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A bstract

W e use the generalized zeta function regularization m ethod to com pute the one-loop

quantum correction to the m assesofthe TK 1 and TK 2 kinksin a deform ation oftheO (N )

linearsigm a m odelon therealline.
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1 Introduction

In thispaperweshallapplythegeneralized zetafunction regularization m ethod tounveilthesem i-

classicalbehaviour ofthe quantum topologicalkinks arising as BPS states in m ulti-com ponent

scalar(1+1)-dim ensional�eld theory.Theinterestofthisinvestigation liesin thefactthatthese

system slive atthe heartofthe low energy regim e ofstring/M theory. E�ective theoriessuch as

N =1 SUSY QCD and/orthe W ess-Zum ino m odel[1]encom passN -com ponentscalar�eldsand

have a discrete set ofvacuum states. From a one-dim ensionalperspective one can foresee the

existenceofk-com ponenttopologicalkinks,k � N ,which aretheseedsoftheBPS dom ain walls.

Theseextended statesplay such a prom inentr̂olein thethree-dim ensionalworld thatanalysisof

thequantum behaviourofk-com ponenttopologicalkinksbecom esan im portantissue.

Here,we shallfocus on a one-param etric fam ily ofdeform ations ofthe O (N ) linear sigm a

m odel,in (1+1)-dim ensionalspace-tim e.The m odelto be addressed form sthe bosonic sectorof

a super-sym m etric theory with N realsuper-�eldsand isofthegeneraltypeoftheW ess-Zum ino

m odel,like those studied in [1]and [2].An im portantfeaturecom m on to allthese m odelsisthe

non-existenceofcontinuoussym m etriesin internalspaceand they can thereforebeincluded in the

classofsystem sconsidered in Reference[6].Theauthorsoftheseworksusecontinuousphase-shift

m ethodsto calculatetheone-loop correction to thekink energy in fullsuper-sym m etric theories.

Ourapproach di�ersin two ways:1)werestrictourselvesto thebosonicsectorand leave the

ferm ionicuctuationsforfutureresearch;2)thegeneralized zetafunction regularization procedure

isapplied todealwith thein�nitequantitiesarisingin thequantization prescription.Thism ethod

has been used previously in the description ofquantum corrections to kink m asses fortheories

with a single realscalar �eld,see [7],but here we shallfollow the m ore elaborated procedure

developed in [8]and [9]for one-com ponent system s. Nevertheless,our m ethod is particularly

suited to m odelswith severalreal�eldsbecausein general,in theoriesofthistype,thespectrum

ofthe second ordeructuation operatoraround kink solutionsisonly partially (asym ptotically)

known.Sincethisoperatorisa Schr�odingeroperatoracting on functionsbelonging to theHilbert

space L2(R)
 C
N ,one can write an associated heatequation. From the asym ptotic expansion

to the heatfunction one obtainsenough inform ation aboutthe generalized zeta function ofthe

second uctuation operator[10]to provide a good approxim ation to the one-loop correction to

thekink m ass.Asym ptotic m ethodsto com pute them assofquantum solitonswere �rstused in

Reference[13].

W ithin a given range ofthe deform ation param eter,the m odi�ed O (2) linear sigm a m odel

that we shallconsider is the celebrated M ontonen-Sarker-Trullinger-Bishop ( M STB ) m odel

[3].Overtheyears,severalkindsofkink solitary waveswith very noticeablepropertieshavebeen

discovered in thissystem ,[4].Thekink m odulispaceoftheN � 3 generalizationsoftheM STB

m odelhasbeen described in [5],whereasm orerecently thestability ofthedi�erentkindsofkink

wasestablished in [18].Therefore,com putation ofthesem i-classicalm assofthestabletopological

kinkswith one non-nullcom ponent,TK1 ,ortwo non-nullcom ponents,TK2,iscom pelling. To

achievethistask,which isthem ain goalofthispaper,thezeta function regularization m ethod is

specially appropriate ,because ofthe im possibility ofsolving thespectralproblem ofthe second

ordeructuation operator.

The organization ofthe paperisasfollows: In Section x.2 the generalsem i-classicalform ula

forthe m assofquantum solitons,the zeta function regularization procedure,and the zero point

energy and m assrenorm alization prescriptionsareexplained.In Section x.3 wecom putetheone-
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loopquantum correctionstothem assesoftopologicalkinkswith oneand twonon-nullcom ponents

in the M STB m odel. In Section x.4 sim ilar form ulasare given in the deform ation ofthe linear

O (N ) sigm a m odel,with N � 3,that generalizes the M STB m odel. Section x.5 o�ers som e

com m ents on possible extensions ofourresults. Finally,in Appendix A the �rst coe�cients of

them atrix heatkernelexpansion arewritten,whereas,in Appendix B,itisshown thatonly the

stabletwo-com ponenttopologicalkinkssaturatethetopologicalbound.

2 Sem i-classicalm ass form ula for k-com ponent quantum

topologicalkinks

N -com ponent scalar �elds are m aps from the R 1;1 M inkowskispace-tim e to the R N \internal"

space:

~ (y�)=

NX

a= 1

 a(y
�)~ea :R

1;1
�! R

N
:

Here,y�,� = 0;1,are coordinatesin R
1;1;@� =

@

@y�
isa basisin TR 1;1,and ~ea;a = 1;2;� � � ;N ,

are ortho-norm alvectorsin R
N ,~ea � ~eb = �ab. W e shallconsider(1+1)-dim ensional�eld theories

whoseclassicaldynam icsisgoverned by theaction

S =

Z

d
2
y

�
1

2
@�
~ @

� ~ � U(~ )

�

:

W e choose the m etric tensorin T2(R 1;1)asg = diag(1;�1)and the Einstein convention willbe

used throughout the paper only for the indices in R
1;1. The system ofunits -identicalto that

chosen in [8]-issuch thatonly thespeed oflightissetto c= 1.

Theclassicalcon�guration spaceC isform ed by thestaticcon�gurations ~ (y)-wedenotethe

spatialcoordinateasy1 = y -forwhich theenergy functional

E (~ )=

Z

dy

(
1

2

NX

a= 1

d a

dy

d a

dy
+ U(~ )

)

is�nite: C = f~ (y)=E (~ )< +1 g. In the Schr�odingerpicture,the quantum evolution isruled

by theSchr�odingerfunctionalequation

i~
@

@t
	[~ (y);t= y

0]= H	[~ (y);t= y
0]:

If~ V isa constantm inim um ofU,the m assesofthefundam entalquanta are:v2a�ab =
�2U

� a� b
j~ V

.

Thequantum Ham iltonian operator

H =

Z

dy

(

�
~
2

2

NX

a= 1

v
2

a

�

� a(y)

�

� a(y)

)

+ E [~ (y)]

actson wave functionals	[~ (y);t]thatbelong to L2(C).
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A straightforward generalization ofthe argum ents and de�nitions ofthe Section x.2 of[8]-

following the classicalpapers [11],[12]-shows that the kink ground state energy at the sem i-

classicallim itis:

E
K

0
= E [~ K ]+

~

2
Tr(PK)

1

2 + o(~2)= E [~ K ]+
~

2
�PK (�

1

2
)+ o(~2) : (1)

HereK isthesecond variation operator,with spectralequation K ~�n(x)= !2
n
~�n(x),and

�PK (s)=
X

!2
n
> 0

1

(!2
n)

s

istheassociated generalized zetafunction;P istheprojectortothestrictlypositivepartofSpecK.

In thiscase,however,K isa N � N \m atrix" di�erentialoperatorwith \m atrix elem ents"

K ab = �
@2

@y2
�ab+

�2U

� a� b

�
�
�
�
~ K

; a;b= 1;2;� � � ;N :

2.1 G eneralized zeta function regularization m ethod

W e shallregularize �P K (�
1

2
) by de�ning the analogous quantity �P K(s) at som e point in the

com plex s-planewhere �P K(s)doesnothave a pole.�P K (s)isa m erom orphic function ofs such

thatitsresiduesand polescan bederived through heatkernelm ethods,see[10].IfK K (y;z;�)is

thekerneloftheN � N \m atrix" heatequation associated to K,

�
@

@�
1N + K

�

K K (y;z;�)= 0 ; K K (y;z;0)= 1N �(y� z); (2)

theM ellin transform ation tellsusthat

�P K(s)=
1

�(s)

Z 1

0

d� �
s� 1Tre� � P K ;

where

hP K [�]= Tre� � P K = Tre� �K � j= �j+

Z 1

� 1

dyK K (y;y;�)

isthe heatfunction hP K [�],ifK ispositive sem i-de�nite and dim KerK = j. The \regularized"

kink energy isatthesem i-classicallim it:

E
K

0
(s)= E [�K ]+

~

2
�
2s+ 1

�P K(s)+ o(~2) (3)

where� isaunitoflength
� 1
introduced torendertheterm sin(3)hom ogeneousfrom adim ensional

pointofview.Thein�nitenessofthebarequantum energy showsitselfherein thepolethatthe

zeta function developsfors= � 1

2
.

Therenorm alization ofEK
0 (s)willbeperform ed in thesam ethreestepsasin [8]:

A.Thequantum uctuationsaround thevacuum aregoverned by theSchr�odingeroperator:

Vab = �
d2

dy2
�ab+

�2U

� a� b
j~ V
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where ~ V isa constantm inim um ofU and Uab(~ V )=
�2U

� a� b
j~ V

= v2a�ab isthe m atrix ofsecond

variationalderivativesofU at ~ V .Thekerneloftheheatequation
�
@

@�
+ V

�

K V(y;z;�)= 0 ; K V(y;z;0)= 1N �(y� z)

providestheheatfunction hV(�),

hV(�)= Tre� �V =

NX

a= 1

Z
1

� 1

dyK V(y;y;�)

and,through theM ellin transform ation,weobtain

�V(s)=
1

�(s)

Z 1

0

d� �
s� 1Tre� �V:

Theregularized kink energy m easured with respectto theregularized vacuum energy isthus

E
K (s) = E [~ K ]+ � 1"

K (s)+ o(~2)

= E [~ K ]+
~

2
�
2s+ 1[�P K(s)� �V(s)]+ o(~2):

B.Ifwenow passto thephysicallim itEK = lim s! �
1

2

E
K (s),westillobtain an in�niteresult.

The reason for this is that the physicalparam eters ofthe theory have not been renorm alized.

Itis wellknown thatin (1+1)-dim ensionalscalar�eld theory norm alordering takes care ofall

renorm alizationsin thesystem :theonly ultravioletdivergencesthatoccurin perturbation theory

com efrom graphsthatcontain aclosed loop consisting ofasingleinternalline,[14].From W ick’s

theorem ,adapted tocontractionsoftwo�eldsatthesam epointin space-tim e,weseethatnorm al

ordering addsto theHam iltonian them assrenorm alization counter-term s

H (�m2)= �
~

2

Z

dy

NX

a= 1

�m
2

aa :
�2U

� a� a
:+o(~2)

up to one-loop order.To regularize

�m
2

aa =

Z
dk

4�

�aa
q

k2 + Uaa(~ V )

;

we �rst put the system in a 1D box of length L so that �m 2
aa = 1

2L
�Vaa(

1

2
), if the constant

eigen-function ofVaa isnotincluded in �Vaa.Then,we again usethezeta function regularization

m ethod and de�ne: �m 2
aa(s) = � 1

L

�(s+ 1)

�(s)
�2s+ 1�Vaa(s+ 1). Note that �m2

aa = lim s! �
1

2

�m2
aa(s).

The criterion behind thisregularization prescription isthe vanishing tadpole condition,which is

shown in Appendix B ofReference[9]to beequivalentto theheatkernelsubtraction schem e.

Theone-loop correction to thekink energy dueto H (�m2(s))isthus

� 2"
K (s) =

D
~ K

�
�
�H (�m

2(s))

�
�
�~ K

E

�

D
~ V

�
�
�H (�m

2(s))

�
�
�~ V

E

=

= lim
L! 1

~

2L
�
2s+ 1�(s+ 1)

�(s)

Z L

2

�
L

2

dy

NX

a= 1

�Vaa(s+ 1)

"
�2U

� a� a

�
�
�
�
~ K

�
�2U

� a� a

�
�
�
�
~ V

#

= � lim
L! 1

~

2L
�
2s+ 1�(s+ 1)

�(s)

NX

a= 1

�Vaa(s+ 1)

Z 1

� 1

dyVaa(y) (4)
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becausetheexpectation valuesofnorm alordered operatorsin coherentstatesarethecorrespond-

ing c-num ber-valued functions.

C.Finally,therenorm alized kink energy is:

E
K
R = E [~ K ]+ lim

s! �
1

2

�
� 1"

K (s)+ � 2"
K (s)

�
+ o(~2) : (5)

2.2 A sym ptotic approxim ation to sem i-classicalkink m asses

In generalit is very di�cult to com pute h PK [�]exactly. In such a case, we shallm ake use

ofthe asym ptotic expansion ofhPK [�],which is wellde�ned if0 < � < 1. In order to use

the asym ptotic expansion ofthe generalized zeta function ofthe K operator to com pute the

sem i-classicalexpansion ofthe corresponding quantum kink m ass,it is convenient to use non-

dim ensionalvariables. W e de�ne non-dim ensionalspace-tim e coordinates x� = m dy
� and �eld

am plitudes ~�(x�) = cd
~ (y�),where m d and cd are constants with dim ensions [m d]= L� 1 and

[cd]= M �
1

2L�
1

2.Also,wewrite �U(~�)=
c2
d

m 2

d

U(~ ).

Theaction and theenergy can now bewritten in term softheirnon-dim ensionalcounterparts:

S[~ ] =
1

c2
d

Z

d
2
x

 
1

2

@~�

@x�

@~�

@x�
� �U(~�)

!

=
1

c2
d

�S[~�]

E [~ ] =
m d

c2
d

Z

dx

 
1

2

d~�

dx

d~�

dx
+ �U(~�)

!

=
m d

c2
d

�E [~�]:

The im portantpointisthatthe Hessians atthe vacuum and kink con�gurationscan alwaysbe

written astheN � N m atrix di�erentialoperators �V =
1

m 2

d

V and �K =
1

m 2

d

K,given by

�Vab = �
d2

dx2
�ab+ �v2a�ab

�K ab = �
d2

dx2
�ab+ �v2a�ab�

�Vab(x)

where
�2�U

��2a
j~�V

= �v2a and
�2�U

��a��b
j~�K

= �v2a�ab�
�Vab(x).Therefore,

�V(s)=
1

m 2s
d

��V(s) ; �K (s)=
1

m 2s
d

��K (s):

Theasym ptoticexpansion ofN � N m atrix heatkernelsisgiven in Reference[15].Nevertheless,

weshallsketch thisprocedurein orderto adaptitto ourcom putationalneeds.W ethuswritethe

heatkernelin theform

K �K (x;x
0;�)= A(x;x0;�)K �V(x;x

0;�)

where

[K �V]ab(x;x
0;�)=

1
p
4��

exp

�

�
(x � x0)2

4�

�

exp(���v2a)�ab

6



isthesolutionoftheheatkernelequationforthe �V operatorwiththeinitialcondition[K �V]ab(x;x
0;0)=

�ab�(x� x
0).Them atrixelem entsoftheN � N m atrix-valued functionA(x;x0;�)satisfythesystem

ofN 2 coupled PDE:

NX

c= 1

NX

d= 1

��
@

@�
�

@2

@x2
+ �v2a

�

�ac � �Vac(x)

�

[A]cd(x;x
0)[K �V]db(x;x

0;�)= 0 ; (6)

whereasA(x;x0;0)= 1N istheN � N identity m atrix.

For� < 1,wesolve(6)bym eansofan asym ptotic(high-tem perature)expansion:A(x;x0;�)=
P 1

n= 0
an(x;x

0)�n.In thisregim etheheatfunction isgiven by:

Tre� �
�K =

NX

a= 1

Z 1

� 1

dx[K �K ]aa(x;x;�)=

NX

a= 1

1X

n= 0

e� ��v
2
a

p
4��

Z 1

� 1

dx[an]aa(x;x)�
n

=

NX

a= 1

1X

n= 0

e� ��v
2
a

p
4��

[an]aa(�K)�
n
:

The coe�cients [a n]ab(x;x
0) can be found by m eans ofan iterative procedure that starts from

[a0]ab(x;x
0)= �ab and becom esm ore and m ore involved with largerand largerN . In Appendix

A,thisprocedureisexplained and theexplicitexpressionsforthelowerordersareshown.

The use ofthe power expansion ofhP �K [�]= Tre� � P
�K in the form ula forthe quantum kink

m assisdeveloped in threesteps:

1.First,wewritethegeneralized zeta function of�V in theform :

��V(s)=
1

�(s)

m dL
p
4�

NX

a= 1

Z
1

0

d��
s�

3

2e
� ��v2

a + B �V(s) ;

with

B �V(s)=
m dL
p
4�

NX

a= 1

�[s� 1

2
;�v2a]

�v2s� 1a �[s]
; ��V(s)=

m dL
p
4�

NX

a= 1

[s� 1

2
;�v2a]

�v2s� 1a �(s)
+ B �V(s);

�[s;�v2]and [s� 1

2
;�v2]being respectively the upperand lowerincom plete gam m a functions,see

[16]. Itfollowsthat��V(s)isa m erom orphic function ofs with polesatthe polesof[s� 1

2
;�v2a],

which occurwhen s� 1

2
isa negativeintegerorzero.B �V(s),however,isan entirefunction ofs.

2.Second,from theasym ptoticexpansion ofhP �K [�]weestim atethegeneralized zeta function

of �K:

�P �K(s) =
1

�(s)

"

�j

Z
1

0

d��
s� 1 +

1
p
4�

NX

a= 1

X

n< n0

[an]aa(�K)

Z
1

0

d��
s+ n� 3

2e
� ��v2

a + bn0;�K (s)

#

+ B P �K(s)=

= �
j

s�(s)
+

1

�(s)
p
4�

NX

a= 1

X

n< n0

[an]aa(�K)
[s+ n � 1

2
;�v2a]

�v
2(s+ n� 1

2
)

a

+
1

�(s)
bn0;�K (s)+ B P �K (s);

where

bn0;�K (s)=
1

p
4�

NX

a= 1

1X

n� n0

[an]aa(�K )
[s+ n � 1

2
;�v2a]

�v
2(s+ n�

1

2
)

a

7



isholom orphicforRes> �n0 +
1

2
,whereas

B P �K (s)=
1

�(s)

NX

a= 1

Z 1

1

d� Tr[e� � P K]aa�
s� 1

isan entire function ofs. The valuesofs where s+ n � 1

2
isa negative integerorzero are the

polesof�P �K(s)becausethepolesof[s+ n � 1

2
;�v2a]lieatthesepointsin thecom plex s-plane.

Renorm alization ofthe zero pointenergy requiresthe subtraction of��V(s)from �P �K(s). W e

�nd:

�P �K (s)� ��V(s)�
1

�(s)

"

�
j

s
+

NX

a= 1

n0� 1X

n= 1

[an]aa(�K)
p
4�

[s+ n � 1

2
;�v2a]

�v
2(s+ n�

1

2
)

a

#

;

and theerrorin thisapproxim ation with respectto theexactresultto � 1"
K is:

error1 =
~m d

2
[� 1

2
p
�
bn0;�K (�

1

2
)+ B P �K (�

1

2
)� B �V(�

1

2
)]:

Notethatthesubtraction of��V(s)exactly cancelsthecontribution ofa0(
�K )and hencethediver-

gencearising ats= � 1

2
,n = 0.

3.Third,� 1"
K now reads:

� 1"
K �=

~m d

�(� 1

2
)
j+

~

2
lim
s! �

1

2

�
�2

m 2

d

� s

�

NX

a= 1

[a1]aa(�K)
p
4��(s)

[s+ 1

2
;�v2a]

�v2s+ 1a

+

+
~m d

2

NX

a= 1

n0� 1X

n= 2

[an]aa(�K)
p
4��(� 1

2
)

[n � 1;�v2a]

�v2n� 2a

:

Thesurplusin energy dueto them assrenorm alization counter-term is:

� 2"
K = � lim

L! 1

NX

a= 1

~[a1]aa(�K)

2L
lim
s! �

1

2

�
�

m d

� 2s+ 1
�(s+ 1)

�(s)
��Vaa(s+ 1)+ o(~2)

�= �
~m d

2
p
4�

NX

a= 1

[a1]aa(�K ) lim
s! �

1

2

�
�

m d

� 2s+ 1
[s+ 1

2
;�v2a]

�v2s+ 1a �(s)
+ o(~2);

and thedeviation from theexactresultis:

error2 = lim
L! 1

~

4L

NX

a= 1

[a1]aa(�K)B �Vaa
(1
2
):

Therefore,

E
K

R = E [ K ]+ �M K
�= E [ K ]�

~m d

2
p
�

"

j+
1

4
p
�

NX

a= 1

n0� 1X

n= 2

[an]aa(�K)
[n � 1;�v2a]

�v2n� 2a

#

+

+
~m d

2
p
4�

NX

a= 1

[a1]aa(�K ) lim
s! �

1

2

�
�

m d

� 2s+ 1 �
[s+ 1

2
;�v2a]

�v2s+ 1a �(s)
�
[s+ 1

2
;�v2a]

�v2s+ 1a �(s)

�

+ o(~2) :
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The contributions proportionalto [a1]aa(�K) ofthe poles at s = � 1

2
in � 1"

K (s) and � 2"
K (s)

exactly cancel.

W ethusobtain thevery com pactform ula:

�M K
�= ~m d [� 0 + D n0]

8
>>><

>>>:

� 0 = �
j

2
p
�

D n0 = �

NX

a= 1

n0� 1X

n= 2

[an]aa(�K)

8�

[n � 1;�v2a]

�v2n� 2a

: (7)

In sum m : there are only two contributions to sem i-classicalkink m asses obtained by m eans of

theasym ptoticm ethod:1)~m d� 0 isdueto thesubtraction ofthezero m odes;2)~m dD n0 com es

from thepartialsum oftheasym ptoticseriesup to then0 order.W estressthatthem eritofthe

asym ptotic m ethod liesin the factthatthere isno need to solve the spectralproblem ofK: all

theinform ation isencoded in thepotentialV (x).

3 T heM ST B m odel:a deform ed O (2)linearsigm a system

Letusconsidernow a N = 2 m odeldeterm ined by thepotentialenergy density,[3]:

U[~ ]=
�

4
(~ ~ �

m 2

�
)2 +

�2

4
 
2

2 : (8)

Thesystem isa generalization ofthe�(�4)2 m odelto a N = 2 scalar�eld,theO (2)-linearsigm a

m odel,although ithasbeen deform ed by a quadraticterm in  2 in orderto avoid theGoldstone

boson.Thedeform ation param eter� hasdim ensionsofinverse length,[�]= L� 1,and thechoice

ofnon-dim ensionalvariables in the so called M STB m odelcom es from the choice ofcd =
p
�

m
,

m d =
mp
2
and �2 = m 2�2 :

�U(�1;�2)=
1

2
(�2

1
+ �

2

2
� 1)2 +

�2

2
�
2

2
:

�2 is the non-dim ensionalparam eter that m easures the deform ation and we shallalso use the

related param eter ��2 = 1� �2. �U(~�)isnotinvariantunderthe O (2)-m atrix group if�2 isnot

zero.The\internal" sym m etry group istheZ2 � Z2 group ofdiscretetransform ations:

G I =
�
~ea ! �~ea ; ~ea ! �(�1)�1a~ea

	
:

Thevacuum classicalcon�gurationsare:

~�V (x;t)= �~e1 ; ~ V (y;y
0)= �

m
p
�
~e1:

Therefore,ifwedenoteby

H
(b)

I =
�
~ea ! ~ea ; ~ea ! �(�1)�ba~ea

	

the Z2-subgroup that leaves~eb invariant,the vacuum orbit and the vacuum m odulispace are

respectively:M = G I

H
(1)

I

= Z2,M̂ = M

G I

= point.

There are two kindsoftopologicalkinkswhich are thusloop kinksand candidatesforbeing

stablesolitary wavesofthesystem :
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� Topologicalkinkswith onenon-nullcom ponent:

~�TK 1(x;t)= (tanhx)~e1 ; ~ TK 1(y;y
0)=

m
p
�
(tanh

m y
p
2
)~e1

� Topologicalkinkswith two non-nullcom ponents:

~�TK 2(x;t)= [(tanh�x)~e1 � ��(sech�x)~e2];

~ TK 2(y;y
0)=

1
p
�
[m (tanh

�y
p
2
)~e1 �

p
(m 2 � �2)(sech

�y
p
2
)~e2]:

Notethattherearetwo two-com ponenttopologicalkinks,which only existif0< �2 < 1.

The kink and vacuum solutions have classicalenergies: E[~ TK 1]=
4

3

m 3

p
2�
,E[~ TK 2]= 2�(1�

�2

3
)m 3

p
2�

and E[~ V ]= 0. Thus,E[~ TK 1]> E[~ TK 2]and we shallsee that the TK1 kink,as a

quantum state,is unstable if�2 < 1. The lower bound in energy in the topologicalsector of

the con�guration space isattained,however,by the TK2 kink. Thislaststatem entisproved in

Appendix B.

TheHessian operatorforthevacuum solution is:

V =

 
� d2

dy2
+ 2m 2 0

0 � d2

dy2
+ �2

2

!

=
m 2

2

�
� d2

dx2
+ 4 0

0 � d2

dx2
+ �2

�

=
m 2

2
�V ;

and hence the m assesofthe fundam entalquanta are v2
1
= 2m 2 = m 2

2
�v2
1
and v2

2
= �2

2
= m 2

2
�v2
2
,in

such a way thattheH
(2)

I sym m etry isspontaneously broken.

TheHessian operatorsforthetopologicalkinksread:

� TK1,

�K =

 

� d2

dx2
+ 4� 6

cosh
2 x

0

0 � d2

dx2
+ �2 � 2

cosh
2 x

!

and K =
m 2

2
�K. Note that �K has a negative eigenvalue if�2 < 1,as it should be for a

unstablesolution.

� TK2,

�H =

 

� d2

dx2
+ 4�

2(2+ �2)

cosh
2 �x

4��tanh�x

cosh�x

4��tanh�x

cosh�x
� d2

dx2
+ �2 +

2(2� 3�2)

cosh
2 �x

!

and H =
m 2

2
�H .

Thecorresponding generalized zeta functionssatisfy

�V(s)=

�
2

m 2

� s

��V(s) ; �P K (s)=

�
2

m 2

� s

�P �K(s) ; �P H (s)=

�
2

m 2

� s

�P �H (s) :

10



3.1 T he quantum T K 1 kink: exact com putation ofthe sem i-classical

m ass

� Generalized zeta function of�V:

Acting on theL2(R)
 C
2 Hilbertspace,wehavethat

Spec�V = fk
2

1
+ 4g[ fk2

2
+ �

2
g= Spec�V11 [ Spec�V22;

k1;k2 2 R ,whereasthespectraldensity overa largeintervaloflength L is:

��V(k1;k2)=

8
><

>:

m L
p
2�

for k2
2
� 4� �2

m L

2
p
2�

for k2
2
< 4� �2

:

From thesedata,theheatand generalized zeta functionscan bereadily com puted :

Tre� �
�V = Tre� �

�V11 + Tre� �
�V22 =

m L
p
8��

�

e
� 4� + e

� �2�

�

quad;

��V(s)= ��V11(s)+ ��V22(s)=
m L
p
8�

 
1

4s�
1

2

+
1

(�2)s�
1

2

!
�(s� 1

2
)

�(s)
:

� Generalized zeta function of�K

In the case ofthe one-com ponenttopologicalkink,com putation ofthe heatand generalized

zeta functionsiseasy because �K isdiagonal.M oreover, �K 11 and �K 22 arerespectively theHessian

operatorsforthe �(�)4 kink and the sine-Gordon soliton (in the second case shifted by �2 � 1).

Therefore,weshalltakeadvantagefrom thework perform ed in [8].Thespectrum oftheHessian

operatorfortheTK1 kink is:

Spec�K = f0;3;�2 � 1g[ fk21 + 4gk12R [ fk
2

2 + �
2
gk22R ;

and thespectraldensity and thephaseshiftsforthecontinuousspectrum read :

��K (k1;k2)= ��V(k1;k2)+
1

2�

�
d�1(k1)

dk1
+
d�2(k2)

dk2

�

�1(k1)= �2arctan
3k1

2� k21
; �2(k2)= 2arctan

1

k2

respectively.Besidesthecontinuousspectrum there arethreebound stateswith eigenvalues0,3

and �2 � 1.Theeigenfunction of0 eigenvalueisthetranslationalm ode.Thereisa second bound

statein the~e1 direction,butthethird bound statepointsalong the~e2 axis.Notethatto develop

a non-zero �2 com ponentisenergetically favorable if�
2 < 1 and thisprocesscostsenergy when

�2 > 1 and the TK1 kink isstable.The second zero m ode thatoccursat�2 = 1 isthe signalof

thisphasetransition.

11



Theheatfunction

Tre� �P
�K = Tre� �P

�K 11 + Tre� �
�K 22 =

= e
� 3� + e

� 4�

�Z 1

� 1

dk1

�
m L
p
8�

+
1

2�

d�(k1)

dk1

�

e
� �k2

1

�

+

+e� (�
2� 1)� + e

� �2�

�Z 1

� 1

dk2

�
m L
p
8�

+
1

2�

d�(k2)

dk2

�

e
� �k2

2

�

isthereforeequalto :

Tre� �P
�K = Tre� �

�V +

�

e
� 3� + e

� (�2� 1)�

�

Erf[
p
�]� Erfc[2

p
�] ;

whereErfand Erfc,[16],arerespectively theerrorand com plem entary errorfunctions.TheM ellin

transform providesthecorresponding zeta function:

�P �K(s)= ��V(s)+
1
p
�

"
2

3s+
1

2

2F1[
1

2
;s+

1

2
;3
2
;� 1

3
]�

1

4ss
+

2

(� ��2)s+
1

2

2F1[
1

2
;s+

1

2
;3
2
; 1

��2
]

#
�(s+ 1

2
)

�(s)
;

in term sofGausshypergeom etricfunctionsoftheform 2F1[a;b;c;d],[16].

Applying theseresultsweobtain :

� 1"
K =

~

2
lim
s! �

1

2

1
p
�

�
2�2

m 2

� s

�

�

"
2

3s+
1

2

2F1[
1

2
;s+

1

2
;3
2
;� 1

3
]�

1

4ss
+

2

(� ��2)s+
1

2

2F1[
1

2
;s+

1

2
;3
2
; 1

��2
]

#
�(s+ 1

2
)

�(s)
;

which isstilladivergentquantity.Them assrenorm alization counter-term sadd anotherdivergent

quantity :

� 2"
K = � lim

s! �
1

2

lim
L! 1

2~

L

�
2�2

m 2

� s+
1

2 �(s+ 1)

�(s)
[3��V11(s+ 1)+ ��V22(s+ 1)] ; (9)

and weobtain:

� 1"
K + � 2"

K = �~lim
"! 0

"r
1

2�
m

�
2�2

m 2

� "�
3

4"
+

1

(�2)"

�
�(")

�(� 1

2
+ ")

#

+

+
~

2
lim
"! 0

"
m
p
2

p
�

�
2�2

m 2

� "�
1

3"
2F1[

1

2
;";3

2
;� 1

3
]�

1

4"(� 1

2
+ ")

+
1

(� ��2)"
2F1[

1

2
;";3

2
; 1

��2
]

�#
�(")

�(� 1

2
+ ")

:

It is appropriate to consider the contributions from K 11 and K 22 separately before taking this

lim it:

� From K11 weobtain :

�
(1)

1
"
K = � lim

"! 0

3~m

2
p
2��

+

+
~m

2
p
2�

�

�4+ 3E + log(3� 24)� 3log
2�2

m 2
+ 3 (3

2
)� 2F

0
1[
1

2
;0;3

2
;� 1

3
]

�

+ o(�);
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and

�
(1)

2 "
K = lim

"! 0

3~m

2
p
2��

+
~m

2
p
2�

�

�3E + 3log
2�2

m 2
� 6log2� 3 (3

2
)

�

+ o(�) :

Here,E is the Euler gam m a constant; is the Psi(Digam m a) function,and 2F
0
1 is the

derivativeoftheGausshypergeom etricfunction with respectto thesecond argum ent,[16].

� From K22 weobtain :

�
(2)

1 "
K = � lim

"! 0

~m

2
p
2��

+

+
~m

2
p
2�

�

E � log
2�2

m 2
+ log(�2 � 1)+  (3

2
)� 2F

0
1
[1
2
;0;3

2
; 1

1� �2
]

�

+ o(�);

and

�
(2)

2
"
K = lim

"! 0

~m

2
p
2��

+
~m

2
p
2�

�

�E + log
2�2

m 2
� log�2 �  (3

2
)

�

+ o(�) :

Gathering allthistogether,we�nally �nd:

� 1"
K + � 2"

K = �
(1)

1 "
K + �

(1)

2 "
K + �

(2)

1 "
K + �

(2)

2 "
K

= �
~m

2
p
2�

�

4+ ln
4

3
+ 2F

0
1
[1
2
;0;3

2
;� 1

3
]+ ln(

�2

�2 � 1
)+ 2F

0
1
[1
2
;0;3

2
; � 1

�2� 1
]

�

= �
~m

�
p
2

�

(3�
�

p
12
)+ (1�

p
�2 � 1arcsin

1

�
)

�

: (10)

Notethat�M TK 1(�
2)= � 1"

K + � 2"
K acquiresan im aginary partif�2 < 1 and in thislatter

regim ethequantum TK1 kink becom esa resonance.Form ula (10)showsoneinteresting pattern

in the one-loop correction to thekink m asses:First,the argum entsofthe logarithm sare always

quotients ofthe eigenvalue where the continuous spectrum starts by the energy ofthe bound

eigen-state.Second,thefourth argum entofthederivativesoftheGausshypergeom etricfunctions

isalwaysm inustheinverse ofthebound -stateeigenvalues.

3.2 T he quantum topologicalkinks: asym ptotic expansions

The di�culty in com puting the quantum correction to the m assofthe TK2 kink liesin the fact

thatthe �H Hessian operatoratthiscon�guration isa Schr�odingeroperatorforwhich the 2� 2

m atrix-valued potential�V (x)isnon-diagonal.Therefore,thespectralproblem of �H isverydi�cult

to solveand weareled to useasym ptoticm ethodsto calculatethequantum TK2 kink m ass.

In theM STB m odeltherearetwo regim es:

1.�2 < 1:TheTK2 kink existsand isstable.In thiscasewehavethat

�V12(x)= �V21(x)= 4��
tanh�x

cosh�x

isan odd function ofx such that[a1]12(�H )= [a1]21(�H )= 0.Bearing in m ind that �V11(x)=

�
2(2+ �2)

cosh
2�x

and �V22(x)= �
2(2� 3�2)

cosh
2�x

,we presentthe coe�cients [a n]aa(�H )up to n0 = 11 with

thehelp ofM athem atica in theTables1 and 2 forseveralvaluesof�:
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� = 0:5 � = 0:7 � = 0:8

n [an ]11(�H ) [an ]22(�H ) [an ]11(�H ) [an ]22(�H ) [an ]11(�H ) [an ]22(�H )

1 17.9984 -9.99909 14.2285 -3.02857 13.2000 -0.4000

2 34.9975 16.3313 27.5051 4.95579 25.6320 2.42133

3 47.9636 -16.8309 38.5365 -3.88117 36.3858 -1.46193

4 49.4219 13.2491 40.9039 2.58248 39.2877 0.984184

5 40.6415 -8.41779 34.5847 -1.43041 33.7529 -0.53935

6 27.7911 4.4983 24.2279 0.696572 23.9672 0.267282

7 16.2632 -2.08006 14.4768 -0.30375 14.4819 -0.117869

8 8.31759 -0.849979 7.53962 0.119982 7.61204 0.0464771

9 3.77771 -0.295903 3.47957 -0.0425253 3.53989 -0.0162638

10 1.51992 0.0884623 1.44002 0.0132872 1.47558 0.00497705

Table1:Heatfunction coe� cients for severalvaluesofthe deform ation param eter such that� < 0:9 .

� = 0:9 � = 0:95

n [an ]11(�H ) [an ]22(�H ) [an ]11(�H ) [an ]22(�H )

1 12.4889 1.91111 12.2211 2.97895

2 24.5218 1.67378 24.1951 1.952444

3 35.3368 -0.241656 35.16.16 0.310882

4 38.8216 0.341514 38.9553 0.230323

5 33.8715 -0.16798 34.2227 -0.053986

6 24.3610 0.0863412 24.7475 0.0372813

7 14.8742 -0.0370868 15.1758 -0.0145382

8 7.88516 0.0140749 8.07351 0.00547229

9 3.69263 -0.0046464 3.79191 -0.00173035

10 1.54847 0.001313 1.594006 0.0003535

� � 1

n [an ]11(�K ) [an ]22(�K )

1 12.0000 4.0000

2 24.0000 2.66667

3 35.2000 1.066667

4 39.3143 0.304762

5 34.7429 0.0677249

6 25.2306 0.0123136

7 15.5208 0.0018944

8 8.27702 0.000252587

9 3.89498 2.9713410�5

10 1.63998 3.1259110�6

Table2:Heatfunction coe� cientsfor severalvaluessuch that� � 0:9. If� � 1 the coe� cients com ing

from �K are shown .
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W ealso need to know thatj= 1:thereisonly onetranslationalzero m odein thespectrum

ofH ,and that �v2
1
= 4 ,�v2

2
= �2. Plugging thisinform ation in the asym ptotic form ula (7)

weobtain thevaluesshown in Table3 for�M TK 2.

2.� > 1:Theonly solitary waveistheTK1 kink,which isstable.To determ inethequantum

TK1 kink m assby using the asym ptotic m ethod,the generalform ulasm ustbe applied to
�K .Now,�V12(x)= �V21(x)= 0 and trivially [a1]12(�K)= [an]21(�K)= 0.The[an]aa(�K)m ustbe

read from theform ulasin theAppendix applied to �V11(x)= � 6

cosh
2�x

and �V22(x)= � 2

cosh
2�x

,

and areshown in Table2 up to n0 = 11.

� �M TK 2

0:4 �1:103270~m

0:5 �0:852622~m

0:6 �0:689001~m

0:7 �0:583835~m

0:8 �0:524363~m

0:9 �0:505708~m

0:95 �0:511638~m

� �M TK 1

1:0 �0:528311~m

1:2 �0:518426~m

1:4 �0:509645~m

1:6 �0:502291~m

1:8 �0:496369~m

2:0 �0:49172~m

2:5 �0:484183~m

3:0 �0:480101~m

4:0 �0:476181~m

Table3:One-loop corrections to the m ass oftopologicalkinks

Note thatin thiscase the coe�cients ofthe asym ptotic expansion ofthe generalized zeta

function of �K areindependentof�.Nevertheless,thequantum correction to theTK1 kink

m assdependson � through thefactors
[n� 1;�v2

2
]

�v
2n�2

2

.Again j= 1:thereisonly onetranslational

zero m odein thespectrum ofK,and �v21 = 4 ,�v22 = �2.Application ofform ula (7)provides

thevaluesof�M TK 1,also shown in Table3 forseveralvaluesof�.

W e sum m arize the results obtained in this Section in the next Figure,where �M K is depicted

asa function of�. Itisunderstood thatfor� > 1 we plot�M TK 1 and for0 < � < 1 �M TK 2

isrepresented. The continuousline showsthe exactvalue of�M TK 1 asa function of�,whereas

thedotscorrespond to theanswerprovided by theasym ptoticm ethod to �M TK 1,(whites),and

�M TK 2,(blacks),forseveralvaluesof�.

W eobservethefollowing facts:

� In the� � 1:2 range,theapproxim ation established by theasym ptoticm ethod isextrem ely

good :thediscrepancy with theexactansweriscom patiblewith zero.

� In the 1 < � < 1:2 intervalthe error is larger and can be estim ated exactly in term s of

B �K �(� 1

2
),bn0;�K (�

1

2
),B �V(�

1

2
)and B �Va

(1
2
). The closerthe value of� to 1,the sm aller the

�rsteigenvalue in the spectrum of �K � and the largerB �K �(� 1

2
). The asym ptotic m ethod is

betterwhen uctuationsin the�2 direction oftheTK1 kink costm oreenergy.
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Figure1:Quantum correction to the m assin the M STB m odel: TK2 (0 < �
2
< 1,black dots)and TK1

(�2 � 1,white dots).

� Thepoint� = 1,wheretheerrorism axim um ,issingular.Thereisa second zero eigenvalue

which isthesignalforan instability-typephasetransition on theTK1kink.Theco-existing

unstableTK1 and stableTK2 kinksfor� < 1 coalescetoa singleTK1 kink at� = 1,which

becom esstablefor� > 1.

� In the 0 < � < 1 regim e there is no way ofestim ating the errorin the approxim ation to

�M TK 2 obtained by m eans ofasym ptotic m ethodsbecause the exact value isnotknown.

W e expect,however,that the result willbe better for sm aller values of� because ofthe

sam e qualitative argum entasabove: the costin energy forclim bing from the TK2 to the

TK1 kink islargerwith sm aller�.

� Thevalue�2 = 4isavery specialone.In thiscasethesystem isN = 2pre-supersym m etric

in thesense thatthereexistsa super-potential:

~W (~�)= W
1(�1;�2)~e1 + W

2(�1;�2)~e2 ;

where

W
1(�1;�2)= �1 �

�3
1

3
+ �1�

2

2 ; W
2(�1;�2)= �2 � �

2

1�2 +
�3
2

3

and

1

2
(~�~� � 1)2 + 2�22 =

1

2

@W 1

@�1

@W 1

@�1
+
1

2

@W 1

@�2

@W 1

@�2
=
1

2

@W 2

@�1

@W 2

@�1
+
1

2

@W 2

@�2

@W 2

@�2
:

Thisisno m orethan thesuper-potentialoftheholom orphicW ess-Zum ino m odel,

@W 1

@�1
=
@W 2

@�2
;

@W 1

@�2
= �

@W 2

@�1
;

see [17],and wehave thuscalculated thequantum correction to thekink in thisim portant

system .

4 Q uantum kinks in a deform ed O (N ) linear sigm a m odel

Letus�nally consideran O (N ),N � 3 m odeldeterm ined by thepotentialenergy density:

U[~ ]=
�

4
(~ ~ �

m 2

�
)2 +

NX

l= 2

�2l

4
 
2

lquad; (11)
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which generalizes the system discussed in Sect. 3. W ithout loss ofgenerality,the deform ation

param eters are chosen in such a way that �2 < �3 < :::< �N . Passing to non-dim ensional

variables,thepotentialis:

�U(~�)=
1

2
(~�~� � 1)2 +

NX

l= 2

�2l

2
�
2

l ;

with �2 < �3 < ::: < �N . The \internal" sym m etry group is (Z2)
N ; the vacuum classical

con�gurationsare:

~�V (x;t)= �~e1 ; ~ V (y;y
0)= �

m
p
�
~e1;

and thevacuum orbitand thevacuum m odulispacearerespectively:M = G I

H
(1)

I

= Z2,M̂ = M

G I

=

point.

There is a very rich m anifold ofkinks in this m odel,see [5]. W e shallonly study the one-

com ponentand two-com ponenttopologicalkinks,which areloop kinksand candidatestablesoli-

tary wavesin thissystem :

� Topologicalkinksand antikinkswith onenon-nullcom ponent:

~�TK 1(x;t)= �(tanhx)~e1 ; ~ TK 1(y;y
0)= �

m
p
�
(tanh

m y
p
2
)~e1 :

� Topologicalkinks and anti-kinks with two non-nullcom ponents. Foreach n from 2 to N

such that�n < 1,wehave:

~�TK 2�n(x;t)= �[(tanh�nx)~e1 � ��n(sech�nx)~en];

~ TK 2�n (y;y
0)=

�1
p
�
[m (tanh

�ny
p
2
)~e1 �

p
(m 2 � �2n)(sech

�ny
p
2
)~en]

where ��n =
p
1� �2n.

Thekink and vacuum solutionshaveclassicalenergies:E[~ TK 1]=
4

3

m 3

p
2�
,E[~ TK 2�n ]= 2�n(1�

�2
n

3
)m 3

p
2�
,E[~ V ]= 0.Thus,E[~ TK 1]> E[~ TK 2�N ]> :::> E[~ TK 2�2].Thelowerbound in energy in

the topologicalsectorofthe con�guration space isattained by the TK2�2 kink. If�2 > 1,only

theTK1 kink existsand isstable.If�j < 1< �j+ 1,thekinksTK1,TK2�2;:::,TK2�j exist,but

only theTK2�2 isstable,see[18].

TheHessian operatorsin non-dim ensionalvariablesareasfollows:

� Vacuum :

�V = diag(�Vll)

�V11 = �
d2

dx2
+ 4; �Vll= �

d2

dx2
+ �

2

l;l� 2 :

� TK1:

�K = diag(�K ll)

�K 11 = �
d2

dx2
+ 4�

6

cosh
2
x
; �K ll= �

d2

dx2
+ �

2

l �
2

cosh
2
x
; l� 2 :
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� TK2�n:

�H (n) =

 
�H
(n)

N D
0

0 �H
(n)

D

!

�H
(n)

N D
=

 
� d2

dx2
+ 4�

2(2+ �2
n
)

cosh
2 �n x

4��n
tanh�n x

cosh�n x

4��n
tanh�n x

cosh�n x
� d2

dx2
+ �2n +

2(2� 3�2
n
)

cosh
2 �n x

!

�H
(n)

D
= diag(�

d2

dx2
+ �

2

l �
2�2n

cosh
2
�nx

); l= 1̂;2;3;:::;̂n;:::;N ;

where the hatover an index m eans that this index is absent and rows and colum ns have

been rearranged in such a way that �H
(n)

N D
actson thesm alldeform ationsof�1;�n and �H

(n)

D

on therem aining ones.

These operatorsare directsum softhe Hessian operatorsused in Sect.3. W e can therefore take

advantage ofthe calculationsalready m ade to give the quantum correctionsto the kinks ofthe

presentm odel.

4.1 T he quantum T K 1 kink: exact com putation ofthe sem i-classical

m ass

Therelevantquantitiesare:

� Generalized zeta function of�V:

��V(s)= ��V11(s)+

NX

l= 2

��Vll(s)=
m L
p
8�

 
1

4s�
1

2

+

NX

l= 2

1

(�2l)
s�

1

2

!
�(s� 1

2
)

�(s)
:

� Generalized zeta function ofP�K :

�P �K (s) = ��V(s)+
1
p
�

�
2

3s+
1

2

2F1[
1

2
;s+

1

2
;3
2
;� 1

3
]�

1

4ss

�
�(s+ 1

2
)

�(s)

+
1
p
�

NX

l= 2

"
2

(� ��2
l
)s+

1

2

2F1[
1

2
;s+

1

2
;3
2
; 1

��2
l

]

#
�(s+ 1

2
)

�(s)
:

Applying theseresults,weobtain :

� 1"
K =

~

2
lim
s! �

1

2

1
p
�

�
2�2

m 2

� s

�

�
2

3s+
1

2

2F1[
1

2
;s+

1

2
;3
2
;� 1

3
]�

1

4s:s

�
�(s+ 1

2
)

�(s)

+
~

2
lim
s! �

1

2

1
p
�

�
2�2

m 2

� s

�

NX

l= 2

"
2

(� ��2
l
)s+

1

2

2F1[
1

2
;s+

1

2
;3
2
; 1

��2
l

]

#
�(s+ 1

2
)

�(s)
:

Them assrenorm alization counter-term sare:

� 2"
K = � lim

s! �
1

2

lim
L! 1

2~

L

�
2�2

m 2

� s+
1

2 �(s+ 1)

�(s)
[3��V11(s+ 1)+

NX

l= 2

��Vll(s+ 1)]:
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Therefore,

� 1"
K + � 2"

K = �
~m

2
p
2�

"

4+ ln
4

3
+ 2F

0
1[
1

2
;0;3

2
;� 1

3
]+

NX

l= 2

�

ln(
�2l

�2
l
� 1

)+ 2F
0
1[
1

2
;0;3

2
; � 1

�2
l
� 1
]

�#

= �
~m

�
p
2

"

(3�
�

p
12
)+

NX

l= 2

(1�

q

�2
l
� 1arcsin

1

�l
)

#

: (12)

TheTK1 kink isa bona �dequantum stateonly if�2l > 1,8l� 2.

4.2 Q uantum m assesoftwo-com ponenttopologicalkinks: asym ptotic

expansion

In the�2
2
< 1regim eonly theTK2�2 kink isstable.In thissub-section,therefore,weshallpresent

the calculation ofthe one-loop quantum correction to the TK2�2 kink m ass. Since Tre� �
�H (2)

=

Tre� �
�H
(2)

N D + Tre� �
�H
(2)

D ,we encounter two old friends: the heat functions arising respectively in

connection with the TK2 kink in the M STB m odeland the soliton ofthe sine-Gordon m odel.

Using theinform ation collected in previousSections,we�nd:

� Casim irenergy :

� 1"
K �=

~m

2
p
2
lim
s! �

1

2

�
2�2

m 2

� s

�

 

�
1

s�(s)
+

2X

a= 1

n0� 1X

n= 1

aaan (
�H
(2)

N D
)

�v2s+ 1a

[s+ n � 1

2
;�v2a]

p
4��(s)

!

+

+
~m

2
p
2
lim
s! �

1

2

�
2�2

m 2

� s

�

NX

l= 3

 
2

(�2
l
� �2

2
)s+

1

2

2F1[
1

2
;s+

1

2
;3
2
; � 1

�2
l
� �2

2

]
�(s+ 1

2
)

p
��(s)

!

:

� M assrenorm alization energy :

� 2"
K �= �

~m

�2
p
2�

lim
s! �

1

2

�
2�2

m 2

� s+
1

2

�
2+ �2

2

4s+
1

2

[s+ 1

2
;4]

�(s)
+
2� 3�2

2

�
2s+ 1
2

[s+ 1

2
;�22]

�(s)

+ �
2

2

NX

l= 3

[s+ 1

2
;�2l]

�
2s+ 1

l
�(s)

!

:

W e�nally obtain theanswer:

�M TK 2�2(�2;�l)
�= �

~m

2
p
2�

 

1+
1

4
p
�

2X

a= 1

n0� 1X

n= 1

[an]aa(�H
(2)

N D )
[n � 1;�v2a]

�v2n� 2a

!

�

�
~m

2
p
2�

NX

l= 3

�

log
�2l � �2

2

�2
l
)

+ 2F
0
1
[1
2
;0;3

2
; � 1

�2
l
� �2

2

]

�

;

or

�M TK 2�2(�2;�l)
�= �

~m

2
p
2�

 

1+
1

4
p
�

2X

a= 1

n0� 1X

n= 1

[an]aa(�H
(2)

N D
)
[n � 1;�v2a]

�v2n� 2a

!

�

�
~m
p
2�

NX

l= 3

�

�2 �

q

(�2
l
� �22)arcsin

�2

�l

�

:
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In both form ulas the contribution com ing from �H
(2)

N D
can be read from the inform ation on the

quantum correction to the TK2 kink m assin the M STB m odel,collected in the Tablesand the

Figureofsub-Section x.3.2 .A sim ilarform ula would show usthat�M TK 2�l
,8l� 2,receivesan

im aginary contribution any TK2�l quantum kink stateisthereforea resonance.

5 Further com m ents

Thefam ily ofdeform ationsthatwehavetreated adm itsaN = 1super-sym m etricextension.The

super-potential �W (�)in theN = 2 caseis:

�W (�)= �

q

(�21 � �)2 + �22 [
1

3
(�21 + �

2

2 � ��1 + �
2)� 1] :

Forthe specialvalue � = 2,this system also adm its the super-potentialm entioned at the end

ofsub-Section x3.2 because itbecom esthe W ess-Zum ino m odel. IfN � 3,itisvery di�cultto

writethesuper-potentialin Cartesian coordinatesin theR N internalspace;nevertheless,passing

to ellipticcoordinatesoneobtainseasy expressionsforthesuper-potential,see[18].

Thesuper-sym m etric extensionsalso includeM ajorana spinor�elds:

~�(x�)=

�
~�1(x

�)

~�2(x
�)

�

; ~�
�
� = ~�� ; � = 1;2

ChoosingtheM ajoranarepresentation 0 = �2;1 = i�1;5 = �3 oftheCli�ordalgebraf�;�g =

2g�� and de�ning theM ajorana adjoint~�� = ~�t0,theaction ofthesuper-sym m etric m odelis:

S =
1

2c2
d

Z

dx
2

n

@�
~�@

�~� + i~���@�~� � ~r W ~r W � ~��
~~�W ~�

o

;

~r Ŵ (x�) =

2X

a= 1

^@W

@�a
(x�)~ea ;

~~� Ŵ = ~r 
 ~r Ŵ =

2X

a= 1

2X

b= 1

~ea 
 ~eb
@2Ŵ

@�a@�b
:

The N = 1 super-sym m etry transform ation isgenerated on the space ofclassicalcon�gurations

by theHam iltonian spinorfunction :

Q =

Z

dx

n


�

0
~�@�

~� + i
0
~�~r W

o

:

Thecom ponentsoftheM ajorana spinorialchargeQ closethesuper-sym m etry algebra :

fQ �;Q �g = 2(�0)��P� � 2i1��T: (13)

Their(anti)-Poisson bracket isgiven in (13)in term s ofthe m om entum P� and the topological

centralchargeT = j
R
dW j= j

R
~r W d~�j.

ThechiralprojectionsQ � =
1� 5

2
Q and �� =

1� 5

2
� providea very specialcom bination ofthe

super-sym m etric charges:

Q + + Q � =

Z

dx

(

(~�+ � ~�� )
d~�

dx
� (~�� + ~�+ )~r W

)

:
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Q + + Q � iszero forthe classicalcon�gurationsthatsatisfy
d~�

dx
= � ~r W and ~�� = 0 which are

thusclassicalBPS states. In Appendix B itisproved thatthe stable TK2 kinks are such BPS

statesand besidesthesm allbosonicuctuationsonem usttake into accountthe sm allferm ionic

uctuationsaround thekink in orderto com putethequantum correction to thekink m assin the

extended super-sym m etricsystem .Theferm ionicuctuationsaround thekink con�guration lead

to othersolutionsofthe�eld equationsiftheN � N m atrix Diracequation

n

i
�
@� +

~~�W (~�K )

o

�F ~�(x;t)= 0

issatis�ed.W em ultiply thisequation fortheadjointoftheDiracoperator:

n

�i
�
@� +

~~�W (~�K )

o n

i
�
@� +

~~�W (~�K )

o

�F ~�(x;t)= 0 ;

and,duetothetim e-independenceofthekinkbackground,lookforsolutionsoftheform :�F ~�(x;t)=
~fF (x;!)e

i!t.Thisistantam ountto solving thespectralproblem

�

�
d2

dx2
+
~~�W (~�K )

~~�W (~�K )� i
1~r W (~�K )~r 


~~�W (~�K )

�

~fF (x;!)= !
2~fF (x;!):

Projecting onto theeigen-spinorsofi1,

~f
(1)

F
(x;!)=

1+ i1

2
~fF (x;!)=

1

2

 
~f
+

F
(x;!)� ~f

�

F
(x;!)

� ~f
+

F (x;!)+
~f
�

F (x;!)

!

weend with thespectralproblem :

�

�
d2

dx2
+
~~�W (~�K )

~~�W (~�K )� ~r W (~�K )~r 

~~�W (~�K )

�

~f
(1)

F
(x;!)= K ~f

(1)

F
(x;!)= !

2~f
(1)

F
(x;!)

forthesam eSchrodingeroperatorthatgovernsthebosonicuctuations.

Therefore,generalized zeta function m ethodscan also be used in super-sym m etric m odelsto

com pute the quantum corrections to the m assofBPS kinks. Greatcare,however,isneeded in

choosing theboundary conditionson theferm ionicuctuationswithoutspoiling super-sym m etry.

W elook forward to extending thisresearch in thisdirection.

A A ppendix: the m atrix heat kernelexpansion

In thisAppendix wedescribehow to �nd thecoe�cientsoftheasym ptoticexpansion oftheheat

kernelassociated with �K and show theexplicitexpressionsforthem up to third order;fora m ore

com pletetreatm entsee[15].Form ula(6)in thetexttellsusthatthem atrixelem entsofA(x;x0;�)

satisfy theN 2 coupled PDE:

�
@

@�
+
x� x0

�

@

@x
�

@2

@x2

�

[A]ab(x;x
0;�)=

NX

c= 1

�Vac(x)[A]cb(x;x
0;�)+ (�v2b � �v2a)[A]ab(x;x

0;�);
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with the initialcondition: A ab(x;x
0;0)= �ab. Plugging the powerexpansion ofA ab(x;x

0;�)into

thissystem ofequationswe�nd therecurrencerelations:

n[an]ab(x;x
0)+ (x � x

0)
@[an]ab

@x
(x;x0) =

@2[an� 1]ab

@x2
(x;x0)+

NX

c= 1

�Vac(x))[an� 1]cb(x;x
0)

+ (�v2b � �v2a)[an� 1]ab(x;x
0) :

In orderto takethex0! x lim itproperly,weintroducethenotation:

(k)[A n]ab(x)= lim
x0! x

@k[an]ab

@xk
(x;x0) :

Then,therecurrence relationsin thex0= x lim itbecom e:

[an]ab(x;x)=
1

n

(

(2)[A n� 1]ab(x)+

NX

c= 1

�Vac(x)[an� 1]cb(x;x)+ (�v2b � �v2a)[an� 1]ab(x;x)

)

W e also need the secondary recurrence relations am ong the (k)[A n]ab(x) derived from k-tim es

di�erentiation oftheprim ary recurrencerelationsabove:

(k)[A n]ab(x)=
1

n + k

(

(k+ 2)[A n� 1]ab(x)+

NX

c= 1

kX

j= 0

�
k

j

�
@j�Vac

@xj

(k� j)

[A n� 1]cb(x)+ (�v2b � �v2a)
(k)[A n� 1]ab(x)

)

:

Noticethat(k)[A 0]ab(x)= lim x0! x
@k[a0]ab

@xk
= �k0�ab.Thus,the

(k)[A n]ab(x)and,hence,the[an]ab(x;x)

can begenerated recursively .Thethree�rstcoe�cientsare:

[a1]ab(x) = �Vab(x)

[a2]ab(x) =
1

6
�V
(2)

ab (x)+
1

2

�
�V 2
�

ab
(x)+

1

2
(�v2b � �v2a)

�Vab(x)

[a3]ab(x) =
1

60
�V
(4)

ab
(x)+

1

12

�
�V (2)(x)�V (x)

�

ab
+

1

12

�
�V (x)�V (2)(x)

�

ab
+

1

12

�
�V (1)(x)�V (1)(x)

�

ab

+
1

6

�
�V 3
�

ab
(x)+

1

12
(�v2b � �v2a)

n
�V
(2)

ab
(x)+ 2

�
�V 2
�

ab
(x)

o

+
1

6
(�v2b � �v2a)

2�Vab(x)+
1

6

NX

c= 1

(�v2b � �v2c)
�Vac(x)�Vcb(x) :

W e m ention that,as happens in the scalar case [19],the diagonalterm s [an]aa(x;x) can be

interpreted asthe densities giving the in�nite conserved charges ofa m atrix Korteweg-de Vries

equation;nam ely :

@�V

@t
+ 3[�V

@�V

@x
+
@�V

@x
�V ]+

@3�V

@x3
= 0; (14)

wherenow them atrix potentialevolvesin \tim e" t,�V = �V (x;t).Thereason isthat(14)can be

written asa Lax equation

Lt+ [L;M ]= 0
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fortheoperators

L = �
@2

@x2
� �V (15)

M = 4
@3

@x3
� 3�V

@

@x
� 3

@

@x
�V + B (t) : (16)

with B (t)arbitrary.Therefore,standard argum ents[20]guaranteethatthe tim eevolution ruled

by (14) produces an uniparam etric isospectraltransform ation ofthe Sch�odinger operator (15).

Becausetheintegrals[an]aa aredeterm ined by thespectrum of(15),theirinvariancefollows.

B A ppendix: B PS and non-B PS kinks

ThisAppendix isdevoted to characterize respectively the TK1 and TK2 kinksasnon-BPS and

BPS states in the N = 2 case,see Reference [18]. W e have seen in Section x5 that the m odel

adm itsfoursuper-potentials.If�a = 0;1;a = 1;2 ,thefoursuper-potentials

W
(�1;�2)(�1;�2)= (�1)�1

p
(�1 + (�1)�2�)2 + �2[

1

3
(�2

1
+ �

2

2
� (�1)�2��1 + �

2)� 1] ; (17)

satisfy:

1

2

2X

a= 1

@W (�1;�2)

@�a

@W (�1;�2)

@�a
=
1

2
(�2

1
+ �

2

2
� 1)2 +

�2

2
�
2

2
:

Theenergy forstaticcon�gurationsreads:

E =
1

2

Z

dx

2X

a= 1

�
d�a

dx
�
@W (�1;�2)

@�a

� �
d�a

dx
�
@W (�1;�2)

@�a

�

+

Z

dx

2X

a= 1

d�a

dx

@W (�1;�2)

@�a
:

TheBPS kinksarethesolutionsoftheODE �rst-ordersystem :

d�1

dx
=

@W (�1;�2)

@�1
=
(�1)

�1
�
(�1+ �21)(�1 + (�1)�2�)+ �1�

2
2

�

r

�2
2
+

�

�1 + (�1)
�2 �

�2
(18)

d�2

dx
=

@W (�1;�2)

@�2
=
(�1)

�1 �2[� ��
2 + �2

2
+ �1(�1 + (�1)�2�)]

r

�2
2
+

�

�1 + (�1)
�2 �

�2
� (19)

From thevaluesofthesuper-potentialatthevacuum points

W
(�1;�2)(�1;0)= (�1)�1(1� (�1)�2�)(�1+

1

3
(1� (�1)�2� + �

2))

wecalculatetheBogom olny bound

E
B P S = j

Z

dW
(�1;�2)j= jW

(�1;�2)(1;0)� W
(�1;�2)(�1;0)j= 2�

�

1�
�2

3

�

; (20)
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which issaturated by thesolutionsof(18,19),theBPS kinks.

In thederivation of(20)wehaveused Stokes’stheorem .Thefoci(�F
1
= �(�1)�2�;�F

2
= 0)of

the ellipse �2
1
+ 1

��2
�2 = 1 in the R 2 \internal" space arebranching pointsofW (�1;�2).Therefore,

we are legitim ated to use Stokes’s theorem -and the Bogom olny bound is reached-only ifthe

kink con�guration doesnotcross any ofthe two fociabove m entioned. The TK2 kinks live on

the sem i-ellipses�TK 2
2

= � ��
p
1� (�TK 2

1
)2 and everything is�ne:they areBPS kinks. The TK1

solutionsarem oreinvolved.If�2 = 0 (18)reducesto:

d�1

dx
= �(�1)�1(1��2

1
)
�1 + (�1)�2�

j�1 + (�1)�2�j
= �(�1)�1(1��2

1
)
�
�(� 1 + �(�1)�2)� �(�� 1 � �(�1)�2)

�
;

where�(u)istheHeavisidestep function.Thus,� TK 1
1

(x)= tanhx isnotsolution ofthe�rst-order

equationson thewholerealline;if�1+ (�1)
�2� < 0,wem ustchoose�1 = 0,and �1 = 1otherwise.

On thehalf-linex 2 (�1 ;�arctanh[(�1)�2�]]theTK1solution istheow lineofgradW (0;�2) but

itbecom estheow lineofgradW (1;�2) on x 2 [�arctanh[(�1)�2�];1 ).Onecan easily check that

theTK1 kink isa propersolution ofthesecond-orderequationswith energy given by a piece-wise

application ofStokes’stheorem :

E
TK 1 = jW

(0;�2)(�1;0)� W
(0;�2)(�(�1)�2�;0)j+ jW

(1;�2)(�(�1)�2�;0)� W
(1;�2)(1;0)j=

4

3

In asuper-sym m etricextension ofthism odelthecorresponding statewould benotannihilated by

any com bination ofthesuper-sym m etry generatorsbuiltfrom oneoftheW (�1;�2) super-potentials

and,therefore,theTK1 kink isa non-BPS statein thissystem if�2 < 1.

It is shown in Reference [18]that only the stable TK2 kinks are BPS kinks in the N � 3

m odels;theproofhasbeen perform ed using ellipticcoordinatesforthe�eld variables.
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