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A bstract

T he bosonic second invariant of Superl ouvillem odels in supersym m etric
classicalm echanics is described.

1 Introduction.

The search for kinks in N -com ponent (1 + 1)-din ensional eld theory is a very
di cult endeavour, see R eference []|] pp. 2324. M athem atically, this problem
is equivalent to a N-din ensional m echanical system via din ensional reduction
to (0+ 1)-din ensions of space-tin e. T herefore, only if the m echanical systam is
com pletely integrable is there a hope of nding all the kinks of the eld theory
that are in oneto-one correspondence w ith the separatrix tra pctories (develop-
Ing nite action In In nite tin e) of the m echanical system . The authors have
nvestigated this line of research on one-din ensional topological defects in several
earlier papers, see @ 1.

A fter the sam inal paper of O live and W itten on extended supersym m etry
algebras and solitons, E ], the paradigm atic N= 1 kinks have been understood as
BPS statesof N = 1 supersym m etricquantum el theory. In (1+ 1)-din ensions,
the N=1 theory is based In an extended supersym m etric algebra because there
exist M a prana-W eyl ferm jons that could be used to generalize the purely bosonic
theory supporting kinks to a BoseFferm i system enpying supersym m etry. Very
recently,dom ain walls have been studied in theW essZum nom odel, @],and N =
1sUsSY QCD, [E]. T hese theordes arise in the low energy lin it of string theory
and thedom ain walls can be seen asm emn branes or other extended structures. O n
the other hand,both theW Z m odeland SQ CD contain m ore than one realscalar

eld. Thus, their din ensional reduction is a (1 + 1)-dimn ensional either N = 1
orN = 2 supersymm etric eld theory. Because the kinks are the actual dom ain
walls if they are looked at from a (3+ 1)D point of view , in order to dentify the
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BPS kinks (hence the dom ain walls, hence the dJranes) it is convenient to study
N = 2 orN = 4 supersymm etric classical m echanics, starting from the nite
action tra jctories of these m echanical system s.

A ccordingly, In this work we shall study the N = 2 supersymm etric ex—
tension of the N= 2 Liouville system s. T hese supersym m etric extensions of com —
pletely ntegrablem echanical system sarise in thedm ensionalreduction of (1+ 1)-
din ensionalbosonic theories that have a very rich m anifold of kinks. Ourain is
to elucidate wheter these supersym m etric m odels in classical m echanics have a
second invariant; if the answer isa m ative, then in priciple all the nite action
tra fctordes that give the kinks and their supersym m etric partners can be found.

2 Supersym m etric C lassicalM echanics

Let us start with a G rassm an algebra B; with generators ; 2 By,a= 1;2,
i= 1;:::;N , that satisfy the anticom m utation rules:

i J ji_

apt pa=0
Any element of By, is a combiation of the L = 2N generators . that can be
w ritten in the fom :

X
aian i ... i .
b= Iyl + B e

2ty ai am

where the coe cients b{' /7" are real numbers. W e shall distinguish between
odd and even elam ents of B, according to the parity of the num ber of G rasam an

generators.

2.1 Lagrangian Form alism

Thecon guration space of the system isC = RY ® on ). Ifwe choose (xi; 1i; 21)
as local coordinates in C, the Lagrangian of our system has the \supematural"

form :

1 . .

[ .
L = Exjxj UG+ - Jd+ Ryx) {5

O bserve that the Lagrangian isde ned on even elam ents of C of two types: there
is a bosonic contrbution collecting the kinetic and potential energies of the x*
coordinates. There are also two temm s that contain ferm ionic variables: besides
the G rasan an kinetic energy, there is a Yukawa coupling R 4 that we assum e to
be symm etric in the j;k indices, see [E]. T he Eulerd.agrange equations

k @U : @le jo1
@xk axk 12

_ i_ 3 i_ 7
=0 1= Ry, —2=Rjij
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determ ine the dynam ics of our m echanical system . V ia N oether’s theorem , one
nds the energy as the Invariant associated to invariance under tin e translations:

I=8 = 2+ U Rop(x) ] 5 (1)

2.2 H am iltonian Form alism

W e shallnow brie y discuss the Ham iltonian form alism [ﬂ]. T he usualde nition
of generalized m om entum is extended to the G rasan an variables:

@ i
j=L—= -] (2)
a @ 1; 2
W e note the dependence of the ferm ionic generalized m om enta on their G rasam an
variables. In the 6N din ensionalphase space T C w ith coordinates (xi; li; Zi;pi; i
the de nition of G rasan an generalized m om enta (Q) provides 2N second class
constraints. Instead of working in the reduced 4N -din ensional phase space (the
G rassm an sub-gpace of the phase space coincides w ith the G rasan an sub-space of
the con guration space because the Lagrangian is rstorder in the velocities) we
In plem ent the constraints in the H am iltonian by m eans of G rassm an-L.agrange
m ultipliers ]:
_ Ll - j x 133
HT_E&&"'U(X) R @) ;2 (5 Ea)a
T he Ham ilton egquations are:

@H7 _ @Hp . @Hqp eH
@pj ’

—

x3 = = . 3 . ‘ _
= BT Texd 2T e -7 o]
N ote thedi erence in sign betw een the bosonic and ferm ionic canonicalequations.

Solving for the Lagrange m ultipliers, we nd

1 . . .
HT=5££+UmHRﬂmM§f 5 5);
1
which provides the right Ham iltonian ow in the phase space.
De ning the Poisson brackets for the generic functions F and G in phase

gpoace in the usualway:

F @G F @G ! 1 :
fFiog = o EBPEC g e g lpf Eg

€py@q)  €q) @p; eaea 2 @ e

L ! _ !

8 8 C g,

2@531@3 4@;@3

-
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the canonical equations read :

dx . a .
= fH;x = fHr;
ac T gp ac Ts 39
I _ gy 12 fH
at T /Pi9p ac T/ 19

In general, the tin edependence of any observable F' is ruled by:

aF = fH ¢ ;F
at T/t 9p
T herefore, physical observables are constants of m otion or invariants if and only
if:
fH1;Ige = O

In practical temm s, it is better to work on the reduced phase space and de ne
the reduced Poisson brackets as:

@F @G QF @G e e

fFFiGgp = —— ——+ =
=9 T epsed  eq ep; e le’

T hus, we receive the follow ing Poisson structure:
fpyixop = 5 fx);x"gp = fpyipge = 0 £ fop = 17F 4

and the canonical equations and the invariant observables are referred to the
reduced Ham iltonian H given in (ﬁl).

2.3 Supersymm etry

T he question arises: are there transform ations In the con guration or phase space
such that they m ix the bosonic and ferm ionic variables and leave invariant the La—
grangian or the Ham iltonian?. If the answer is yes, then the m echanical system
can be said to enpy supersymm etry E]. Instead of using the elegant super—

eld/superspace form alian , we take a direct approach. Consider the follow ing
in nitesin alvariations in the con guration space de ned in term s ofa G rasan an
param eter

8 Variation 1: 8 Variation 2:
J j J
2 xi=" ] 2 oxl=" 5
J_ ing ] J_ snJ
> 1 g ) >y 217 l"gj.(x)
To1g= 1) T2 =i



A .Alonso,M A .Gonzalez and JM .Guilarte 5

T he variations induced on the Lagrangian are:

d 1 . - 1 . . 1.

L = — ZxIvmd L Zfiw ) R 'Xk+ Zgd nJ

' dc 25 1 T o7 72 AEE 2
@V k ] @Rjk 1 ] k
DR M

da 1 . - 1 5 5 1 . :

L = = Zxdn J —dn ]+ R 'Xk+ —J w3

2 ac 25X 2 97 kT SE T
v k j -@Rjk 13k
@ R kg 2t gt "2102

T here is sym m etry w ith respect to the variations ; and , ifand only if ;L and
»L are pure divergences. T his happens if
1@W QW = *w fi_ g o
X)= ————— e = S Ere— = = —
2 @x) @x) BT exiexs RS
where W (x) isa function de ned In the bosonic piece of the con guration space
called the superpotential. A supersym m etric Lagrangian has the form ,

iy lew ew o efwW 4
2 %% 2exiexd exiexk !
T he N oether charges associated w ith the symm etries w ith respect to ; and
are respectively
Qw
@xJ !

3

QW - .S
Q1= %X ) Q,=x? )+

]
Loexd ? -
G oing to Ham iltonian form alism , one easily checks that these ferm ionic super—
charges close the N = 2 superalgebra

£f01;0190 = 2H 01,0290 = 0 fQ2:Q200 = 2H

W e Inmediately nd a bosonic invariant, the Ham iltonian H itself, and two
ferm ionic constants ofm otion—the superchargesQ 1 and Q , ; their Poisson brackets
with H are zero. If the num ber of bosonic deg of freedom is N , it iseasy to
check that there is other bosonic invariant, Iz = If: E g1

If the bosonic piece of the con guration space is a generalR iem annian m an-—
iod M Y equipped with a m etric tensor Jij, the G rasan an variables #; are the
com ponents of a contravariant vector. T he de nition of the supercharges is gen-—
eralized in the fom :

Qw5

. , QW -
Q1= gjkg#lf @#2 Qo= gjk&j#]§+ @#i
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T he supersym m etric algebra dictates the form of the H am iltonian

1 A 1 . @W @w :
= Ty swedsk Ttk 2T s oadak,
H = 2gjk&>i + 2g @Xj @Xk + W ];k#l#z’
if
@%w L ew
Wik = - ik i
J @xIexk T axt

and the Inverse Legendre transform ation leads to the Lagrangian

ik i j k 1 inlpk 1 k@w W ik
L= gjk&j&JfEgjk#iDt#aJrZRjkh#i#z#l#g 59’ o W suki#s; (3)

N

w here the covariant derivative is de ned as D t#g = #—i + ]jk

1k
a-

3 From Liouville to SuperLiouville M odels

W e shall focus on m echanical system s of two bosonic degrees of freedom ;N = 2.
In particular, we shall analyze the supersymm etric extensions of the classical
Liouville m odels. These m odels are com pletely integrable and their classical
invariants are well known @ ]. Our goal is to study what the invariants are in
their supersym m etric extensions.

In fact, the classical Liouville m odels are not only com pletely integralble but
H am ilton-Jacobi separable. T he H am itton-Jacobi principle thus provides all the
solutions of the dynam ics in these m odels. T his is achieved by using appropriate
coordinate system s. T here are four possibilities:

Liouville M odels of Type I:Let usconsider them ap :D ! R ?,where
D isan open sub-set of R 2 w ith coord inates (u;v). These variables are the elliptic
coordinates of the bosonic system ifthem ap isde ned as: (x1) = iuv, (x%) =
ip (u? 2y 2 v2yandu 2 [;1),v2 [ ; ]. In the new variables, the

Lagrangian of a Liouville m odel of Type I reads:

u2 V2 u2 2 2 V2
—_—VvVv — -
2 g2

1 u v
2 12 2

N

uu +

O bserve that apart from a comm on factor the contribution to the Lagrangian of

the u and v variables splits com pletely. The comm on factor can be interpreted

as a m etric (of zero curvature): gij = (u2 VZ) ij -
2
)=

Liouville M odelsof Type II:In polar coordinates (x')= cos , (X
sn , 2 [0;1), 2 [0;2 )theLagrangian of the Liouville m odels of T ype II
reads:

1,
+5 £() —ag() (5)
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Again, besides them etric factor g1 = 1, gpp = 2, the contrbutions of and
appear com pletely separated in the Lagrangian.

Liouville M odels of Type III: Parabolic coordinatesu 2 (1 ;1 ), v 2
[0;1 ) arede ned through them ap :D ! R ? such that (xl)z %(u2 v2),
(x?) = uv. A Liouville m odel of T ype III cbeys a Lagrangian of the form
1, 5 1
L= E(U + v (wu+ vv) m(f(UH' g()) (6)

There isa m etric factor gi; = (u” + v?) i3 and separate contributions ofu and v
L.

Liouville M odels of Type IV : In these m odels the Lagrangian is directly
separated in C artesian coordinates

1Xl+

L = ‘x* fx') gx?) (7)

N
N

and a Eucldean m etrdc g5 = 33 can be understood.

T he de nition of SuperL iouville m odels is a two step process:

(1) De ne a supersymm etric N= 2 Lagrangian systam on a R iam annian m an—
ifold M ?, which is R? equipped with the metric nduced by the maps
and for Types I, I, and III, and the Euclidean m etric for Type IV . C onsider
also G rasam an varibles that transform as #2 = @@ﬁl J under these changes of
coordinates.

(1) A modelde ned in this way is a Superliouville m odel if the superpo-
tential splits In such a m anner that the bosonic part of the Lagrangian coincides
w ith the Lagrangian of a Liouville m odel

SuperLiouville M odels of Type I:The Lagrangian of the bosonic sector of
this T ype of m odel contains two contributions:

2 2

1u? v?

u? v? 1u? 2 QW 2 v? QW
2uz 2 2 y2

1
2 2 ¥ T3 2 an 512 w2 @ Z
v 2u4 v Qu 2u¢ v Qv

N
<

Ly = uu+

w here the superpotential W provides the potential Uy through the identity,

2VZ@W2

1wz 2 ew % 1
2u? v?2 Qv

Upg = ———— — &
" 2u? vZ2 Qu

In the ferm ionic sector the Lagrangian takes the form Ly = Tp + LéF , W ith

. 2 2 v 2 2
1u v 1iu v

Tp = ——————#-D#o + —————#'D #.
2u2 2 a a 2 2 V2 a a
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T he BoseFem i interaction adds to the Lagrangian the Yukawa temm s

LI . e%w N 2 v? ew LB
= 1 u v
£ @u@u (2 wv2)? 2) Qu Qv trz
N 1 ew W e
L ogey T W vz Ven Yer et i)
. @%w N w> 2 ew ew gy
1 u v
@Qv@v 2 v2)( 2 wv?2) Qu Qv tre

D e nition: A system in supersymm etric classicalm echanics isa Superl iou—
ville m odel of Type I if the m ap given by the change from C artesian to elliptic
coordinates acting on the C artesian superpotential is such that:

In the ferm ionic sector, the Lagrangian takes the fom :
i i,
Tr = E#aD ey + > #,Df, 5

and the Yukawa BoseFem icouplings are:

Q%W . Q%W QW
L%B = lﬁ#l#Z 1 Qe + @— #1#2
. R%w 1ew

D e nition: a systam in supersym m etric classicalm echanics is a Superl iou—
ville M odel of Type II if the m ap given by the change from Cartesian to polar
coordinates acting on the C artesian superpotential produces:

&Wce=Wa( ) Wa()
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SuperLiouville M odels of Type III:The bosonic Lagrangian is:
"

#
S A O 1 ewW 2+ ew °
= —(u V) (u v —_—
52 T 2@u? + v2) Qu Qv
T he potential is determ ined from the superpotentialW as:
" #
oo 1 ew *oew
52w+ vP) Qu Qv
T he purely ferm ionic contribution to the Lagrangian is:
i i
TF = E (u2 + V2 )#;D t#; + 5 (U2 + V2 )#ZD t#Z
and the Yukawa couplings are:
e*w 1 aw aw
Li. = i u v #1745
BE @uRu u?+ v2 Qu Qv 1r2
. e%w 1 ewW ew ey bvau
+ +
1 @u@v u2+ V2 u @V V@ (#1#2 #1#2)
e*w 1 W W
i + u v #747
@vRv  u?+ v? Qu Qv 1h2

D e nition: A system in supersymm etric classicalm echanics isa Superl iou—
villeM odelofT ype IIT ifthem ap given by the change from C artesian to parabolic
coordinates acting on the C artesian superpotential is such that:

We=Wiu) W ()

SuperLiouville M odels of T ype IV :Finally, thede nition of Superl. iouville
M odelof Type IV is straightforward.
De nition: A system in supersymm etric classical m echanics belongs to
Type IV SuperL jouville m odels if the superpotential W (x';x?) is of the fom :
Wt x) = W) W oo (x?)
T he Lagrangian is:

1

. .. 1@W QW Q%W @%w
L:5>£3>i3+ J 1 % 2 2,

- o -1 Lo 2ao2 1 27
2 2@xJ @xJ T exlex! @x2@x?
and the system can be be understood asa N = 2 N = 2 SUSY in (O+ 1)
din ensions.

A sa comm on featuire, observe that the potential is insensitive to the relative
signs of the separated parts of the superpotential. T herefore, all the Liouville
m odels are supersym m etrizable by m eans of two di erent superpotentials.

N
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4 On the Bosonic Invariants

Tt iswellknown that Liouville m odels have a second nvariant in involution w ith
the energy -the rst invariant-that guarantees com plete integrability in the sense
of the Liouville theorem . W e shall now show that Superliouville m odels also
have a second invariant of bosonic nature. O ur strategy in the search of such an
nvariant, [I;H 1= 0, follow s the general patterm shown in the literature: see ].
T he ansatz for nvariants at the highest quadratic level In the m om enta is:
I:}Hij'. . 1] i3 »
2 plpj.+V(X1,X2)_,FFlj12+G.'ljll+Jlj
FL%P ;1M P o 5t N3P 5+ Sia 1
Here, we assum e that:
—i) HY is a symm etric tensor depending on x*. There are three independent
functions to determ ine.
—1i) L%k and M jik also depend only on x* and are antisym m etric in the indices
and k: L%k = L ij,M jlk = M ];Lj. T hey include four independent functions.
- 1ii) G 45 and Jij are antisym m etric functions of x* In the indices: G = G 4
and Ji3 = J 4i. Fyj (x1), however, is neither sym m etric nor antisym m etric; it
contains four independent functions.
—iv) Finally, Sijkl(xi) is antisym m etric In the exchange of the indices i;j and k;1
and symm etric in the exchange of the pairs ij;k1. T here is only one Independent
function to determ ine in this tensor.

T he com m utator w ith the H am iltonian is:

R L A
g 2 @xt PP exIexk Gx,  @xy
R E QF . Q%W . Q%W
+ e L= 2Ly, ——— h——— Pn K2+
@x*@xQex) @xy @xq, @x; @x,0@x
@%w . @w oew . 5 @Jy . Q%W 1
T aok. Kime po aol 2 2% oot NmyTT—T P22
@x,@x @x,@x; @x @x @x, @x
2
@27WF]{+L1.@27W@i nj+ % l@iw plnj+
exiex, Mexiexk ex, ot @x) P Rx@xy Ll
. @%w 5 @%w 13 e‘w ew K,
Taxsexk  Mexrex; 2 "kexdexiex, L2
eL” . @M 2 . @N 2 .
jk j k jk ik jk j k
+ +
@x, PPn 11 ex, Pn ; 2 @x, PiPn 1 2
n @3W Jk 1m @Sn]kl n k Jj1
jk @xN @xl@xm 1212 ex,, 1212
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Therefore, [I;H ]= 0, and I is a second invariant if and only if the follow ing

equations are satis ed:

@H Y @H ]
BOX 1| a) + — =
@xk @xt
BOX 2 | a) iji@ZW o _ W
@xJIexk @x),  @x;
_RL? . @Lt
BOX 3| a) *—F, k_J_g
@xy @xil
1
b) jk@Mjk jk@Mjk:o
@xq @x4
3 2 2
: W F W
BOX 4| a) H ™I L o W
exkExlex] @xp @xp @x; Jex5@xk
b) ij @zink. kﬂ@i =
@x;@xk ) Fex,@x; @x!
2 2
.. W W W
c) 1J LFR+ 1@7@_ =0
@xI@xy JexkEx! @xy
BOX 5 |a) ¥ 08 LI
@x1 I @x;@x;
b) ij @Jlj k. @2W .
@xy " IEx, @xt
" etw @%w 13 Q%W QW
c) G s . N . _
Yexsexk  Mexiex, 2 *exlex!ex,
1 1
G B, e
@xq @xi3
o) Uy W _
jk @xi@xl@xm
Q@S;
BOX 6 | a) Kb Bkl _ g
@xp
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4.1 G eneral properties of the solution

W e deal with a overdeterm ined system of partial di erential equations: there
are 31 PDE relating 15 unknown functions. M oreover, som e sub-system s can be
solved for som e sub-set of finctions. W e proceed In a recurrent way:

— 1) The equations in BOXES 1 and 2 aresu cientto ndH Jand V. We
recover the inform ation about the second nvariant of the purely bosonic sector:
the Liouville m odel.

—1i) The equations In BOX 3 are solved if the independent com ponents of
L%k and M jik have the form ,

i ij i ij
L, =C Mx5+ A; M{,=D "xj+ Bj;

whereA;,B;,C vy D are constants.

—1ii) The equations in BOX 4, together w ith the previous inform ation, leads
@%Fy @%Fy

to the com putation of F;5. The dentity Tt~ Gt and the equation 4a)
requires that
2 2 - 3
nn @ n @w Y @w i..5 @W B
@xn,  Fexiext  exke; 2 exJexkex!

M oreover, if we restrict F;; to be symm etric under the exchange of indices and
then dentify L%k =M jik , equation 4b) becom es equal to 4c).
—1iv) The equations of BOX 5 are satis ed if :

—-v) Equation 6a) by itself, BOX 6, sets the only independent com ponent of
Sijk1 to be constant; S1212 = cte. Then:
1212

= 1122

is a constant of m otion, an invariant.

4.2 Invariants in SuperLiouville m odels

W e now apply the previous results to the com putation of the supersym m etric
extensions of the second invariant of Liouville m odels. In general they have the
form :

=1+ 1f;

w here IZ(B ) is the \body", already present in the Liouville m odel, and Iz(F ) is the

\soul"-containing G rasam an variables- of the second nvariant in the SuperL iou—
villem odels. W e nd:
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SuperLiouville M odels of Type I:
n #
2
1 2 Qw Qw QW @w
= I k%t x1x? 24242 4 2 1 2
2 @x?t @x? @x? @x?
(x%x} 142y 12 21@2W @w 2@2W 2 2
= i(x“x x°x +1i 2x +
- 2 @x2@x2  @x! exlex2 ! 2
2 2
1.2 @°W 2 CW 2.2 @W 12 21
+ i P T Tz (12+ 1207
@x“@x @x @xl@x
2 2
N 2 GW 1.2 @°W 2.2 @°W 11
@x? @xtEx2 exlex! 2
SuperLiouville M odels of Type II:
2
1 2 1 Q@w Q@w
= = x*xb x'x? T+ xP— e
2 2 @x! @x?
Qw QW QW
= 1x%*xt x'¥? ;§+sz x2 l—— — 17+
@xlex! @xl@x?  @x?
Q2w ew Q2w
+ ik xP—— 4 x ! = (%§+ f%)+
@xte@x!  @x! @x?@x
2 2
@x2@x2  @x! exl@x? * 2
SuperLiouville M odels of Type III:
Qw Qw QW
1[2(B - xl&Z X 2&1 _2 x* x 2
@x? @xt  @x?
2 2
(F) 212 2 @°W 11 2 @°W 12 21
I = X + )+
2 = a a @Xl@X2 12 @XZ@XZ 12 12
Q2w ew Q2w
+1i 2xt — 2 f g
@x%@x?  @x! @x'@x?
SuperLiouville M odels of Type IV :
1 16w QW Q’w
- Ly, 180 O CNpE
2 2 @x! @x?! @xtEx!

Finall, we brie vy comm ent on the geom etrical and physicalm eaning of the
second invariant. Usually, it is related to transfomm ation that is term ed as a
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hidden symm etry. W e see that by introducing the generalized mom enta 5 =
X5+ i% , the second invariant of the Type Im odel is:

®) 1B 2 zi
I =3 x* 1 xt o, 23 .F

which isnom ore than them odulus of the generalized angularm om entum to the
square added to 2 tin es the square of j »3. Sin ilar considerations are easily
applied to the second invariant of the other Types. A generalized m om entum

such as 4 can be obtaied if one adds the com plex topological piece:

to the bosonic Lagrangian.
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