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W .Garc��a Fuertes,A.M .Perelom ov�

Departam ento de F��sica,Facultad de Ciencias,Universidad de Oviedo,E-33007 Oviedo,Spain

A bstract

W e prove som e new form ulae for the derivatives of the generalized G egenbauer

polynom ialsassociated to the Lie algebra A 2.

Asitiswellknown[1],theclassicalGegenbauerpolynom ialsC �

m
(z)su�er,whendi�erentiated

in z,a shiftin theparam eter�,nam ely
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m
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2
); (�)m = �(� + 1):::(� + m � 1)

TheclassicalGegenbauerpolynom ialsare(up to a factor)theeigenfunctionsofthesim plest

quantum Calogero-Sutherland Ham iltonian [2],[3],thatrelated to the Lie algebra A 1. Itis

the purpose ofthisnote to show thatthe sam e shiftin � takesplace in the derivatives of

thegeneralized Gegenbauerpolynom ialsP �

m ;n
(z1;z2)givingthequantum eigenfuctionsofthe

Calogero-Sutherland system with Liealgebra A 2:
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"m ;n(�) = m
2
+ n

2
+ m n + 3�(m + n);

see[4],[5],[6],[7],[8].Speci�cally,wewillprovethefollowing form ulae:

@P �

m ;n

@z1
= m P

�+ 1

m � 1;n
+ A m ;n(�)P

�+ 1

m � 2;n� 1
+ B m ;n(�)P

�+ 1

m ;n� 2
(1)

@P �

m ;n

@z2
= nP

�+ 1

m ;n� 1
+ A n;m (�)P

�+ 1

m � 1;n� 2
+ B n;m (�)P

�+ 1

m � 2;n
; (2)
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where

A m ;n(�) =
m (m � 1)n(m + n + � � 1)(m + n + �)

(m + � � 1)(m + �)(m + n + 2� � 1)(m + n + 2�)

B m ;n(�) = �
n(n � 1)(m + n + �)

(n + � � 1)(n + �)
: (3)

Consider�rst(1).Theproofofthisform ula proceedsby induction on thesecond quantum

num ber.Thegenerating function fortheJack polynom ialsP �

m ;0
isknown to be[9]

(1� z1t+ z2t
2 � t

3
)
� �

=

1
X

m = 0

(�)m

m !
P
�

m ;0
t
m
: (4)

Di�erentiation ofthisexpression showsthe validity of(1)when n = 0.On theotherhand,

wecan usetherecurrencerelationsforthegeneralized Gegenbauerpolynom ials[7]toexpress

P �

m ;n
in term sofpolynom ialswith lowern:

P
�

m ;n
= z2Pm ;n� 1 � ~am ;n� 1(�)P

�

m � 1;n� 1
� cn� 1(�)P

�
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(5)

with

~am ;n(�) =
m (n + m + �)(m � 1+ 2�)(n + m � 1+ 3�)

(m + �)(m � 1+ �)(n + m + 2�)(n + m � 1+ 2�)
;

cn(�) =
n(n � 1+ 2�)

(n + �)(n � 1+ �)
: (6)

Di�erentiating(5)with respecttoz1 undertheassum ption that(1)isvalid when thesecond

quantum num berislowerthan n,and applying therecurrence relation (5)to getrid ofthe

rem aining z2 factors,weobtain:
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+ [A m ;n� 1(�)+ m ~am � 1;n� 1(� + 1)� (m � 1)~am ;n� 1(�)]P
�+ 1
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+ A m ;n� 1(�)cn� 2(� + 1)� A m + 1;n� 2(�)cn� 1(�)]P
�+ 1

m � 1;n� 3
(7)

and by explicituseof(3)and (6),we�nd:

A m ;n� 1(�)~am � 2;n� 2(� + 1)� A m � 1;n� 1(�)~am ;n� 1(�) = 0

B m ;n� 1(�)cn� 3(� + 1)� B m + 1;n� 2(�)cn� 1(�) = 0

� ~am ;n� 1(�)B m � 1;n� 1(�)+ ~am ;n� 3(� + 1)B m ;n� 1(�)

+A m ;n� 1(�)cn� 2(� + 1)� A m + 1;n� 2(�)cn� 1(�) = 0 (8)
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and

A m ;n� 1(�)+ m ~am � 1;n� 1(� + 1)� (m � 1)~am ;n� 1(�) = A m ;n(�)

B m ;n� 1(�)� (m + 1)cn� 1(�)+ m cn� 1(� + 1) = B m ;n(�) (9)

which establishesthedesired result.Theproofof(2)takesadvantageofthetwin recurrence

relation to (5),see[7],and iscom pletely analogous.In conclusion wewould liketo m ention

thattheapproach ofthisnotem ay beused also fortheA n case.W ehopeto return to this

problem in thefuture.
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