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A bstract

TheCom pton e�ectin a two-dim ensionalworld iscom pared with thesam eprocess

in ordinary three-dim ensionalspace.

1 Introduction

QED,thestrangetheory oflightand m atter,[1],em bracesin a uni�ed dogm a severalofthe

m ostsuccessfulphysicaldoctrines. Quantum electrodynam icsdescribesthe interactionsof

the electrom agnetic �eld with electronsand positronsin a fram ework ruled by the lawsof

specialrelativity and quantum m echanics. According to Feynm an,see Reference [1],QED

is the jewelofphysics: there is no signi�cant di�erence between experim ent and theory.

Nevertheless,nobody understand why Natureworksthatway,quoting Feynm an again.The

lack ofcom prehension ispartly due to the conceptualdi�cultiesofboth specialrelativity

and quantum m echanics,so far from com m on sense,and partly due to the com plexity of

the phenom ena involved. There are too m any degreesoffreedom entering the gam e and a

nightm areofdivergencesm ustbetam ed by properphysicalinsight.

During the eighties,interesting investigations were devoted to QED in a space-tim e of

(2+1)-dim ensions,seee.g.Reference[2].Theresearch waspushed forward by eitherpurely

theoreticalreasons,to study conventionalQED at the in�nite tem perature lim it,or con-

densed m atterexperim ents:both theQuantum HallE�ect[3]and High Tc Superconductiv-

ity [4]arem any-body quantum phenom ena including interactionsofcharged ferm ionswith

theelectrom agnetic�eld thatessentially occurin two-dim ensions.

Perturbation theory ofplanarquantum electrodynam icsisrich enough to be com pared

with perturbative features ofthe theory ofphotons,electrons and positronsin three -di-

m ensionalspace. The theoreticalanalysis ofphoton-electron scattering perform ed within

the fram ework ofQED 2+ 1 allows for a com parative study with the sam e process in three

dim ensions. Besides the academ ic interest,we �nd it fruitfulto enlarge the list oflowest

orderprocessesanalyzed in QED.W ecom putethedi�erentialcrosssection,alength in two-

dim ensions[5],up tosecond orderin perturbation theory startingfrom theusualplanewave
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expansion of�eld operators. W e then com pare the results in di�erent physicalsituations

with theoutcom eofthevery wellknown analysisin threedim ensions.

The organization ofthe paper is as follows: in Section x2 we brie
y present QED 2+ 1

Perturbation Theoryand itsapplication tocom puteS-m atrixelem ents.Section x3isdivided

intotwosub-sections:calculation ofboth thedi�erentialand totalcross-lengthsofscattering

for the Com pton e�ect is perform ed in x3.1. The planar analogue ofthe Thom son and

Klein-Nishina form ulasarediscussed in x3.2 and com pared with thebehaviourofthe sam e

expressionsin three dim ensions. Finally,in the Appendicesthe de�nition ofthe Diracand

electrom agnetic �elds in three-dim ensionalM inkowskispace is given. Also, som e useful

form ulasarecollected and theconventionsto beused throughoutthepaperare�xed.

2 Q uantum electrodynam ics in the plane.

Quantum electrodynam icsintheplane,QED 2+ 1,describestheinteractionoftwo-dim ensional

electrons,positrons and photons by m eans ofthe quantum �eld theory derived from the

Lagrangian density

L = L0 + LI (1)

with thefree-�eld Lagrangian density

L0 = N

�

c� (x)(i�h
�@� � m c) (x)�
1

4
f��(x)f

��(x)

�

(2)

where: (1)  (x) and � (x) =  y(x)
0 are the Dirac �elds that have relativistic m atter

particlesofspin 1

2
,electronsand positrons,asquanta. W e take the charge ofthe electron

asq = �e < 0,and m isthe m ass ofthe particle. Study ofthe Dirac free-�eld in (2+1)

dim ensionsand itsquantization can be found in Appendix C. (2)a�(x),� = 0;1;2,isthe

three-vector electrom agnetic potentialand f�� the associated antisym m etric tensor to the

electrom agnetic�eld :

f�� = @�a� � @�a�:

A Lorentz-covariantform ulation ofthefreeelectrom agnetic�eld in theplane,thequan-

tization procedure leading to the identi�cation ofpolarized photons as its quanta,is also

developed in the Appendix D. (3) �h and c are respectively the Planck constant and the

speed oflightin vacuum .Theinteraction Lagrangian density is

LI = N
h

e� (x)
�a�(x) (x)
i

� N

�

�
1

c
j
�(x)a�(x)

�

(3)

which couplesthe conserved currentj�(x)= (�e)c� (x)
� (x)� (c�(x);~j(x))to the elec-

trom agnetic�eld.W ehave de�ned theLagrangian density asa norm alproduct,N [],each

creation operatorstanding to the leftofany annihilation operator,to ensure thatthe vac-

uum expectation valuesofallobservablesvanish,(wefollow theconventionsof[6],chapters

4,5,6 and 7 ).

The action integralS for quantum electrodynam ics in three-dim ensionalspace-tim e is

therefore

S =

Z

d
3
x N

�

c� (x)

�



�

�

i�h@� +
e

c
a�(x)

�

� m c

�

 (x)�
1

4
f��(x)f

��(x)

�

(4)
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In relativistic quantum �eld theory itisconvenientto work in naturalunits(n.u.),�h =

c = 1. In these units the fundam entaldim ensions are the m ass (M ),the action (A) and

thevelocity (V)instead ofthem ass(M ),length (L)and tim e(T)thatarethefundam ental

dim ensionsin c.g.s. (orS.I.)units. Itisinteresting to analyse the dim ensions ofthe free-

�eldsand constantsthatappearin theaction S forQED 2+ 1,and to com parethem with the

dim ensionalfeaturesofthesam em agnitudesin QED 3+ 1.In general,given thedim ension of

theaction integral,

S =

Z

d
d+ 1

x L; (5)

whereL isde�ned by (2)and (3);thedim ension ofthe�eldsisdeterm ined from thekinetic

term s,and then thedim ension ofthecoupling constantsis�xed.W e�nd that:

Quantity c.g.s. n.u.

Action S M L2T� 1 1

Lagrangian density L M L2� dT� 2 M d+ 1

Electrom agnetic�eld a�(x) M
1

2L2�
d

2T� 1 M
d� 1

2

Dirac�elds (x)and � (x) L�
d

2 M
d

2

Electricchargee M
1

2L
d

2T� 1 M
3� d

2

M assoftheelectron m M M

The c.g.s. dim ensionsofe2 in d = 3 are [e2]= M L3T� 2 � [�hc]due to the factthatthe

Coulom b forcedecreasesas 1

r2
.In naturalunits,however,theelectron chargeisdim ension-

less.The�nestructureconstant� � 1

137:04
isgiven by,

� =
e2

4��hc
(c:g:s:) or � =

e2

4�
(n:u:) (6)

Thism eansthatonecan take� ortheelectron chargeasagoodexpansion param eterbecause

both ofthem aredim ensionlessin n.u..

Things are di�erent in a two-dim ensionalworld: ifd = 2,the electron charge is not

dim ensionlessbut[e2]= M L2T� 2 in c.g.s. units,or[e2]= M in n.u. because the Coulom b

force isproportionalto 1

r
. The �ne structure constantisstillthe expansion param eterfor

a perturbative treatm ent ofQED 2+ 1 but we m ust keep in m ind that the electron charge

hasdim ensions. The dim ension ofthe productofe2 tim esthe Com pton wave length �h

m c
is

[e2 �h

m c
]= M L3T� 2 or[e

2

m
]= 1,respectively in c.g.s. orn.u. system s. Therefore,we express

the�nestructureconstantas:

� =
e2

4�m c2
(c:g:s:) or � =

e2

4�m
(n:u:) (7)
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bearing in m ind thate2 isnotdim ensionlessin naturalunitswhen d = 2. Thus,in (2+1)-

dim ensionalM inkowskispacethe�nestructureconstantis
(electron charge)2

electron m ass
,(up to4� factors).

Perhaps a rapid com parison ofthe severalsystem s ofunits used in electrom agnetism

willhelp to clarify this point: in the above form ulas we have adopted the rationalized

Lorentz-Heaviside system ofelectrom agnetic units; that is,the 4� factors appear in the

forceequationsratherthan in theM axwellequations,and thevacuum dielectricconstant�0
issetequalto unity [7].In rationalized m ksunits,the�nestructureconstantisde�ned as:

� =
e2

4��0�hc
(d = 3) or � =

e2

4�a0m c
2
(d = 2) (8)

where a0 hasdim ensionsofperm itivity by length. W e de�ne a0 = �0
�h

m c
,the perm itivity of

vacuum tim esthefundam entallength ofthesystem .Then,

� =
e2

4��0�hc
�

e2

4�a0m c
2
�

1

137:04
(9)

wheretherationalized electriccharges e2

�0
and e2

a0
havedi�erentdim ensions.

The Ham iltonian H ofthesystem splitsinto thefreeH 0 and theinteraction H I Ham il-

tonians. H I can be treated as a perturbation since the dim ensionless coupling constant,

characterizing the photon-electron interaction in the plane,issm allenough:� � 1

137:04
. In

theinteraction picturetheS-m atrix expansion is

S =

1X

n= 0

(�i)n

n!

Z

� � �

Z

d
3
x1d

3
x2� � � d

3
xn T fH I(x1)H I(x2)� � � HI(xn)g (10)

whereTfg isthetim e-ordered product.TheQED 2+ 1 interaction Ham iltonian density

H I(x)= �LI(x)= �eN
h
� (x)
�a�(x) (x)

i

(11)

determ inesthebasicvertex partofthetheory.

Forthejii! jfitransition,theS-m atrix elem entisgiven by

hfjSjii= �fi+

"

(2�)3�(3)(Pf � Pi)
Y

ext:

�
m

AE

�1=2 Y

ext:

�
1

2A!

�1=2
#

M : (12)

Here,Pi and Pf are the totalthree-m om enta ofthe initialand �nalstates,the products

extend overallexternalparticles,and A = L2 isa largebut�nitearea in theplane.E and

! are the energiesofthe individualexternalferm ionsand photons,respectively. M isthe

Feynm an am plitudesuch that:M =
P

1
n= 1M

(n),and thecontribution toM (n) (nth orderin

perturbation theory)from each topologically di�erentgraph isobtained from theFeynm an

rules[6].W eonly enum eratethefundam entaldi�erenceswith respectto theFeynm an rules

in QED 3+ 1:

� Thefour-m om enta oftheparticlesarenow three-m om enta.

� For each initialand �nalelectron or positron there is only one label,s = 1 ,that

characterizesthespin state.
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� Foreach initialand �nalphoton thereisalso only onelabel,r= 1,thatcharacterizes

thepolarization state.

� Initialand �nalelectronsand positronshaveassociated two-com ponentspinors.

� The 
-m atricesarising atverticesand the SF -functions,com ing from propagation of

internalferm ion lines,are2� 2 m atrices.

� Foreach three-m om entum qwhich isnot�xed by energy-m om entum conservation one

m ustcarry outtheintegration (2�)� 3
R
d3q.

3 A QED2+1 Low est O rder Process: T he C om pton

E�ect

In thisSection weshalldiscussthescattering cross-section,across-length in d=2,forplanar

Com pton scattering up to second orderin perturbation theory.

3.1 C om pton Scattering

TheS-m atrix elem entforthetransition

jii= c
y(~p)by(~k)j0i�! jfi= c

y(~p0)by(~k0)j0i (13)

to second orderin eis:

S
(2) = �e2

Z

d
3
x1d

3
x2N

h
� (x1)


�
a�(x1)iSF (x1 � x2)


�
a�(x2) (x2)

i

= Sa + Sb: (14)

Here,iSF (x1� x2)istheferm ion propagator(64).Feynm ann technologyprovidestheform ula

hfjS(2)jii= (2�)3�(3)(p0+ k
0� p� k)

Y

ext

 
m

AE ~p

! 1=2
Y

ext

 
1

2A!~k

! 1=2

(M a + M b) (15)

fortheS-m atrix elem entup tosecond orderin perturbation,wheretheFeynm an am plitudes

are

M a = �e2�u(~p0)
���(~k
0)iSF (p+ k)
���(~k)u(~p)

M b = �e2�u(~p0)
���(~k)iSF (p� k
0)
���(~k

0)u(~p): (16)

Thedi�erentialcross-length forthisprocessistherefore

d� = (2�)3�(3)(p0+ k
0� p� k)

(2m )2

4E !vrel

d2~p0

(2�)22E 0

d2~k0

(2�)22!0
jM j2 (17)

where p = (E ;~p)and k = (!;~k)arethethree-m om enta forthe initialelectron and photon,

and the corresponding quantities for the �nalelectron and photon are p0 = (E 0;~p0) and

k0= (!0;~k0).
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Analysis ofthe scattering ofphotons by electrons is easier in the laboratory fram e,in

which p = (m ;0;0) and ~p0 = ~k � ~k0. The relative velocity in this system is unity,i. e.,

vrel=
j~kj

!
= 1.

From the energy-m om entum consevation law p + k = p0+ k0,the Com pton shift in

wavelength for this process is easily deduced. In the laboratory system : p = (m ;0;0),
~k�~k0= !!0cos�,� isthescattering angle,and

!
0=

m !

m + !(1� cos�)
(18)

Therearenodi�erenceswith thethree-dim ensionalcasein thisrespect.Therecoilenergy

oftheelectron is

E
0=

q

m 2 + !2 + !02 � 2!!0cos� (19)

In (17)wecan integratewith respecttothedependentvariables~k0and ~p0asaconsecuence

ofthe conservation ofthe initialand �nalm om enta. Using (18) and (19),we obtain the

di�erentialcross-length in thelaboratory fram e
 
d�

d�

!

Lab

=
1

8�!

 
!0

!

!

jM j2 (20)

In QED 3+ 1 to obtain unpolarized cross-sectionswem ustaveragejM j2 overallthepola-

rizationsand spinsoftheinitialstateand sum itoverall�nalpolarizationsand spin states.

By doing this,werenderthesquareoftheFeynm an am plitudesasthetraceofproductsof


-m atrices.Itisshown in Appendix E thatdespite thelack ofpolarization orspin degrees

offreedom in QED 2+ 1 the square ofthe Feynm an am plitudesisalso the trace ofproducts

of
-m atrices.Theright-hand m em berof(20),jM j2,isthesum offourterm s:

X aa =
e4

16m 2(pk)2
Tr

h



�(
�(p+ k)� + m )
�(
�p� + m )
�(


�(p+ k)� + m )
�(

�
p
0
� + m )

i

(21)

X ab =
�e4

16m 2(pk)(pk0)
Tr

h



�(
�(p+ k)� + m )
�(
�p� + m )
�(


�(p� k
0)� + m )
�(


�
p
0
� + m )

i

and X bb = X aa(k $ �k0;� $ �0),X ba = X ab(k $ �k0;� $ �0). Com putation ofthe traces

in (21)isconsiderably sim pli�ed by the use ofthe contraction identities,see Appendix A,

because itinvolvesproductsofup to eight
-m atrices.Notethatthe contraction identities

for2� 2
-m atricesarevery di�erentthan theusualin (3+ 1)-dim ensions.In short,in term s

ofthethreelinearly independentscalarsp2 = p0
2
= m 2,pk = p0k0and pk0= p0k wehave

X aa =
e4

4m 2(pk)2

h

4m 4 + 4m 2(pk)+ (pk)(pk0)
i

X bb =
e4

4m 2(pk0)2

h

4m 4 � 4m 2(pk0)+ (pk)(pk0)
i

(22)

X ab = �
e4

4m 2(pk)(pk0)

h

4m 4 + 2m 2(pk� pk
0)� (pk)(pk0)+ i6m ����p�k�k

0
�

i

X ba = �
e4

4m 2(pk)(pk0)

h

4m 4 + 2m 2(pk� pk
0)� (pk)(pk0)� i6m ����p�k�k

0
�

i
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In the laboratory system pk = m !,pk0 = m !0 and from (22)and (20)we obtain the

di�erentialcross-length fortheCom pton scattering in theplane

 
d�

d�

!

Lab

=
�2�

2!

 
!0

!

! (
!

!0
+
!0

!
+ 4cos2� � 2

)

; (23)

�
d�

d�

�

hasdim ensionsoflength (orM � 1 in thenaturalunitssystem ).

Plugging (18)into (23)and integrating theresulting equation overthescattering angle,

we�nd thetotalcross-length

�total=
�2�2

m 


(
(1+ 
)

(1+ 2
)3=2
+ 1+

4(1+ 
)(1+ 
 �
p
1+ 2
)


2
p
1+ 2


�
2

p
1+ 2


)

(24)

where
 denotestheratioofthephoton initialenergy totheelectron restenergy,i.e.,
 = !

m

in naturalunits.

3.2 Planar T hom son and K lein-N ishina form ulas

Contactbetween theexperim entaloutcom eoftheCom pton e�ectin therealworld and the

theory isestablished through theKlein-Nishina and Thom son form ulasderived in QED 3+ 1.

Also,thetotalcross-section o�ersadirectconnection between theory and experim ent,which

is particularly fruitfulat the non-relativistic and extrem e relativistic lim its. Very good

inform ation about the behaviour ofphotons when scattered by electrons can be obtained

by studying the angular distribution ofthe unpolarized di�erentialcross-section. In this

sub-section wediscussthesam easpectsin QED 2+ 1 and com paretheresultsoftheanalysis

with theirhigher-dim ensionalcounterparts.

Startingwith thefam ousKlein-Nishinaform ulaforthepolarized di�erentialcross-section

ofCom pton scattering:

 
d�

d


!

Lab;pol

=
�2

4m 2

 
!0

!

! 2 (
!

!0
+
!0

!
+ 4(�(�)�0

(�0)
)2 � 2

)

; (25)

we focus on the sam e m agnitude in QED 2+ 1. Before,however,let us notice that �(�) �

�(�)(~k)and �0
(�0)

� �0
(�0)

(~k0)arethepolarizationsoftheincidentand scattered photonsand

�;�0= 1;2.

Itisconvenientto write(25)in theform

 
d�

d


!

Lab;pol

=
�2

4m 2

 
!0

!

! 2 (
!

!0
+
!0

!
+ 4cos2�� 2

)

; (26)

where(�(�)�0
(�0)

)2 = cos2� and � istheangleform ed by thepolarization vectorsoftheinci-

dentand scattered photons.In QED 2+ 1,thepolarized di�erentialcross-length isgiven pre-

cisely by equation (23).W ethereforecallthisexpression theplanarKlein-Nishina form ula;

choosing thepolarization vectorsoftheincident,~�(1)(~k),and scattered,~�0
(1)

(~k0),photonsin
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areferencefram ewherethewavevector~k and~�(1)(~k)arerespectively taken alongthez-and

x-axes,theform ula reads:

 
d�

d�

!

Lab

=
�2�

2!

 
!0

!

! (
!

!0
+
!0

!
+ 4(�(1)�0

(1)
)2 � 2

)

: (27)

The angle between the polarization vectors and the scattering angle now coincide

(�(1)� �0
(1)
)2 = cos2�.Itisrem arkablethatonecould havederived theplanarfrom thespatial

Klein-Nishinaform ula:takingthe�rstofthepolarizationvectors~�0
(1)

= (cos� cos�;cos� sen�;

� sen�),we obtain: cos2� = cos2� cos2�. For� = 0 we alm ostrecoverthe planarKlein-

Nishina form ula,butdim ensionalreasons forbid a perfect identity between both form ulas

and also di�erences between volum e and area elem ents induce som e distinct factors. The

otherpolarization vector~�0
(2)

= (sen�;� cos�;0)isnon-projectable to the plane,because

when � = 0 itpointsin thedirection which disappears.

A subtlepoint;in (2+1)-dim ensionsthereisnodi�erencebetween polarized and unpolar-

ized photon scattering because planarphotonshave only one polarization.The di�erential

cross-length ofscattering in QED 2+ 1 can also becom pared with theunpolarized di�erential

cross-section in QED 3+ 1.Atthenon-relativisticlim ititisgiven by theThom son form ula:

 
d�

d


!

Lab;N R

=
r20

2
(1+ cos2�) (28)

where r0 =
�

m
istheclassicalelectron radius.AttheNR lim it,where ! << m and !0� !,

we�nd from (23)an analogousform ula,

 
d�

d�

!

Lab;N R

=
2��2

!
cos2� �

lT

�

cos2� (29)

that we shallcallthe planar Thom son form ula. Besides the scattering angle,
�
d�

d�

�

Lab;N R

depends on the param eter 
 = !=m ,the ratio ofthe frequency ofthe incident photon

to the restelectron m ass. Also,we have introduced a constantwith dim ensions oflength

lT = (2�2�)r0 outofthetwofundam entalconstants� and r0,whosem eaningfortheproblem

willbeclearlater.UnliketheclassicalThom son form ula,thedi�erentialcross-lengthdepends

on the incident photon energy at the non-relativistic lim it;in fact (d�=d�)
Lab;N R

diverges

when 
 ! 0. (d�=d
)
Lab;N R

,however,is !-independent. The intensity ofthe scattered

radiationisthushigherwhen 
 decreasesintheplanarCom ptone�ect,butitdoesnotchange

when energy variesin (3+1)-dim ensions.A com m on pointisthatboth di�erentialscattering

cross-legthsand cross-sectionsoftheCom pton e�ectarebackward-forward sym m etric.

Therearealso noticeabledi�erencesin thebehaviourofthescattering di�erentialcross-

length and unpolarized cross-section at the extrem e relativistic lim it ! >> m . If!(1�

cos�)<< m ,in thisregim eoccuring atvery sm allscattering angles,!0� ! and:

� � �� ;

 
d�

d�

!

Lab;ER

�
lT

�

cos2� ;

 
d�

d


!

Lab;ER

�
r20

2
(1+ cos2�) (30)

In this case,the intensity distribution ofscattered radiation obeys the sam e Thom son

form ulasasatthe non-relativistic lim it. The cross-lenghtatstake in the planarCom pton
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e�ectissm allerthan the classicalone because the energy ofthe incom ing photonsisvery

high;in threedim ensionsthecross-section atlow energy and thecross-section athigh-energy

and sm allenough anglesare,however,thesam e.If!0= m

1� cos�
and !(1� cos�)>> m ,we

areattheextrem erelativisticlim itlooking atvery largescattering angles.Thus,

� �
�

2
+ �� ;

 
d�

d�

!

Lab;ER

�
lT

2�

;

 
d�

d


!

Lab;ER

�
r20

2

1


(1� cos�)
(31)

and the intensity ofthe planarCom pton e�ectdecreaseswith increasing energy ofthe in-

com ing photon,although itisindependentofthescattering angle.Thelatterfeatureisnot

shared by thecross-section attheextrem e relativisticlim itofQED 3+ 1.

0.01 0.05 0.20.5 2 5 20 50 200 1000

20

40

60

80

100

γ

λ
lT

Figure 1: Totalcross-length �=lT for the planar Com pton scattering as a function ofthe initial

photon energy 
 = w=m on alogarithm icscale.lT istheThom son length de�ned by lT = (2�2�)r0.

Itisinteresting to writethedi�erentialcross-length and theunpolarized cross-section as

functionsof
:

 
d�

d�

!

Lab

=
lT

4�


1

(1+ 
(1� cos�))

(
1

(1+ 
(1� cos�))
+ 
(1� cos�)+ 4cos2� � 1

)

(32)

 
d�

d


!

Lab

=
r20

2

1

(1+ 
(1� cos�))2

(
1

(1+ 
(1� cos�))
+ 
(1� cos�)+ cos2�

)

(33)

From theseexpresionsonecom putesrespectively thetotalcross-length

� =
lT

2


(

1+
1+ 


(1+ 2
)3=2
+
4(1+ 
)(1+ 
 �

p
1+ 2
)� 2
2


2
p
1+ 2


)

(34)

fortheplanarCom pton e�ect,and thetotalcross-section

� = 2�r20

(
1+ 



3

 
2
(1+ 
)

1+ 2

� log(1+ 2
)

!

+
1

2

log(1+ 2
)�

1+ 3


(1+ 2
)2

)

(35)
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Figure2:Totalcross-section �=�T forCom pton scatteringasafunction oftheinitialphoton energy


 = w=m on a logarithm ic scale in orderto covera large energy region.�T isthecross-section for

theThom son scattering,[8].

forthesam eprocessin space[8].

Thenon-relativisticlim it,
 << 1,of� and � iseasily obtained

�N R =
2�2�



r0 �

lT



(36)

�N R =
8�

3
r
2
0 = 6:65� 10� 25cm 2

: (37)

The cross-section �T � �N R for Thom son scattering is constant and independent ofthe

incom ingphoton frequency.�N R,however,dependson 
;weintroducea\natural"Thom son

length lT = 2�2�2

m
= 4:06� 10� 14cm . Ithappensthatfora photon such that! = 0:05m =

0:0025M ev,�N R = 8:12� 10� 13cm �
p
�T.Othersm allervaluesof
 lead to highervaluesof

�N R:for
 = 0:03 we �nd �N R = 1:35� 10� 12cm ,for
 = 0:01,�N R = 4:06� 10� 12cm ,and so

on.

Attheother,extrem erelativisticlim it,
 >> 1,wehave

�ER =
lT

2

 
1



+

5

2
p
2

1


3=2

!

(38)

�ER =
3�T

8

 
1



log2
 +

1

2


!

(39)

and we see that for very high energy the Com pton e�ect is a negligible e�ect and pair

production becom esdom inantboth in the plane and in the three-dim ensionalworld. The

logarithm icfactorin �ER announcesthatultravioletdivergencesin higherordercorrections

willbem oresevere in QED 3+ 1.

Thetotalcross-length � and cross-section � arerespectively plotted asfunctionsof
 in

Figures1 and 2.The intensity ofthe scattered radiation isvery large forsm allenergiesin

10
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Figure 3: Angulardistribution ofthe PlanarCom pton scattering asa function ofthe scattering

angle � forseveralvaluesoftheinitialphoton energy 
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the plane whereas in space itis practically constant and equalto the classicalvalue. For

high energy ofthe incom ing photonsthe intensity isvery sm allin both cases,although it

goesto zero fasterthan in the�rstcase.

Finally,westudy how
�
d�

d�

�

Lab
and

�
d�

d


�

Lab
depend on thescattering angle.Theangular

distribution ofthe di�erentialcross-length is plotted in Figure 3 for severalchosen values

of
 between the non-relativistic lim it and the high energy regim e. A sim ilar picture of�
d�

d


�

Lab
isdrawn in Figure 4. In both cases,the angulardistribution isforward-backward

sym m etric in thenon-relativisticlim it(
 ! 0),whereasin therelativistic regim e(
 >> 1)

theforward direction becom esm oreand m orepreponderant.Forsm allangles,thescattered

intensity in the three-dim ensionalcase has alm ost the classical(non-relativistic) value for

alltheincidentenergies;in thebi-dim ensionalcase,however,weobservethatthehigherthe

incidentenergy,thesm allertheintensity.Particularly,for
 ! 0theplanarintensityislarger

than theclassicalvaluein Thom son scattering.Forlargeanglestheangulardistribution is

sim ilarin both casesbutwhereasin theplane
�
d�

d�

�

Lab;N R
(�
2
)= 0,

�
d�

d


�

Lab;N R
(�
2
)isnotzero.

Forhigh incident energies,the intensity is practically equalto the m inim um in the range

� = (�=2;�).

A lastcom m ent on the pole found in
�
d�

d�

�

Lab
at! = 0: this isan infrared divergence

due to softphotons. Thisinfrared catastrophe issim ilarto thatarising in brem sstrahlung

processes in QED 3+ 1. Infrared divergences seem to be m ore dangerous in QED 2+ 1,but

fortunately,a \topological" m assforthe photonsisgenerated by the vacuum polarization

graph,see[2],and anaturalinfrared cut-o�existsin thetheory duetoquantum corrections.
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Figure 4:Angulardistribution ofthe Com pton scattering asa function ofthe scattering angle �

forseveralvaluesofthe initialphoton energy 
 = !
m
[8].
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A G am m a M atrices in 3-dim ensionalSpace-tim e

TheDirac(Cli�ord)algebra in the3-dim ensionalM inkowskispaceM 3 = R 1;2 isbuiltfrom

thethreegam m a m atrices
� satisfying theanticom m utation relations:

f
�;
�g= 2g�� (40)

� = 0;1;2 ; g
�� = diag(1;�1;�1)

and theherm iticity conditions
�y = 
0
�
0.Thetensors

1;
� ;
�1
�2 ;
�1
�2
�3 ;�1 < �2 < �3 (41)

with respect to the SO(2;1)-group, the piece connected to the identity of the Lorentz

group in 
atland,form the basisofthe Dirac algebra,which isthus23-dim ensional. 1 and


�1
�2
�3 = �i��1�2�31arerespectively scalarand pseudo-scalarobjects.
� isathree-vector

but
�1
�2 can be seen alternatively asa anti-sym m etric tensorora pseudo-vector,which

are equivalent irreducible representations ofthe SO(2;1)-group. Ifwe denote by ���� the

com pletely antisym m etric tensor,equalto +1(-1)foran even (odd)perm utation of(0,1,2)

and to 0 otherwise,the
-m atricesm ustalso satisfy thecom m utation relations:

�
�� =

i

2
[
�;
�]= �

���


� (42)

The ���-m atricesare the Lie algebra generatorsofthe spin(1;2;R )�= SL(2;R )-group,the

universalcovering oftheconnected pieceoftheLorentzgroup.

The irreducible representations ofthe Lie SL(2;R )-group are the spinors and,before

choosing a particularrepresentation suitable fordescribing planarelectronsand positrons,

we list som e algebraic identities thatare usefulin the evaluation ofthe trace of
-m atrix

products:

� 
-m atrix contractions:


�

� = 3 ; 
�


�


�


� = 4g�� � 


�


� (43)


�

�


� = �
� ; 
�


�


�


�


� = �2
�
�
� + 


�


�


�

� �-products:

�
���

���� = g
�

�g
�
� � g

�
�g

�
� ; �

���
���� = 2g�� ; �

���
���� = 6 (44)

� Tracesofproductsof
-m atrices:

Tr(
�)= 0= Tr(���) ; Tr(
�
�)= 2g�� (45)

Tr(
�
�
�)= �2i���� ;Tr(
�
�
�
�)= 2
�

g
��
g
�� � g

��
g
��+ g

��
g
��
�

� Foran even num berof
-m atrices,

Tr(
�
� � � � 

�


�)= Tr(
�
�� � � 


�


�) (46)

butthisidentity isfalseforan odd num berof
-m atrices.Forinstance,Tr(
�
�
�)=

�Tr(
�
�
�).

13



B T he D irac Equation.

M assive classicalDirac�eldssatisfy them om entum spaceDiracequationsatrest:

(
0 � 1)u(0)= 0 (
0 + 1)v(0)= 0 (47)

Thespinorsu(0)and v(0)areeigenfunctionsofthespin m atrix �h

2
�12 = �h

2

0 with � �h

2
eigen-

values.In a spinorrepresentation,a generalLorentztransform ation,p0� = ��
�p�,p= (

E ~p

c
;~p)

with ~p= (p1;p2)and E ~p = +
p
m 2c4 + c2~p~p,isgiven by:

f
0(p0)= exp

�
i

2
�
��
!��

�

f(�p) (48)

Lorentzboostsarisewhen !0i6= 0 and �12 isthusthegeneratorofrotationsatthecentreof

m assofthe system . Applying a pure Lorentz transform ation to (47),we obtain the Dirac

equations

(
�p� � m c)u(~p)= 0 (
�p� + m c)v(~p)= 0 (49)

which are autom atically Lorentz-invariant. W e also write the conjugate equationssatis�ed

by theDiracadjointspinors �u(~p)= uy(~p)
0;�v(~p)= vy(~p)
0:

�u(~p)(
�p� � m c)= 0 �v(~p)(
�p� + m c)= 0 (50)

Choosing thenorm alizationsasfollows,

u
y(~p)u(~p)= v

y(~p)v(~p)=
E ~p

m c2
; �u(~p)u(~p)= � �v(~p)v(~p)= 1

and given theorthogonality conditions,

u
y(~p)v(� ~p)= 0 ; �u(~p)v(~p)= �v(~p)u(~p)= 0

thesespinorssatisfy thecom pletenessrelation:

u�(~p)�u�(~p)� v�(~p)�v�(~p)= ��� ;�;� = 1;2 (51)

in a representation oftheDiracalgebra ofm inim aldim ension.

In fact,in 3-dim ensionalM inkowskispace (pseudo)-M ajorana spinors do exist: in this

representation ofthe Cli�ord Algebra,the 
-m atricesare purely im aginary 2� 2 m atrices

and the spinors have two realcom ponents. W e wish to describe charged particles,so we

choosetherepresentation oftheDiracalgebra as:



0 = �3 ;


1 = i�1 ;

2 = i�2 (52)

where the �a ;a = 1;2;3 are the Paulim atrices. In this representation the norm alized

solutionsof(49)are:

u(~p)=

s

E ~p + m c2

2m c2

 
1

c(p2� ip1)

E ~p+ m c2

!

; v(~p)=

s

E ~p + m c2

2m c2

 
c(p2+ ip1)

E ~p+ m c2

1

!

(53)
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Putting the system in a norm alization square oflarge but�nite area,A = L2,we can

expand theclassicalDirac�eld in a Fourierseries:

 (x) =  
+ (x)+  

� (x)

=
X

~p

 
m c2

AE ~p

! 1=2 h

c(~p)u(~p)e�
ipx

�h + d
�(~p)v(~p)e

ipx

�h

i

(54)

� (x) = � + (x)+ � � (x)

=
X

~p

 
m c2

AE ~p

! 1=2 h

d(~p)�u(~p)e�
ipx

�h + c
�(~p)�v(~p)e

ipx

�h

i

The Fouriertransform ofequations(49)and (50)are the Dirac equation and itsconjugate

in thecon�guration space:

i�h
�
@ (x)

@x�
� m c (x)= 0 ; i�h

@� (x)

@x�


� + m c� (x)= 0 (55)

Theplanewaveexpansions(54),wherec(~p)and d(~p)aretheFouriercoe�cients,solve(55).

Thesym m etry group ofclassical(CED)2+ 1 isthePoincar�egroup,thesem i-directproduct

ofthe Lorentz group tim esthe abelian group oftranslationsin M inkowskispace. The two

sheetsofthehyperboloid p2 = m 2,

Ô
+
m = fp2 M̂ 3;p

2 = m
2
;p0 > 0g ; Ô �

m = fp2 M̂ 3;p
2 = m

2
;p0 < 0g;

aredisconnected orbitsoftheLorentzgroup in thedualofM inkowskispace M̂ 3.Equations

(47)hold atthe pointsp = (�m ;0;0),respectively. Thus,solutionson Ô m correspond to

E ~p = �m c2 and,afterquantization,v(~p)willbeinterpreted astheantiparticlespinor.There

isa very im portantdi�erence with the situation in 4-dim ensionalspace-tim e: the isotropy

group ofthe p = (�m ;0;0)pointsis now SO(2),which has R ascovering group. There-

fore,the spin isa scalarin (2+1)-dim ensionshaving any realvalue because the irreducible

representationsofan abelian group such asR areone-dim ensional.

Onecan checkthattheDiracequation istheEuler-Lagrangeequation fortheLagrangian:

L = c� (x)

 

i�h
�
@

@x�
� m c

!

 (x) (56)

which,besidestheinvariancewith respectto thePoincar�egroup transform ationsconnected

to theidentity,isinvariantunderthediscretetransform ationsofparity and tim e-reversal:

1)

~x
0= (x0

1
;x

02)= (�x1;x2)

P (x0;~x)P � 1 = �
1
 (x0;~x0)

2)

x
00 = �x0

T (x0;~x)T� 1 = �
2
 (x0

0
;~x)

Finally,theenergy projection operators�� (~p)=
� 
� p�+ m c

2m c
are

�+
��(~p)= u�(~p)�u�(~p) ; ��

��(~p)= �v�(~p)�v�(~p) (57)
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C T he D irac Field

From theLagrangian,weobtain theDiracHam iltonian

H D =

Z

d
2
x
h

 
y(x)

�

c~� � (�i�h~r )+ �m c
2
�

 (x)
i

(58)

where � = 
0 and �j = �
j,j = 1;2,and quantize the system by prom oting the Fourier

coe�cientsto quantum operatorswhich satisfy theanticom m utation relations:

fc(~p);cy(~p0)g= fd(~p);dy(~p0)g = �
~p;~p0

(59)

and allotheranticom m utatorsvanish.cand cy aretheannihilation and creation operatorsof

electrons,whiled and dy play a sim ilarrolewith respectto planarpositrons.Theferm ionic

Fock spaceisbuiltoutofthevacuum ,

c(~p)j0i= d(~p)j0i= 0 ; 8~p

by theaction ofstringsofcreation operators:

jn(~p+1 )n(~p
�
1 )� � � n(~p+

N )n(~p
+
N )i/ [dy(~p+1 )]

n(~p
+

1
)[cy(~p�1 )]

n(~p
�

1
)� � � [dy(~p+N )]

n(~p
+

N
)[cy(~p+N )]

n(~p
+

N
)j0i

wheren(~p�a )= 0 or1 dueto theFerm istatisticscom ing from (59).

From (59)and theplanewaveexpansion (54)oneobtains

f (x); (y)g= f� (x);� (y)g= 0 ; f �(x);� �(y)g= iS��(x� y) (60)

wherethe2� 2-m atrix function S(x)= S+ (x)+ S� (x)isgiven by

S
� (x)=

 

i

� @

@x�
+
m c

�h

!

� � (x) (61)

Here,� � (x)aretheinvariant�-functions,see[6],thatadm ittheintegralrepresentation

S
� (x)=

��h

(2��h)3

Z

C �

d
3
p e

�
ipx

�h


�p� + m c

p2 � m 2c2
(62)

ifC � arethecontoursin thecom plex p0-planethatenclosethepolesatp0 = �(E ~p=c).

The ferm ion propagatorSF (x � y)istheexpectation valueofthetim e-ordered product

Tf (x)� (y)g atthevacuum state:

iSF (x � y) = h0jTf (x)� (y)gj0i=

= i(�(x0 � y
0)S+ (x� y)� �(y0 � x

0)S� (x� y))= (63)

=
i�h

(2��h)3

Z

d
3
p e

�
ip(x� y)

�h


�p� + m c

p2 � m 2c2 + i�
(64)

�(x)isthestep function,�(x)= 1 ifx > 0,�(x)= 0 ifx > 0.

TheDirac�eld at~p= 0

 (x)=
c

L

"

c(0)

 
1

0

!

e
� im c

2

�h
t+ d

y(0)

 
0

1

!

e
im c

2

�h
t

#

(65)

destroysan electron ofspin �h=2 and createsone positron ofspin �h=2. Quanta with any ~p

areobtained from thecenterofm assstatesby theaction ofLorentzboosts.Unlikein four-

dim ensionalspace-tim e,we cannot talk ofhelicity in a purely three-dim ensionaluniverse

becausethespin isa scalar.
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D T he electrom agnetic �eld in (2+ 1)-dim ensions.

The canonicalquantization ofthe electrom agnetic �eld in (2+ 1)-dim ensionsisequivalent

to thefour-dim ensionalcase.W eshallfollow thecovariantform alism ofGupta and Bleuler,

see[6].W econsidertheFerm iLagrangian density

L = �
1

2
(@�a�(x))(@

�
a
�(x)) (66)

wherenow a�(x);� = 0;1;2 isthethree-vectorpotential.The�eldsequationsare

2a
�(x)= 0 (67)

which are equivalentto M axwell’sequationsifthe potentialsatis�esthe Lorentz condition

@�a
�(x)= 0.W eexpand thefreeelectrom agnetic�eld in acom pletesetofplanewavestates:

a
�(x) = a

�+ (x)+ a
�� (x)

=
X

~k;r

1
q

2A!~k

�

�
�
r(
~k)br(~k)e

� ikx + �
�
r(
~k)byr(

~k)eikx
�

(68)

Here,the sum m ation isoverwave vectors,allowed by the periodic boundary conditionsin

A,with k0 = 1

c
!~k = j~kj. The sum m ation overr = 0;1;2 correspondsto the three linearly

independent polarizationsstatesthatexist foreach ~k. The realpolarization vectors ��r(
~k)

satisfy theorthonorm ality and com pletenessrelations

�r�(~k)�
�
s(
~k)= ��r�rs; r;s= 0;1;2 (69)

X

r

�r�
�
r(
~k)��r(

~k)= �g�� (70)

�0 = �1 ;�1 = �2 = 1

The equal-tim e com m utation relationsforthe �eldsa�(x)and theirm om enta ��(x)=

� 1

c2
_a�(x)are

[a�(~x;t);a�(~x0;t)]= [_a�(~x;t);_a�(~x0;t)]= 0

[a�(~x;t);_a�(~x0;t)]= �i�hc2g���(2)(~x� ~x0) (71)

Theoperatorsbr(~k)and b
y
r(
~k)satisfy

[br(~k);b
y
s(
~k0)]= �r�rs�~k~k0 (72)

and allothercom m utatorsvanish. Foreach value ofr there are transverse (r = 1),longi-

tudinal(r= 2)and scalar(r= 0)photons,butasresultoftheLorentzcondition,which in

theGupta-Bleulertheory isreplaced by a restriction on thestates,only transverse photons

areobserved asfreeparticles.Thisisaccom plished asfollows:thestatesofthebasisofthe

bosonicFock spacehavetheform ,

jnr1(
~k1)nr2(

~k2)� � � nrN (
~kN )i/

h

a
y
r1
(~k1)

inr1(
~k1)

h

a
y
r2
(~k2)

inr2(
~k2)

� � �
h

a
y
rN
(~kN )

inrN ( ~kN )

j0i;
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wherenri(
~ki)2 Z+ ,8i= 1;2;� � � ;N and

ar(~k)j0i= 0 ;r= 0;1;2

de�nesthevacuum state.To avoid negativenorm statesthecondition

h

a2(~k)� a0(~k)
i

j	i= 0 ;8 ~k ( ) h	jN 2(~k)j	i= h	jN 0(~k)j	i

isrequired on thephysicalphoton statesoftheHilbertspace.Therefore,in two dim ensions,

thereisonly onedegreeoffreedom foreach ~k oftheradiation �eld.

From thecovariantcom m utation relationswederive theFeynm an photon propagator:

h0jTfa�(x)a�(y)gj0i= i�hcD
��

F (x� y) (73)

where

D
��

F (x)=
1

(2�)3

Z

d
3
k
�g��

k2 + i�
e
� ikx (74)

Choosing thepolarization vectorsin a given fram eofreferenceas

�
�

0(
~k)= n

� = (1;0;0)

�
�

1(
~k)= (0;~�1(~k));~�1(~k)�~k = 0 (75)

�
�

2(
~k)= (0;

~k

j~kj
)=

k� � (kn)n�

((kn)2 � k2)1=2

itispossibleto expressthem om entum spacepropagatorfrom (74)as

D
��

F (k) =
�g��

k2 + i�

= D
��

F T(k)+ D
��

F C (k)+ D
��

F R(k) (76)

=
1

k2 + i�
�
�

1(
~k)��1(

~k)+
n�n�

(kn)2 � k2
+

1

k2 + i�

"
k�k� � (kn)(k�n� + k�n�)

(kn)2 � k2

#

The �rst term in (76) can be interpreted as the exchange oftransverse photons. The

rem aining two term sfollow from a linearcom bination oflongitudinaland tem poralphotons

such that

D
��

F C (x)=
g�0g�0

(2�)3

Z
d2~k ei

~k� ~x

j~kj2

Z

dk
0
e
� ik0x0 = g

�0
g
�0 1

4�
ln

1

j~xj
�(x0); (77)

This term corresponds to the instantaneous Coulom b interaction between charges in the

plane,and the contribution ofthe rem ainding term D
��

F R(k) vanishes because the electro-

m agnetic�eld only interactswith theconseved charge-currentdensity,[6].
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E Spin and polarization sum s in (2+ 1)dim ensions.

In QED 3+ 1 the unpolarized cross-section isobtained by averaging jM j2 overallinitialpo-

larization statesand sum m ing itoverall�nalpolarization states. However,in QED 2+ 1 we

haveseen on theonehand thattherearenotdegreesoffreedom concerning thespin ofthe

particlesand,on theotherhand,thatthereisonly onetransversepolarization stateforthe

photon:in theplanethereisno need to averageand sum m overallthepolarization states.

However,itispossibleto show thatjM j2 can bewritten in oneofthetwo form s:

� 1.W econsidera Feynm an am plitude M = �u(~p0)�u(~p),where u(~p)and �u(~p0)are two

com ponent spinors that specify the m om enta ofthe electron in the initialand �nal

states,and � isa 2� 2 m atrix builtup outof
-m atrices.Then

jM j2 = �u(~p0)�u(~p)�u(~p)~�u(~p0)

=
�

u�(~p
0)�u�(~p

0)
�

��
 (u
(~p)�u�(~p))~���

= � +

��(~p
0)��
�

+


�(~p)
~���

= Tr

"

�p0� + m

2m
�

�p� + m

2m
~�

#

(78)

wherewehaveused thepositiveenergy projection operator(57)and ~�= 
0�y
0.This

can beextended to Feynm an am plitudeswith oneortwo spinorsofantiparticlesusing

thenegativeenergy projection operator(57).

� 2. W e considera Feynm an am plitude ofthe form M = ��1(
~k)M �(~k),i. e.,with one

externalphoton.Thegaugeinvariancerequiresk�M �(~k)= 0 so that:

jM j2 = �
�
1(
~k)�

�

1(
~k)M �(~k)M

�
�(
~k)= �M �(~k)M �

�(
~k); (79)

Herewehaveused therelation

�
�
1(
~k)�

�

1(
~k)= �g�� �

 
k�k� � (kn)(k�n� + n�k�)

(kn)2

!

(80)

fora physicalphoton k2 = 0. Once again,thisform alism can be extended to several

externalphotons.
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