j

2
]

X

l= 0

g
2l
v
(2l)

@
(j� 2l) (22)

with

v
(2l)

@
(j� 2l) =

X

C

vi1;i2 ���vi2l�1 ;i2l
@

@qi2l+ 1

���
@

@qij
; vi;j = sin� 2(qi�q j) (23)

and C isthesetofallnon-equivalentcom binationsofnon-repeated indicesbetween 1 and N .

Theform erhierarchy ofcom m utingoperatorscan betransform ed in anotheronewhich includes

the� �
2 introduced in (6).Thesubstitution of(4)in (21)leadsto theequation

�((	 �
0)

� 1~� �
j	

�
0)��

�
m
= E

(j)
m
��
m
; (24)

and,in particular,in the case m = 0 to

�((	 �
0)

� 1~� �
j	

�
0)�1 = E

(j)

0
; (25)

where1 isthe function identically equalto one.Itistherefore convenientto de�nethenew setof

operatorsas

� �
j = :(	

�
0)

� 1~� �
j	

�
0 :; (26)

where the m eaning ofthe norm al-ordering operator is the following: allderivatives are displaced

to the right and,am ong the new term s which arise as a resultofthis displacem ent,those which

4



arepurely m ultiplicative give a constantwhich we subtract.In term softhesenew operators,(21)

takestheform

�� �
j�

�
m

= "
(j)
m
(�)��

m
;

"
(j)
m
(�) = E

(j)
m
(�)�E

(j)

0
(�): (27)

Theconstruction of� �
k involvesthefollowing replacem entin (22):

@j ! @j + �A j; A j = �
� 1(	 �

0)
� 1(@j	

�
0)=

X

k6= j

ctg(qj�q k); j= 1;:::;N (28)

in (22). After this \gauge transform ation" has been done and the norm al-reordering has been

applied,we obtanithe following results:

� �
2 = (�i)2

X

C

f@j@k + �A j@kg

� �
3 = (�i)3

X

C

f@j@k@l+ �A j@k@l+ �
2[(@jA k)+ A jA k]@lg

� �
4 = (�i)4

X

C

f@j@k@l@m + �A j@k@l@m + �
2[(@jA k)+ A jA k]@l@m

+ �
3[(@jA k)A l+ A jA kA l]@m g (29)

and so on. The sum sare over allnon-equivalentcom binations ofnon-repeated indicesbetween 1

and N (notethat(@jA k)= (@kA j)).Itiseasy to check thatthe�rstoperatorofthepreceding list

coincideswith thatof(6),asitshould be.Theotheroperatorscan beputin m oreexplicitform in

each concrete case.Forinstance,forA 2

�i� �
3 = @1@2@3 + �f[ctg(q1 �q 2)+ ctg(q1 �q 3)]@2@3 + [ctg(q2 �q 1)+ ctg(q2 �q 3)]@1@3

+ [ctg(q3 �q 1)+ ctg(q3 �q 2)]@1@2g+ 2�2f[1+ ctg(q3 �q 1)ctg(q3 �q 2)]@3

+ [1+ ctg(q2 �q 1)ctg(q2 �q 3)]@2 + [1+ ctg(q1 �q 2)ctg(q1 �q 3)]@1g: (30)

Afterthechange ofvariables(11),we get:

� �
3 = (

2

3
)3f(2z31 �9z 1z2 + 27)@3z1 + (3z21z2 �18z

2
2 + 27z1)@

2
z1
@z2 �(3z 1z

2
2 �18z

2
1 + 27z2)@z1@

2
z2

� (2z 3
2 �9z 1z2 + 27)@3z2 + 3(3� + 2)[(z21 �3z 2)@

2
z1
�(z 2

2 �3z 1)@
2
z2
]

+ (3� + 2)(3� + 1)(z1@z1 �z 2@z2)g (31)

4 R aising and lowering operators

In this Section, we willshow how to build raising and lowering operators for the G egenbauer

polynom ials associated to A n. After explaining the generaltreatm ent,we willgive the explicit

form ofthese operatorsforA 2 and A 3 cases. O urapproach relieson com bining the characteristic

polynom ialfor the Lax m atrix (19) with the recurrence relations satis�ed by the G egenbauer

polynom ials[28].Thenorm al-ordered characteristic polynom ialfortheLax m atrix takestheform

D (t)= det(tI�L)= t
N +

NX

j= 2

(�1)j~� �
jt
N � j

: (32)
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Asa resultof(27),thegeneralized G egenbauerpolynom ialsareeigenfunctionsofD (t).Ifweapply

norm alordering and and usetheshifted operator

�(t)= :D (t):�

NX

j= 2

(�1)jE
(j)

0 t
N � j

; (33)

theeigenvalue equationstake theform

�(t)P �
m
=

NY

j= 1

(t�l(j)
m
)P �

m
; (34)

wherel
(j)
m are the com ponentesofthe N -dim ensionalvectorlm = 2(� + ��):

l
(j)
m

=
2

N
f

nX

k= 1

(N �k)m k �N

j� 1
X

k= 0

m k +
1

2
N (N + 1�2j)�g: (35)

The easiest way to check thisequation isby m eansofanalyticalcontinuation ofthe coordinates,

qj ! iqj,to theasym ptotic region qj > > qk ifj> k,in which only thediagonalpartofL and the

leading term ofP �
m
survive.

O n the otherhand,the recurrence relationsam ong G egenbauerpolynom ialsare deform ations

ofthe Clebsch-G ordan seriesforSU (N ),speci�cally

zrP
�
m
=

NX

i1< i2< :::< ir

ai1;i2;:::;ir(�)P
�
m + �i1+ :::+ �ir

; r= 1;2;:::;n (36)

or,alternatively

zN � rP
�
m
=

NX

i1< i2< :::< ir

bi1;i2;:::;ir(�)P
�
m � �i1� :::� �ir

; r= 1;2;:::;n: (37)

Here bi1;:::;ir(�) = air+ 1;:::;iN iffi1;:::;iN g = f1;:::;N g and �i,with i going from 1 to N ,are

n-dim ensionalvectorswhosecom ponentsare

�i= (�k;i��k;i� 1); k = 1;2;:::;n: (38)

Using the explicitform (38)in (35),we �nd

l
(j)

m � �i1� :::� �ir
= l

(j)
m

�
2r

N
�2�

j

i1
�����2�

j

ir
: (39)

Bearing in m ind (34),thisim pliesthat�(l
(j)
m � 2r

N
)iszero when applied to allterm sof(36)which

donotinvolve�j and,sim ilarly,�(l
(j)
m + 2r

N
)vanisheswhen actingon theterm sof(37)notincluding

�� j.Thus,

�(l(i1)
m

�
2r

N
)�(l(i2)

m
�
2r

N
):::�(l(ir)

m
�
2r

N
)zrP

�
m

/ P
�
m + �i1+ :::+ �ir

;

�(l(i1)
m

+
2r

N
)�(l(i2)

m
+
2r

N
):::�(l(ir)

m
+
2r

N
)zN � rP

�
m

/ P
�
m � �i1� :::� �ir

(40)

and arethereforetheseproductswhich givethedesired raising and lowering operators,in thiscase

annhilating P �
m
and creating P �

m � �i1� :::� �ir
.
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Letusnow concentrate on theA 2 case,forwhich m = (m ;n)and l
(j)
m ;n are

l
(1)
m ;n =

2

3
(2m + n + 3�)

l
(2)
m ;n =

2

3
(�m + n)

l
(3)
m ;n =

2

3
(�m �2n �3�): (41)

Theexplicitform oftherecurrence relations[28]is

z1P
�
m ;n = P

�
m + 1;n + am ;n(�)P

�
m ;n� 1 + cm (�)P

�
m � 1;n+ 1;

z2P
�
m ;n = P

�
m ;n+ 1 + an;m (�)P

�
m � 1;n + cn(�)P

�
m + 1;n� 1; (42)

where

am ;n(�) =
n(m + n + �)(n �1+ 2�)(m + n �1+ 3�)

(n + �)(n �1+ �)(m + n + 2�)(m + n �1+ 2�)
;

cm (�) =
m (m �1+ 2�)

(m + �)(m �1+ �)
: (43)

Using the generalconstruction explained above,and with thenotation

Sa;bP
�
m ;n = �

m ;n

a;b
P
�
m + a;n+ b ; (44)

we �nd thefollowing raising and lowering operatorsand corresponding proportionality factors:

S1;0 = �(l(1)m ;n �
2

3
)z1; �

m ;n

1;0 = �h m ;n(�);

S� 1;1 = �(l(2)m ;n �
2

3
)z1; �

m ;n

� 1;1 = km ;n(�)cm (�);

S0;� 1 = �(l(3)m ;n �
2

3
)z1; �

m ;n

0;� 1 = �h n;m (�)am ;n(�);

S� 1;0 = �(l(1)m ;n +
2

3
)z2; �

m ;n

� 1;0 = hm ;n(�)an;m (�);

S1;� 1 = �(l(2)m ;n +
2

3
)z2; �

m ;n

1;� 1 = �k m ;n(�)cn(�);

S0;1 = �(l(3)m ;n +
2

3
)z2; �

m ;n

0;1 = hn;m (�); (45)

wherethenew coe�cientsh m ;n(�)and km ;n(�)are

hm ;n(�) = 23(m + n + 2�)(m + �);

km ;n(�) = 23(m + �)(n + �): (46)

Letusnow m ove to theA 3 case,forwhich we willwritem = (m ;l;n).Thel
(j)

m ;l;n
are:

l
(1)

m ;l;n
=

1

2
(3m + 2l+ n + 6�);

l
(2)

m ;l;n
=

1

2
(�m + 2l+ n + 2�);

l
(3)

m ;l;n
=

1

2
(�m �2l+ n �2�);

l
(4)

m ;l;n
=

1

2
(�m �2l�3n �6�): (47)
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Therecurrencerelationshave the form :

z1P
�
m ;l;n = P

�
m + 1;l;n + cm (�)Pm � 1;l+ 1;n + am ;l(�)P

�
m ;l� 1;n+ 1 + dm ;l;n(�)P

�
m ;l;n� 1;

z2P
�
m ;l;n = P

�
m ;l+ 1;n + cl(�)Pm + 1;l� 1;n+ 1 + al;m (�)P

�
m + 1;l;n� 1 + al;n(�)P

�
m � 1;l;n+ 1;

+ fm ;l;n(�)P
�
m � 1;l+ 1;n� 1 + gm ;l;n(�)P

�
m ;l� 1;n;

z3P
�
m ;l;n = P

�
m ;l;n+ 1 + cn(�)Pm ;l+ 1;n� 1 + an;l(�)P

�
m + 1;l� 1;n + dn;l;m (�)P

�
m � 1;l;n; (48)

wherethecoe�cientsa p;q(�)and cp(�)are asin (43),and

dm ;l;n(�) =
n(l+ n + �)(n �1+ 2�)(m + l+ n + 2�)(l+ n �1+ 3�)(m + l+ n �1+ 4�)

(n + �)(n �1+ �)(l+ n + 2�)(l+ n �1+ 2�)(m + l+ n + 3�)(m + l+ n �1+ 3�)
;

fm ;l;n(�) =
m n(m �1+ 2�)(n �1+ 2�)(m + l+ n + 2�)(m + l+ n �1+ 4�)

(m + �)(n + �)(m �1+ �)(n �1+ �)(m + l+ n + 3�)(m + l+ n �1+ 3�)
;

gm ;l;n(�) =
l(m + l+ �)(l+ n + �)(l�1+ 2�)(m + l+ n + 2�)(m + l�1+ 3�)(l+ n �1+ 3�)

(l+ �)(l�1+ �)(m + l+ 2�)(m + l�1+ 2�)(l+ n + 2�)(l+ n �1+ 2�)(m + l+ n + 3�)
�

�
(m + l+ n �1+ 4�)

(m + l+ n �1+ 3�)
: (49)

W ith thenotation (44),the raising and lowering operatorsare asfollows:

S1;0;0 = �(l
(1)

m ;l;n
�
1

2
)z1; �

m ;l;n

1;0;0 = �q m ;l;n(�);

S� 1;1;0 = �(l
(2)

m ;l;n
�
1

2
)z1; �

m ;l;n

� 1;1;0 = rm ;l;n(�)cm (�);

S0;� 1;1 = �(l
(3)

m ;l;n
�
1

2
)z1; �

m ;l;n

0;� 1;1 = �r n;l;m (�)am ;l(�);

S0;0;� 1 = �(l
(4)

m ;l;n
�
1

2
)z1; �

m ;l;n

0;0;� 1 = qn;l;m (�)dm ;l;n(�);

S0;0;1 = �(l
(4)

m ;l;n
+
1

2
)z3; �

m ;l;n

0;0;1 = �q n;l;m (�);

S0;1;� 1 = �(l
(3)

m ;l;n
+
1

2
)z3; �

m ;l;n

0;1;� 1 = rn;l;m (�)cn(�);

S1;� 1;0 = �(l
(2)

m ;l;n
+
1

2
)z3; �

m ;l;n

1;� 1;0 = �r m ;l;n(�)an;l(�);

S� 1;0;0 = �(l
(1)

m ;l;n
+
1

2
)z3; �

m ;l;n

� 1;0;0 = qm ;l;n(�)dn;l;m (�); (50)

S0;1;0 = �(l
(1)

m ;l;n
�1)�(l

(2)

m ;l;n
�1)z 2; �

m ;l;n

0;1;0 = �p m ;l;n(�);

S1;� 1;1 = �(l
(1)

m ;l;n
�1)�(l

(3)

m ;l;n
�1)z 2; �

m ;l;n

1;� 1;1 = tm ;l;n(�)cl(�);

S1;0;� 1 = �(l
(1)

m ;l;n
�1)�(l

(4)

m ;l;n
�1)z 2; �

m ;l;n

1;0;� 1 = �w m ;l;n(�)al;m (�);

S� 1;0;1 = �(l
(2)

m ;l;n
�1)�(l

(3)

m ;l;n
�1)z 2; �

m ;l;n

1;� 1;1 = �x m ;l;n(�)al;n(�);

S� 1;1;� 1 = �(l
(2)

m ;l;n
�1)�(l

(4)

m ;l;n
�1)z 2; �

m ;l;n

� 1;1;� 1 = tn;l;m (�)fm ;l;n(�);

S0;� 1;0 = �(l
(3)

m ;l;n
�1)�(l

(4)

m ;l;n
�1)z 2; �

m ;l;n

0;� 1;0 = �p n;l;m (�)gm ;l;n(�); (51)

where

qm ;l;n(�) = 24(m + �)(m + l+ 2�)(m + l+ n + 3�);

8



rm ;l;n(�) = 24(m + �)(l+ �)(l+ n + 2�);

pm ;l;n(�) = 28(l+ �)(m + 1+ �)(m �1+ �)(m + l+ 2�)(l+ n + 2�)(m + l+ n + 3�);

tm ;l;n(�) = 28(m + �)(l+ �)(n + �)(l+ m + 1+ 2�)(m + l�1+ 2�)(m + l+ n + 3�);

wm ;l;n(�) = 28(m + �)(n + �)(m + l+ 2�)(l+ n + 2�)(m + l+ n + 1+ 3�)(m + l+ n �1+ 3�);

xm ;l;n(�) = 28(m + �)(n + �)(l+ 1+ �)(l�1+ �)(m + l+ 2�)(l+ n + 2�): (52)

5 C onclusions

In this paper,we have described a procedure for building raising and lowering operators for the

system ofgeneralized G egenbauerpolynom ialsassociated to therootsystem ofA n.Thisprocedure

hasbeen applied to obtain thestep operatorsforthecasesofA 2 and A 3.In thelattercase,wehave

also written forthe�rsttim e theexplicitform oftherecurrencerelationsam ong thepolynom ials.

Also,wegivein theAppendix theexactexpression ofsom eofthelowestorderpolynom ialsforA 3.
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A ppendix.ExplicitexpressionsforG egenbauerpolynom ialsforthe

A 3 case up to totaldegree four

W eprovidea listofsom eG egenbauerpolynom ialsfortheA 3 casewhich extendsthatgiven in [29]

forthe A 2 case.

P
�
1;0;0 = z1

P
�
0;1;0 = z2

P
�
2;0;0 = z

2
1 �

2

1+ �
z2

P
�
0;2;0 = z

2
2 �

2

1+ �
z1z3 �

2(� �1)

(1+ �)(1+ 2�)

P
�
1;1;0 = z1z2 �

3

1+ 2�
z3

P
�
1;0;1 = z1z3 �

4

1+ 3�

P
�
3;0;0 = z

3
1 �

6

2+ �
z1z2 +

6

(1+ �)(2+ �)
z3

P
�
0;3;0 = z

3
2 �

6

2+ �
z1z2z3 +

6

(1+ �)(2+ �)
(z21 + z

2
3)�

3(2+ � + �2)

(1+ �)2(2+ �)
z2

P
�
2;1;0 = z

2
1z2 �

2

1+ �
z
2
2 �

1+ 3�

(1+ �)2
z1z3 +

4

(1+ �)2

P
�
2;0;1 = z

2
1z3 �

2

1+ �
z2z3 �

2(1+ 4�)

(1+ �)(2+ 3�)
z1

9



P
�
1;2;0 = z1z

2
2 �

2

1+ �
z
2
1z3 �

1+ 3�

(1+ �)2
z2z3 �

� �5

(1+ �)2
z1

P
�
1;1;1 = z1z2z3 �

3

1+ 2�
(z21 + z

2
3)�

8(� �1)

(1+ 2�)(2+ 3�)
z2

P
�
4;0;0 = z

4
1 �

12

3+ �
z
2
1z2 +

12

(2+ �)(3+ �)
z
2
2 +

24

(2+ �)(3+ �)
z1z3 �

24

(1+ �)(2+ �)(3+ �)

P
�
3;1;0 = z

3
1z2 �

6

2+ �
z1z

2
2 �

3(2+ 3�)

(2+ �)(3+ 2�)
z
2
1z3 +

30

(2+ �)(3+ 2�)
z2z3 +

6(1+ 4�)

(1+ �)(2+ �)(3+ 2�)
z1

P
�
3;0;1 = z

3
1z3 �

6

2+ �
z1z2z3 �

2(1+ 2�)

(1+ �)(2+ �)
z
2
1 +

6

(1+ �)(2+ �)
z
2
3 +

4(1+ 2�)

(1+ �)2(2+ �)
z2

P
�
2;0;2 = z

2
1z

2
3 �

2

(1+ �)
(z2z

2
3 + z

2
1z2)+

4

(1+ �)2
z
2
2 �

8�(1+ 2�)

3(1+ �)3
z1z3 �

8(3+ � �4� 2)

3(1+ �)3(2+ 3�)

P
�
2;2;0 = z

2
1z

2
2 �

2

1+ �
(z31z3 + z

3
2)+

12(1��)

(1+ �)(3+ 2�)
z1z2z3 +

2(3+ 8� �� 2)

(3+ 2�)(1+ �)2
z
2
1 �

9(1��)

(3+ 2�)(1+ �)2
z
2
3

+
2(3+ 7� + 10�2)

(3+ 2�)(1+ �)3
z2

P
�
2;1;1 = z

2
1z2z3 �

3

1+ 2�
z
3
1 �

2

1+ �
z
2
2z3 �

1+ 3�

(1+ �)2
z1z

2
3 +

2(12+ 25� + 7�2 �8� 3)

3(1+ 2�)(1+ �)3
z1z2

+
2(�1+ 5� + 8� 2)

(1+ 2�)(1+ �)3
z3

P
�
1;3;0 = z1z

3
2 �

6

2+ �
z
2
1z2z3 +

30

(2+ �)(3+ 2�)
z1z

2
3 �

3(2+ 3�)

(2+ �)(3+ 2�)
z
2
2z3 +

6

2+ 3� + �2
z
3
1

�
6(2�3� + � 2)

(1+ �)(2+ �)(3+ 2�)
z1z2 �

3(10+ 13� �3� 2)

(2+ �)(3+ 2�)(1+ �)2
z3

P
�
1;2;1 = z1z

2
2z3 �

2

1+ �
z
2
1z

2
3 �

1+ 3�

(1+ �)2
(z21z2 + z2z

2
3)+

4�(1��)

3(1+ �)3
z
2
2 +

30+ 73� + 44�2 �3� 3

3(1+ �)4
z1z3

�
4(6+ 7� �� 2)

3(1+ �)4

P
�
0;4;0 = z

4
2 �

12

3+ �
z1z

2
2z3 +

12

(2+ �)(3+ �)
z
2
1z

2
3 +

24

(2+ �)(3+ �)
(z21z2 + z2z

2
3)

�
12(6+ 3� + �2)

(2+ �)(3+ �)(3+ 2�)
z
2
2 �

24(6��)

(2+ �)(3+ �)(3+ 2�)
z1z3 +

6(18+ � + �2)

(1+ �)(2+ �)(3+ �)(3+ 2�)
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