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A bstract

ThebosonicsecondinvariantofSuperLiouvillem odelsin supersym m etric

classicalm echanicsisdescribed.

1 Introduction.

The search for kinksin N-com ponent (1+ 1)-dim ensional�eld theory is a very

di�cult endeavour,see Reference [1]pp. 23-24. M athem atically,this problem

is equivalent to a N-dim ensionalm echanicalsystem via dim ensionalreduction

to (0+ 1)-dim ensions ofspace-tim e. Therefore,only ifthe m echanicalsystem is

com pletely integrable isthere a hope of�nding allthe kinksofthe �eld theory

thatare in one-to-one correspondence with the separatrix trajectories (develop-

ing �nite action in in�nite tim e) ofthe m echanicalsystem . The authors have

investigated thislineofresearch on one-dim ensionaltopologicaldefectsin several

earlierpapers,see [2].

After the sem inalpaper ofO live and W itten on extended supersym m etry

algebrasand solitons,[3],the paradigm atic N= 1 kinkshave been understood as

BPS statesofN = 1supersym m etricquantum �eld theory.In (1+ 1)-dim ensions,

the N= 1 theory is based in an extended supersym m etric algebra because there

existM ajorana-W eylferm ionsthatcould beused togeneralizethepurely bosonic

theory supporting kinksto a Bose-Ferm isystem enjoying supersym m etry. Very

recently,dom ain wallshavebeen studied in theW ess-Zum inom odel,[4],and N =

1 SUSY Q CD,[5]. These theoriesarise in the low energy lim itofstring theory

and thedom ain wallscan beseen asm em branesorotherextended structures.O n

theotherhand,both theW Z m odeland SQ CD contain m orethan onerealscalar

�eld. Thus,their dim ensionalreduction is a (1+ 1)-dim ensionaleither N = 1

orN = 2 supersym m etric�eld theory.Because the kinksare the actualdom ain

wallsifthey arelooked atfrom a (3+ 1)D pointofview,in orderto identify the

http://es.arxiv.org/abs/hep-th/0004053v1


2 SU SY C lassical M echanics

BPS kinks(hencethedom ain walls,hencethed-branes)itisconvenientto study

N = 2 or N = 4 supersym m etric classicalm echanics,starting from the �nite

action trajectoriesofthese m echanicalsystem s.

Accordingly, in this work we shallstudy the N = 2 supersym m etric ex-

tension ofthe N= 2 Liouville system s.These supersym m etricextensionsofcom -

pletely integrablem echanicalsystem sarisein thedim ensionalreduction of(1+ 1)-

dim ensionalbosonictheoriesthathavea very rich m anifold ofkinks.O uraim is

to elucidate wheter these supersym m etric m odels in classicalm echanics have a

second invariant;iftheanswerisa�rm ative,then in pricipleallthe�niteaction

trajectoriesthatgivethekinksand theirsupersym m etricpartnerscan befound.

2 Supersym m etric C lassicalM echanics

Let us start with a G rassm an algebra B L with generators �ia 2 B L,a = 1;2,

i= 1;:::;N ,thatsatisfy the anti-com m utation rules:

�ia�
j

b
+ �

j

b
�ia = 0

Any elem ent ofB L is a com bination ofthe L = 2N generators �ia that can be

written in theform :

b= b01 +
X

b
a1:::am
i1:::im

�i1a1:::�
im
am
;

where the coe�cients b
a1:::am
i1:::im

are realnum bers. W e shalldistinguish between

odd and even elem entsofB L according to theparity ofthenum berofG rassm an

generators.

2.1 Lagrangian Form alism

Thecon�guration spaceofthesystem isC = R
N �(B 2N ).Ifwechoose(x

i;�i1;�
i
2)

as localcoordinates in C,the Lagrangian ofoursystem hasthe \supernatural"

form :

L =
1

2
_xj_xj �U (~x)+

i

2
�
j
a
_�ja + iR jk(~x)�

j

1
�
k
2

O bservethattheLagrangian isde�ned on even elem entsofC oftwo types:there

is a bosonic contribution collecting the kinetic and potentialenergies ofthe xi

coordinates. There are also two term sthatcontain ferm ionic variables: besides

the G rassm an kinetic energy,thereisa Yukawa coupling R jk thatwe assum eto

besym m etric in thej;k indices,see [6].TheEuler-Lagrange equations

�xk +
@U

@xk
�i

@R jl

@xk
�
j

1
�l2 = 0 _�i1 = �R ij�

j

2
_�i2 = R ji�

j

1
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determ ine the dynam icsofourm echanicalsystem . Via Noether’stheorem ,one

�ndstheenergy astheinvariantassociated to invarianceundertim etranslations:

I = H =
1

2
_xj_xj+ U (~x)�iR jk(~x)�

j

1
�k2 (1)

2.2 H am iltonian Form alism

W eshallnow briey discusstheHam iltonian form alism [7].Theusualde�nition

ofgeneralized m om entum isextended to the G rassm an variables:

�
�
j
a
= L

 

@

@ _�
j
a

=
i

2
�
j
a (2)

W enotethedependenceoftheferm ionicgeneralized m om entaon theirG rassm an

variables.Inthe6N -dim ensionalphasespaceT�C with coordinates(xi;�i1;�
i
2;pi;��i

1

;��i
2

),

the de�nition ofG rassm an generalized m om enta (2) provides 2N second class

constraints.Instead ofworking in the reduced 4N -dim ensionalphasespace (the

G rassm an sub-spaceofthephasespacecoincideswith theG rassm an sub-spaceof

thecon�guration spacebecausetheLagrangian is�rst-orderin thevelocities)we

im plem entthe constraints in the Ham iltonian by m eans ofG rassm an-Lagrange

m ultipliers[8]:

H T =
1

2
_xj_xj + U (~x)�iR jk(~x)�

j

1
�
k
2 �(� �

j
a
�
i

2
�
j
a)�

j
a

TheHam ilton equationsare:

_xj =
@H T

@pj
; _pj = �

@H T

@xj
; _�ja =

@H T

@�
�
j
a

; _�
�
j
a
=
@H T

@�
j
a

Notethedi�erencein sign between thebosonicand ferm ioniccanonicalequations.

Solving fortheLagrange m ultipliers,we �nd

H T =
1

2
_xj_xj + U (~x)+ R jk(~x)(��k

2

�
j

1
��

�
j

1

�k2);

which providesthe rightHam iltonian ow in thephase space.

De�ning the Poisson brackets for the generic functions F and G in phase

space in theusualway:

fF;G gP =
@F

@pj

@G

@qj
�
@F

@qj

@G

@pj
+ iF

 

@

@�
j
a

!

@

@�
j
a

G �
1

2
F

 

@

@�
�
j
a

!

@

@�
j
a

G

�
1

2
F

 

@

@�
j
a

!

@

@�
�
j
a

G �
i

4
F

 

@

@�
�
j
a

!

@

@�
�
j
a

G ;
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the canonicalequationsread:

dxj

dt
= fH T;x

j
gP

d�
j
a

dt
= fH T;�

j
agP

dpj

dt
= fH T;pjgP

d�
�
j
a

dt
= fH T;��ja

gP

In general,the tim e-dependenceofany observableF isruled by:

dF

dt
= fH T;F gP

Therefore,physicalobservablesare constantsofm otion orinvariantsifand only

if:

fH T;IgP = 0

In practicalterm s,itisbetterto work on thereduced phasespaceand de�ne

the reduced Poisson bracketsas:

fF;G gP =
@F

@pj

@G

@qj
�
@F

@qj

@G

@pj
+ iF

 

@

@�
j
a

!

@

@�
j
a

G

Thus,we receive thefollowing Poisson structure:

fpj;x
k
gP = �

k
j fx

j
;x

k
gP = fpj;pkgP = 0 f�

j
a;�

k
bgP = i�

jk
�ab

and the canonicalequations and the invariant observables are referred to the

reduced Ham iltonian H given in (1).

2.3 Supersym m etry

Thequestion arises:aretheretransform ationsin thecon�guration orphasespace

such thatthey m ix thebosonicand ferm ionicvariablesand leaveinvarianttheLa-

grangian orthe Ham iltonian?. Ifthe answerisyes,then the m echanicalsystem

can be said to enjoy supersym m etry [9]. Instead of using the elegant super-

�eld/superspace form alism ,we take a direct approach. Consider the following

in�nitesim alvariationsin thecon�guration spacede�ned in term sofa G rassm an

param eter�:

Variation 1:8
><

>:

�1x
j = "�

j

1

�1�
j

1
= i"_xj

�1�
j

2
= �i"f j(~x)

Variation 2:8
><

>:

�2x
j = "�

j

2

�2�
j

1
= i"gj(~x)

�2�
j

2
= i"_xj
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Thevariationsinduced on theLagrangian are:

�1L =
d

dt

�
1

2
_xj"�

j

1

�

+
1

2
fj"_�

j

2
�

�

R kj_x
k +

1

2
_fj
�

"�
j

2
�

�

�
@V

@xj
+ R jkf

k

�

��
j

1
+ i

@R jk

@xl
"�

l
1�

j

1
�
k
2

�2L =
d

dt

�
1

2
_xj"�

j

2

�

�
1

2
gj"_�

j

1
+

�

R kj_x
k +

1

2
_gj
�

"�
j

1
�

�

�
@V

@xj
+ R jkg

k

�

��
j

2
+ i

@R jk

@xl
"�

l
2�

j

1
�
k
2

Thereissym m etry with respectto thevariations�1 and �2 ifand only if�1L and

�2L are puredivergences.Thishappensif

U (~x)=
1

2

@W

@xj

@W

@xj
R jk = �

@2W

@xj@xk
fj = gj =

@W

@xj
;

whereW (~x)isa function de�ned in thebosonicpiece ofthecon�guration space

called the superpotential.A supersym m etricLagrangian hasthe form ,

L =
1

2
_xj_xj +

i

2
�
j
a
_�ja �

1

2

@W

@xj

@W

@xj
�i

@2W

@xj@xk
�
j

1
�
k
2

The Noether charges associated with the sym m etries with respect to �1 and �2

are respectively

Q 1 = _xj�
j

1
�
@W

@xj
�
j

2
Q 2 = _xj�

j

2
+
@W

@xj
�
j

1

G oing to Ham iltonian form alism ,one easily checks that these ferm ionic super-

chargesclose theN = 2 superalgebra

fQ 1;Q 1gP = 2H fQ 1;Q 2gP = 0 fQ 2;Q 2gP = 2H

W e im m ediately �nd a bosonic invariant, the Ham iltonian H itself, and two

ferm ionicconstantsofm otion-thesuperchargesQ 1 and Q 2;theirPoisson brackets

with H are zero.Ifthe num berofbosonic degreesoffreedom isN ,itiseasy to

check thatthereisotherbosonic invariant,I3 =
Q N

i= 1�
i
1�

i
2 [10].

Ifthebosonicpieceofthecon�guration spaceisa generalRiem annian m an-

ifold M N equipped with a m etric tensorgij,the G rassm an variables#ia are the

com ponentsofa contravariantvector.Thede�nition ofthesuperchargesisgen-

eralized in the form :

Q 1 = gjk _x
j#k1 �

@W

@xj
#
j

2
Q 2 = gjk _x

j#k2 +
@W

@xj
#
j

1
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Thesupersym m etricalgebra dictatesthe form ofthe Ham iltonian

H =
1

2
gjk _x

j_xk +
1

2
gjk

@W

@xj

@W

@xk
+ iW j;k#

j

1
#k2;

if

W j;k =
@2W

@xj@xk
�� l

jk

@W

@xl
;

and the inverse Legendretransform ation leadsto theLagrangian

L =
1

2
gjk _x

j_xk+
i

2
gjk#

j
aD t#

k
a+

1

4
R jkln#

j

1
#
l
2#

k
1#

n
2�

1

2
g
jk@W

@xj

W

@xk
�iW j;k#

j

1
#
k
2; (3)

wherethe covariantderivative isde�ned asD t#
j
a = _#

j
a + �

j

lk
_xl�ka.

3 From Liouville to SuperLiouville M odels

W e shallfocuson m echanicalsystem softwo bosonicdegreesoffreedom ;N = 2.

In particular, we shallanalyze the supersym m etric extensions of the classical

Liouville m odels. These m odels are com pletely integrable and their classical

invariants are wellknown [11]. O urgoalis to study what the invariants are in

theirsupersym m etricextensions.

In fact,theclassicalLiouville m odelsarenotonly com pletely integrable but

Ham ilton-Jacobiseparable.The Ham ilton-Jacobiprinciple thusprovidesallthe

solutionsofthedynam icsin thesem odels.Thisisachieved by using appropriate

coordinate system s.Thereare fourpossibilities:

� Liouville M odels ofType I:Letusconsiderthe m ap �� :D �! R
2,where

D isan open sub-setofR2 with coordinates(u;v).Thesevariablesaretheelliptic

coordinatesofthebosonicsystem ifthem ap isde�ned as:��(x1)= 1



uv,��(x2)=

1




p
(u2 �
 2)(
2 �v 2) and u 2 [
;1 ),v 2 [�
;
]. In the new variables,the

Lagrangian ofa Liouville m odelofTypeIreads:

L =
1

2

u2 �v 2

u2 �
 2
_u _u +

1

2

u2 �v 2


2 �v 2
_v _v�

u2 �
 2

u2 �v 2
f(u)�


2 �v 2

u2 �v 2
g(v) (4)

O bservethatapartfrom a com m on factorthecontribution to theLagrangian of

the u and v variables splitscom pletely. The com m on factor can be interpreted

asa m etric (ofzero curvature):gij = (u2 �v 2)�ij.

�Liouville M odelsofType II:In polarcoordinates��(x1)= � cos�,��(x2)=

� sin�,� 2 [0;1 ),� 2 [0;2�)the Lagrangian ofthe Liouville m odelsofType II

reads:

L =
1

2
_� _� +

1

2
�2 _� _� �f(�)�

1

�2
g(�) (5)
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Again,besidesthe m etric factorg11 = 1,g22 = �2,the contributionsof� and �

appearcom pletely separated in theLagrangian.

� Liouville M odels of Type III:Parabolic coordinates u 2 (�1 ;1 ),v 2

[0;1 )arede�ned through them ap � :D �! R
2 such that�(x1)= 1

2
(u2�v 2),

�(x2)= uv.A Liouville m odelofTypeIIIobeysa Lagrangian oftheform :

L =
1

2
(u2 + v

2)(_u _u + _v _v)�
1

u2 + v2
(f(u)+ g(v)) (6)

Thereisa m etric factorgij = (u2 + v2)�ij and separate contributionsofu and v

to L.

� Liouville M odels of Type IV :In these m odels the Lagrangian is directly

separated in Cartesian coordinates

L =
1

2
_x1 _x1 +

1

2
_x2 _x2 � f(x 1) � g(x 2) (7)

and a Euclidean m etric gij = �ij can beunderstood.

Thede�nition ofSuperLiouvillem odelsisa two step process:

(i)De�nea supersym m etricN= 2 Lagrangian system on a Riem annian m an-

ifold M 2,which is R2 equipped with the m etric induced by the m aps ��, ��

and � forTypesI,II,and III,and the Euclidean m etric forType IV.Consider

also G rassm an variables that transform as #ia = @x0
i

@xj
�
j
a under these changes of

coordinates.

(ii) A m odelde�ned in this way is a SuperLiouville m odelifthe superpo-

tentialsplitsin such a m annerthatthebosonicpartoftheLagrangian coincides

with theLagrangian ofa Liouville m odel.

� SuperLiouville M odels ofType I:TheLagrangian ofthebosonicsectorof

thisTypeofm odelcontainstwo contributions:

LB =
1

2

u2 �v 2

u2 �
 2
_u _u +

1

2

u2 �v 2


2 �v 2
_v _v�

1

2

u2 �
 2

u2 �v 2

�
@W

@u

� 2

�
1

2


2 �v 2

u2 �v 2

�
@W

@v

� 2

;

wherethesuperpotentialW providesthepotentialUB through theidentity,

UB =
1

2

u2 �
 2

u2 �v 2

�
@W

@u

� 2

+
1

2


2 �v 2

u2 �v 2

�
@W

@v

� 2

In the ferm ionic sectorthe Lagrangian takestheform LF = TF + LIB F ,with

TF =
i

2

u2 �v 2

u2 �
 2
#
u
aD t#

u
a +

i

2

u2 �v 2


2 �v 2
#
v
aD t#

v
a
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TheBose-Ferm iinteraction addsto theLagrangian the Yukawa term s

L
I
F B = �i

�
@2W

@u@u
+


2 �v 2

(u2 �v 2)(u2 �
 2)

�

u
@W

@u
�v

@W

@v

��

#
u
1#

u
2 �

�i

�
@2W

@u@v
+

1

u2 �v 2

�

v
@W

@u
�u

@W

@v

��

(#u1#
v
2 + #v1#

u
2)

�i

�
@2W

@v@v
+

(u2 �
 2)

(u2 �v 2)(
2 �v 2)

�

u
@W

@u
�v

@W

@v

��

#v1#
v
2

D e�nition:A system in supersym m etricclassicalm echanicsisaSuperLiou-

ville m odelofType Iifthe m ap given by the change from Cartesian to elliptic

coordinatesacting on the Cartesian superpotentialissuch that:

��W C = W 1(u)�W 2(v)

� SuperLiouville M odels ofType II:ThebosonicLagrangian is:

LB =
1

2
_� _� +

1

2
�
2 _� _� �

1

2

�
@W

@�

� 2

�
1

2�2

�
@W

@�

� 2

and the superpotentialW isrelated to the potentialthrough

UB =
1

2

�
@W

@�

�2

+
1

2�2

�
@W

@�

� 2

In theferm ionic sector,theLagrangian takesthe form :

TF =
i

2
#
�
aD t#

�
a +

i

2
�
2
#
�
aD t#

�
a;

and the Yukawa Bose-Ferm icouplingsare:

L
I
F B = �i

@2W

@�@�
#
�

1
#
�

2
�i

�
@2W

@�@�
+ �

@W

@�

�

#
�

1
#
�

2
�

�i

�
@2W

@�@�
�
1

�

@W

@�

�

(#
�

1
#
�

2
+ #

�

1
#
�

2
)

D e�nition:a system in supersym m etricclassicalm echanicsisa SuperLiou-

ville M odelofType IIifthe m ap given by the change from Cartesian to polar

coordinatesacting on the Cartesian superpotentialproduces:

&
�
W C = W 1(�)�W 2(�)
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� SuperLiouville M odels ofType III:Thebosonic Lagrangian is:

LB =
1

2
(u2 + v

2)(_u_u + _v_v)�
1

2(u2 + v2)

"�
@W

@u

� 2

+

�
@W

@v

� 2
#

Thepotentialisdeterm ined from thesuperpotentialW as:

UB =
1

2(u2 + v2)

"�
@W

@u

� 2

+

�
@W

@v

� 2
#

Thepurely ferm ionic contribution to the Lagrangian is:

TF =
i

2
(u2 + v2)#uaD t#

u
a +

i

2
(u2 + v2)#vaD t#

v
a

and theYukawa couplingsare:

LIB F = �i

�
@2W

@u@u
�

1

u2 + v2

�

u
@W

@u
�v

@W

@v

��

#u1#
u
2 �

�i

�
@2W

@u@v
�

1

u2 + v2

�

u
@W

@v
+ v

@W

@u

��

(#u1#
v
2 + #v1#

u
2)

�i

�
@2W

@v@v
+

1

u2 + v2

�

u
@W

@u
�v

@W

@v

��

#
v
1#

v
2

D e�nition:A system in supersym m etricclassicalm echanicsisaSuperLiou-

villeM odelofTypeIIIifthem ap given by thechangefrom Cartesian toparabolic

coordinatesacting on theCartesian superpotentialissuch that:

��W C = W 1(u)�W 2(v)

�SuperLiouville M odelsofType IV :Finally,thede�nition ofSuperLiouville

M odelofTypeIV isstraightforward.

D e�nition: A system in supersym m etric classical m echanics belongs to

TypeIV SuperLiouvillem odelsifthesuperpotentialW (x1;x2)isofthe form :

W (x1;x2)= W 1(x
1)�W 2(x

2)

TheLagrangian is:

L =
1

2
_xj_xj +

i

2
�
j
a
_�ja �

1

2

@W

@xj

@W

@xj
�i

@2W

@x1@x1
�
1
1�

1
2 �i

@2W

@x2@x2
�
2
1�

2
2;

and the system can be be understood as a N = 2 � N = 2 SUSY in (0 + 1)

dim ensions.

Asa com m on feature,observethatthepotentialisinsensitiveto therelative

signs ofthe separated parts ofthe superpotential. Therefore,allthe Liouville

m odelsare supersym m etrizableby m eansoftwo di�erentsuperpotentials.
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4 O n the B osonic Invariants

Itiswellknown thatLiouvillem odelshavea second invariantin involution with

theenergy -the�rstinvariant-thatguaranteescom pleteintegrability in thesense

ofthe Liouville theorem . W e shallnow show that SuperLiouville m odels also

have a second invariantofbosonicnature.O urstrategy in thesearch ofsuch an

invariant,[I;H ]= 0,followsthegeneralpattern shown in theliterature:see[12].

Theansatz forinvariantsatthe highestquadratic levelin the m om enta is:

I =
1

2
H ijpipj + V (x1;x2)+ Fij�

i
1�

j

2
+ G ij�

i
1�

j

1
+ Jij�

i
2�

j

2
+

+ Lijkpi�
j

1
�
k
1 + M

i
jkpi�

j

2
�
k
2 + N

i
jkpi�

j

1
�
k
2 + Sijkl�

i
1�

k
2�

j

1
�
l
2

Here,we assum ethat:

-i) H ij is a sym m etric tensor depending on xi. There are three independent

functionsto determ ine.

-ii)Li
jk
and M i

jk
also depend only on xi and are antisym m etric in theindicesj

and k:Lijk = �L i
kj,M

i
jk = �M i

kj.They includefourindependentfunctions.

-iii) G ij and Jij are antisym m etric functions ofx
i in the indices: G ij = �G ji

and Jij = �J ji. Fij(x
i),however,is neither sym m etric nor antisym m etric; it

containsfourindependentfunctions.

-iv)Finally,Sijkl(x
i)isantisym m etricin theexchangeoftheindicesi;j and k;l

and sym m etricin theexchangeofthepairsij;kl.Thereisonly oneindependent

function to determ ine in thistensor.

Thecom m utatorwith the Ham iltonian is:

�[I;H ]=
1

2

@H jk

@xl
plpjpk +

�

�H lj @2W

@xj@xk

@W

@xk
+
@V

@xl

�

pl+

+

�

�iH nj @3W

@xk@xl@xj
+
@Fkl

@xi
+ 2Likm

@2W

@xm @xl
+ 2M i

ln

@2W

@xn@x
k

�

pn�
k
1�

l
2+

+

�
@2W

@xl@x
k
Flj �M

n
kj

@2W

@xn@xl

@W

@xl

�

�k2�
j

2
+

�
@Jlj

@xk
+ N k

m j

@2W

@xm @x
l

�

pk�
l
2�

j

2
�

�

�
@2W

@xj@xk
Fnk + Llnj

@2W

@xl@xk

@W

@xk

�

�n1�
j

1
+

�
@G nj

@xl
�N l

nk

@2W

@xj@xk

�

pl�
n
1�

j

1
+

+ 2

�

G nj

@2W

@xj@x
k
+ Jkl

@2W

@xn@xl
�
1

2
N

j

nk

@2W

@xj@xl

@W

@xl

�

�n1�
k
2+

+
@Lnjk

@xl
plpn�

j

1
�
k
1 +

@M n
jk

@xl
plpn�

j

2
�
k
2 +

@N n
jk

@xl
plpn�

j

1
�
k
2+

�iN n
jk

@3W

@xn@xl@xm
�
j

1
�k2�

l
1�

m
2 �i

@Snjkl

@xm
pm �

n
1�

k
2�

j

1
�l2
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Therefore,[I;H ]= 0,and I is a second invariant ifand only ifthe following

equationsare satis�ed:

BOX 1 a)
@H ij

@xk
+
@H kj

@xi
= 0

BOX 2 a) H
ij @2W

@xj@xk

@W

@xk
=
@V

@xi

BOX 3 a) �jk
@Li

jk

@xl
+ �jk

@Ll
jk

@xi
= 0

b) �
jk
@M i

jk

@xl
+ �

jk
@M l

jk

@xi
= 0

BOX 4 a) H nj @3W

@xk@xl@xj
+ i

@Fkl

@xn
+ 2iLnkm

@2W

@xm @xl
+ 2iM n

lj

@2W

@xj@x
k
= 0

b) �ij
�

@2W

@xi@x
k
Fkj �M

k
ij

@2W

@xk@xl

@W

@xl

�

= 0

c) �ij
�

@2W

@xj@xk
Fik + Llij

@2W

@xk@xl

@W

@xk

�

= 0

BOX 5 a) �
ij

�
@G ij

@xl
�N

l
jk

@2W

@xi@xk

�

= 0

b) �
ij

�
@Jij

@xk
+ N

k
m j

@2W

@xm @x
i

�

= 0

c) G ij

@2W

@xj@x
k
+ Jkl

@2W

@xi@xl
�
1

2
N

j

ik

@2W

@xj@xl

@W

@xl
= 0

d)
@N i

jk

@xl
+
@N l

jk

@xi
= 0

e) �
ij
�
lk
N

m
jk

@3W

@xi@xl@xm
= 0

BOX 6 a) �
ij
�
kl@Sijkl

@xm
= 0
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4.1 G eneralproperties ofthe solution

W e dealwith a overdeterm ined system ofpartialdi�erentialequations: there

are 31 PDE relating 15 unknown functions.M oreover,som e sub-system scan be

solved forsom esub-setoffunctions.W e proceed in a recurrentway:

-i)The equationsin BOXES 1 and 2 are su�cientto �nd H ij and V . W e

recoverthe inform ation aboutthe second invariantofthe purely bosonic sector:

the Liouville m odel.

-ii) The equations in BOX 3 are solved ifthe independentcom ponents of

Li
jk
and M i

jk
have the form ,

L
i
12 = C �

ij
xj + A i M

i
12 = D �

ij
xj + B i;

whereA i,B i,C y D are constants.

-iii)Theequationsin BOX 4,togetherwith thepreviousinform ation,leads

to the com putation ofFij. The identity
@2Fkl
@x1@x2

=
@2Fkl
@x2@x1

and the equation 4a)

requiresthat

�m n @

@xm

�

Lnjk
@2W

@xj@x
l
+ M n

jl

@2W

@xk@j
+
i

2
H nj @3W

@xj@xk@xl

�

= 0

M oreover,ifwe restrict Fij to be sym m etric underthe exchange ofindices and

then identify Li
jk
= M i

jk
,equation 4b)becom esequalto 4c).

-iv)TheequationsofBOX 5 are satis�ed if:

G ij = Jij = N ijk = 0

-v)Equation 6a)by itself,BOX 6,setsthe only independentcom ponentof

Sijklto beconstant;S1212 = cte.Then:

I3 = �
1
1�

2
1�

1
2�

2
2

isa constantofm otion,an invariant.

4.2 Invariants in SuperLiouville m odels

W e now apply the previous results to the com putation ofthe supersym m etric

extensionsofthe second invariantofLiouville m odels. In generalthey have the

form :

I2 = I
(B )

2
+ I

(F )

2
;

whereI
(B )

2
isthe\body",already presentin theLiouvillem odel,and I

(F )

2
isthe

\soul"-containing G rassm an variables-ofthesecond invariantin the SuperLiou-

ville m odels.W e �nd:
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4.2.1 SuperLiouville M odels ofType I:

I
(B )

2
=

1

2

"
�
x
2_x1 �x 1_x2

�2
�
 2_x2_x2 +

�

x
2@W

@x1
�x

1@W

@x2

�2

�
 2@W

@x2

@W

@x2

#

I
(F )

2
= i(x2_x1 �x 1_x2)�1a�

2
a + i

�

2x1
@2W

@x2@x2
�
@W

@x1
�x

2 @2W

@x1@x2

�

�
2
1�

2
2 +

+ i

�

�x
1
x
2 @2W

@x2@x2
+ x

2@W

@x1
+ x

2
x
2 @2W

@x1@x2

�

(�11�
2
2 + �

2
1�

1
2)+

+ i

�

�x
2@W

@x2
�x

1
x
2 @2W

@x1@x2
+ x

2
x
2 @2W

@x1@x1

�

�
1
1�

1
2

4.2.2 SuperLiouville M odels ofType II:

I
(B )

2
=

1

2

�
x
2_x1 �x 1_x2

�2
+
1

2

�

x
2@W

@x1
�x

1@W

@x2

� 2

I
(F )

2
= i

�
x2_x1 �x 1_x2

�
�1a�

2
a + ix2

�

x2
@W

@x1@x1
�x 1 @2W

@x1@x2
�
@W

@x2

�

�11�
1
2 +

+ ix2
�

x2
@2W

@x1@x1
+
@W

@x1
�x 1 @2W

@x2@x2

�

(�11�
2
2 + �21�

1
2)+

+ ix1
�

x1
@2W

@x2@x2
�
@W

@x1
�x 2 @2W

@x1@x2

�

�21�
2
2

4.2.3 SuperLiouville M odels ofType III:

I
(B )

2
=

�
x1_x2 �x 2_x1

�
_x2 +

�

x1
@W

@x2
�x 2@W

@x1

�
@W

@x2

I
(F )

2
= �i_x 2�1a�

2
a �ix

2 @2W

@x1@x2
�11�

1
2 �ix

2 @2W

@x2@x2
(�11�

2
2 + �21�

1
2)+

+ i

�

2x1
@2W

@x2@x2
�
@W

@x1
�x 2 @2W

@x1@x2

�

�21�
2
2

4.2.4 SuperLiouville M odels ofType IV :

I
(B )

2
=
1

2
_x1_x1 +

1

2

@W

@x1

@W

@x1
I
(F )

2
= i

@2W

@x1@x1
�
1
1�

1
2

Finally,we briey com m enton the geom etricaland physicalm eaning ofthe

second invariant. Usually,it is related to transform ation that is term ed as a
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hidden sym m etry. W e see that by introducing the generalized m om enta � j =

_xj + i@W
@xj

,the second invariantofthe TypeIm odelis:

I
(B )

2
=
1

2

h�
�x2� 1 �x

1� 2

�
�2 �
 2

j� 2j
2
i

;

which isno m orethan them odulusofthegeneralized angularm om entum to the

square added to �
 2 tim esthe square ofj� 2j. Sim ilarconsiderationsare easily

applied to the second invariant ofthe other Types. A generalized m om entum

such as� j can beobtained ifone addsthecom plex topologicalpiece:

L
(B )

T
= i_xj

@W

@xj

to the bosonicLagrangian.
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