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A bstract

W e com putethegenerating function forthecharactersoftheirreduciblerepresen-

tationsofSU (n)whoseassociated Young diagram shaveonly two rowswith thesam e

num berofboxes.Theresultisgiven by form ulae(11),(14),(25)-(27)and isa rational

determ inantalexpression in which both the num erator and the denom inator have a

sim plestructurewhen expressed in term sofSchurpolynom ials.

1 Introduction

Am ong the integrable quantum m echanicalsystem s known to date,those related to the

root system s of�nite dim ensionalsim ple Lie algebras form a prom inent class [8]. They

constitute,in particular,a naturalfram ework to extend m any classicalsystem sofortogonal

polynom ials to the case ofseveralindependent variables. A m uch studied exam ple is the

trigonom etric Calogero-Sutherland m odelrelated to A n� 1 [1], [13], whose eigenfunctions

provide a naturalgeneralization to n variablesofthe Gegenbauerpolynom ials. A num ber

ofpropertiesofthesegeneralized Gegenbauerpolynom ialsareknown [9],[10],[11],[12].The

polynom ialsdepend on a continuousparam eter�,which isrelated to thecoupling constant

in theHam iltonian,and aredeterm ined byn� 1quantum num bers.Severalspecialvaluesfor

these quantitiesareinteresting,am ong which we m ention two:�rst,when the� param eter

goes to unity,the generalized Gegenbauer polynom ials converge to the characters ofthe

irreducible representationsofSU(n);second,when only the �rstquantum num berisnon-

vanishing,thepolynom ialsbecom ethoseofJack [6].

In the task ofdeepening ourunderstanding ofthe propertiesofthe generalized Gegen-

bauer polynom ials, the com putation ofthe generating function would be one im portant

m ilestone.Thisisknown only forthesim plestA 1 and A 2 cases[12].Nevertheless,in som e

circum stancesonecan extractusefulinform ation from thegenerating function ofsom epar-

ticular subsets ofthe whole system ofortogonalpolynom ials. The generating function of

Jack polynom ials,forinstance,hasbeen recently used asthestarting pointofan inductive

proofofthestructureofthederivativesofthegeneralized Gegenbauerpolynom ials[3].This
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function isasim pledeform ation ofthegeneratingfunction ofthecharactersoftheirreducible

representationsofSU(n)obtained by taking� = 1in theJack polynom ials.Thisshowshow

the knowledge ofthe generating function ofsom e speci�c classes ofirreducible characters

ofSU(n)can bea valuableclue forstudying thecorresponding generating function forthe

generalized Gegenbauerpolynom ials.In thisspirit,thepurposeofthisarticleisto com pute

the generating function ofa subsetofirreducible charactersofSU(n)which representsthe

im m ediatenextstep in com plexity starting from thecharactersrelated to Jack polynom ials.

2 C om putation ofthe generating function

Asstated in theintroduction,ourgoalisto com pute

F(t;zi)=

1X

k= 0

Pk(zj)t
k (1)

where Pk(zj)is the character ofthe irreducible representation ofSU(n) whose associated

Young diagram hasonly two rowsoflength k,i.e.

Pk(zj)= �k;k;0;:::;0(zj): (2)

W e explain the notation. W e use �k1;k2;:::;kn to designate the character ofthe irreducible

representation ofSU(n)with Young diagram containing ki boxesin the i-th row;zj isthe

j-th elem entary sym m etricpolynom ialin thecoordinatesx1;x2;:::;xn ofthem axim altorus

ofSU(n):

zj =
X

i1< i2< :::< ij

xi1xi2 :::xij: (3)

Thereexistsa sim plerelation between the�-sym bolsand thegeneralized Gegenbauerpoly-

nom ialsfor� = 1,nam ely

�k1;k2;:::;kn = z
kn
n P

1

k1� k2;k2� k3;:::;kn� 1� kn
: (4)

Finally,we give two convenient form ulae for com puting the characters. First,directly in

term softhexj,wehavetheW eylcharacterform ula [14]

�k1;k2;:::;kn(xj)=
1

�
jx

n+ k1� 1;x
n+ k2� 2;:::;x

knj; (5)

in which theshorthand notation

jx
�1;x

�2;� � � ;x
�nj=

�
�
�
�
�
�
�
�
�
�

x
�1
1 x

�2
1 � � � x

�n
1

x
�1
2 x

�2
2 � � � x

�n
2

...
...

...
...

x�1n x�2n � � � x�n
n

�
�
�
�
�
�
�
�
�
�

(6)

isused,and thedenom inatoristheVanderm ondedeterm inant

�= jx
n� 1

;x
n� 2

;:::;1j=
Y

i< j

(xi� xj): (7)
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And second,asfunctionsofzj,they can beexpressed through thesecond Giam belliidentity

[7]:if(l1;l2;:::;lm )istheconjugatepartition to (k1;k2;:::;kn),

�k1;k2;:::;kn(zj)=

�
�
�
�
�
�
�
�
�
�

zl1 zl1+ 1 zl1+ 2 � � � zl1+ m � 1

zl2� 1 zl2 zl2+ 1 � � � zl2+ m � 2

...
...

...
...

...

zlm � m + 1 � � � � � � � � � zlm

�
�
�
�
�
�
�
�
�
�

(8)

whereitisunderstood thatz0 = 1 and zj = 0 ifj> n orj< 0.

Aftertheseprelim inaries,weturn back to (1).According to (5),wecan write

F =
1

�

1X

k= 0

(
X

�2Sn

sgn(�)xn� 1+ k
�(1)

x
n� 2+ k

�(2)
x
n� 3

�(3)
� � � x

1

�(n� 1)x
0

�(n))t
k
: (9)

Ifwe interchange the sum m atories,we getan alternating sum ofsim ple geom etric progres-

sions,thus

F =
1

�

X

�2Sn

x
n� 1

�(1)
x
n� 2

�(2)
� � � x1

�(n� 1)x
0

�(n)

1� tx�(1)x�(2)
; (10)

which wewillwriteas

F =
g

f
(11)

with

f =
Y

i< j

(1� txixj) (12)

g =
1

�

X

�2Sn

sgn(�)xn� 1
�(1)

x
n� 2

�(2)
� � � x�(n� 1)

f

1� tx�(1)x�(2)
: (13)

f and g arepolynom ialsin tofrespective degreesN = 1

2
n(n � 1)and N � 1.Itisobvious

thatthe coe�cients off are hom ogeneous sym m etric polynom ials in x i over the integers.

AsF isa series ofpolynom ialsofthe sam e kind,the statem ent turnsoutto be also true

forg.Ournexttask isto com pute f and g in closed form ;we would like,in particular,to

expresstheircoe�cientsin them ostnaturalbasisforhom ogeneoussym m etric polynom ials

in thepresentcontext:theirreduciblecharactersofSU(n),orSchurpolynom ials.

In fact,theresultforf isknown:itwasobtainedbyW eylin thecourseofhiscom putation

ofthecharactersofthesym plectic groups.TheW eylresultis[14]

f =
1

�
jx

n� 1
;x

n� 2 + x
n
;x

n� 3 + x
n+ 1

;:::;1+ x
2n� 2

jjx� >
p
tx: (14)

Given thisexpression,wecan obtain thecoe�cientsin tin

f = 1� Z1t+ Z2t
2
� Z3t

3 + � � � + (�1)N
ZN t

N (15)

by expanding the determ inantin the num eratorof(14)in such a way thatallterm shave

m onom ialcolum nsand collecting term softhe sam e orderin t. ThisgivesZd asa sum of

determ inantalquotientsoftheform

z� =
1

�
jx

n+ �r;x
n+ �r� 1;:::;x

n+ �1;x
n� 1

;:::;
d

xn� (�1� 2);:::;
d

xn� (�r� 2);:::;1jjx� >
p
tx (16)

3



where the hatovera term m eansthatthe term isabsentand the sum isisextended to all

possiblecom binationssuch that

n � 2� �r > �r� 1 >;:::;> �1 � 0

�1 + :::+ �r = d� r: (17)

From (16),theW eylcharacterform ula givesz� = �k1;k2;:::;kn with

kj =

8

>>><

>>>:

j+ �r� j+ 1 1� j� r

r r+ 1� j� r+ �1 + 1

r� k r+ �k + 3� k � j� r+ �k+ 1 + 1� k; k = 1;2;:::;r� 1

0 j� �r + 3

(18)

A closer inspection shows that this structure corresponds to a Young diagram ofrank r

with j+ �r� j+ 1 boxes in the j-th row and in which the num ber ofrows with num ber of

boxesgreaterorequalto j is1+ j+ �r� j+ 1,j= 1;2;:::;r.Therefore,theYoung diagram

associated to�k1;k2;:::;kn is(�r;�r� 1;:::;�1j�r+ 1;�r� 1+ 1;:::;�1+ 1)in Frobeniusnotation,

see[7],and,by identifying each diagram with itsassociated SU(n)character,wecan write

Zd =
X

P d

(�1 � 1;�2 � 1;:::;�r � 1j�1;�2;:::;�r) (19)

wherePd isthesetofpartitionsofd such that�1 > �2 > � � � > �r � 1.

On theotherhand,wecan show thatgisgiven byadeterm inantalexpression verysim ilar

to (14):

g =
1

�
jx

n� 1
;x

n� 2
;x

n� 3
;x

n� 4 + x
n
;x

n� 5 + x
n+ 1

;:::;1+ x
2n� 4

jjx� >
p
tx: (20)

To see this,itis convenient to rescale tem porarily tto the unity,to write g = Q 1

�
and to

consider�rstthecasex1 = x
� 1
2 .From (13)weget

Q 1jx1= x� 1

2

= [(xn� 11 x
n� 2
2 x

n� 3
3 � � � xn� 1 + perm )� (xn� 12 x

n� 2
1 x

n� 3
3 � � � xn� 1 + perm )]�

� f[(1� x1x3)� � � (1� x1xn)][(1� x
� 1
1
x3)� � � (1� x

� 1
1
xn)]

nY

j;k= 3

(1� xjxk)g =

= (x1 � x2)[x
n� 3
3 x

n� 4
4 � � � xn� 1 + perm ]�

� f[(1� x1x3)� � � (1� x1xn)][(1� x
� 1
1 x3)� � � (1� x

� 1
1 xn)]

nY

j;k= 3

(1� xjxk)g(21)

where\perm "referstotheperm utationsofthepowersofx3;x4;:::;xn� 1 includingsignature.

By taking xn� 2k asa com m on factorin thek row ofthenum eratorof(20)fork = 1 to n,we

write:

Q 2 = jx
n� 1

;x
n� 2

;x
n� 3

;x
n� 4 + x

n
;x

n� 5 + x
n+ 1

;:::;1+ x
2n� 4

j

= (x1x2� � � xn)
n� 2

jx;1;y;y2;:::;yn� 2j (22)
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with yj = xj + x
� 1
j .Ifwe takex1 = x

� 1
2 in thisexpression and subtractin thedeterm inant

thesecond from the�rstrow,weobtain through theVanderm ondeform ula (7)

Q 2jx1= x� 1

2

= (�1)
(n� 1)(n� 2)

2 (x1 � x2)(x3x4� � � xn)
n� 2(y2 � y3)� � � (y2 � yn)

nY

i;j= 3

i< j

(yi� yj): (23)

Theuseoftheidentities

(1� x
� 1
2
xj)(1� x2xj) = �xj(y2 � yj)

yk � yj = �(xkxj)
� 1(xk � xj)(1� xkxj) (24)

in (23)transform stherightsideofthisequation in exactly thelastm em berof(21);therefore

Q 1jx1= x� 1

2

= Q 2jx1= x� 1

2

.As
Q 1

�
and

Q 2

�
aresym m etricpolynom ials,thisim pliesthat

Q 1

�
�

Q 2

�
=

fP where P is a sym m etric polynom ial,but from (12)and the de�nitions ofQ 1 and Q 2,

onecan easily check thatthetotaldegreeoftheleftsideofthisequation isnecessarily lower

than thetotaldegreeoff,so thatP = 0.Thisconcludestheproofof(20).

Ifwenow write

g =

N � 1X

k= 0

G kt
k (25)

a com putation com pletely analogousto thatleading from (14)to (19)allowsusto writeG k

asfollows

G k =
X

Q k+ j;j

(�1)k+ j(�1 � 3;�2 � 3;:::;�j � 3j�1;�2;:::;�j); (26)

whereQ k+ j;j isthesetofpartitionsofk+ jwith jterm sand satisfying�1 > �2 > � � � �j � 3.

From (14)and (20),wegivethe�nalform ula forthedesired generating function:

F =
jxn� 1;xn� 2;xn� 3;xn� 4 + xn;xn� 5 + xn+ 1;:::;1+ x2n� 4j

jxn� 1;xn� 2 + xn;xn� 3 + xn+ 1;:::;1+ x2n� 2j
jx� >

p
tx: (27)

3 D i�erentialequations for f and g

W ewilldeducein thissection twodi�erentialequationssatis�ed byf and g.Theseequations

can betaken asthebasisforan alternativeapproach forthecom putation ofthesequantities.

In establishing the equations,we willtake advantage oftwo di�erentialoperatorsofa

classintroduced in [4],[5],[2]:

D 1 =

nX

p= 1

zp� 1
@

@zp

D 2 =
1

2
[

nX

p= 2

zp� 2
@

@zp
+ D

2

1
]

TheactionoftheseoperatorsonSchurpolynom ialscanbem ostsim plydescribed ingraphical

term s:D 1 applied to theSchurpolynom ialS� givesthesum ofallSchurpolynom ialswhose

associated Young diagram sarethatofS� with onebox rem oved.D 2 doessim ilarly but,in

5



thiscase,the sum isoverthe Young diagram sobtained by rem oving two boxesnotin the

sam erow in allpossibleways.

From (12),weget

lnf = �
X

i< j

(xixj +
1

2
x
2

ix
2

j +
1

3
x
3

ix
3

j + � � �) (28)

and,therefore

f = expf�

1X

k= 1

m k

k
t
k
g; m k =

nX

i< j

x
k
ix

k
j (29)

or,alternatively

f = expf�
1

2

1X

k= 1

p2k � p2k

k
t
k
g; pk =

nX

i= 1

x
k
i: (30)

Thisgives
@f

@p1
= �p1tf.Butp1 = z1 and

@

@p1
= D 1 [2],[7],hence

D 1f = �z1tf (31)

or,using (15)

D 1Zj = z1Zj� 1: (32)

To �nd thedi�erentialequation forg,weuse(30)to write

(
1

2

@2

@p21
�

@

@p2
)f = [

1

2
t
2(p2

1
+ p2)� t]f (33)

and,asz2 =
1

2
(p21 � p2)and D 2 =

1

2

@2

@p21
�

@

@p2
[2],[7],weconcludethat

D 2f = [t2(z21 � z2)� t]f: (34)

Now,

D 2g = D 2(fF)= (D 2f)F + f(D 2F)+ (D 1f)(D 1F): (35)

The �rstterm isproportionalto g. The second too: asthe diagram sin F consistonly of

two identicallines,weget

D 2F = tF: (36)

Thethird term givesa contribution proportionalto D 1g,because

D 1g = D 1(fF)= �tz1g+ fD 1F: (37)

Thedi�erentialequation istherefore

D 2g+ tz1D 1g+ t
2
z2g = 0 (38)

or,alternatively

D 2G j + z1D 1G j� 1 + z2G j� 2 = 0: (39)
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