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A bstract

In thispaperwe describe the m odulispace ofkinksin a classofsystem softwo coupled

realscalar �elds in (1+ 1) M inkowskian space-tim e. The m ain feature ofthe class is the

spontaneousbreakingofadiscretesym m etryof(real)G inzburg-Landau typethatguarantees

theexistence ofkink topologicaldefects.

1 Introduction

Research intothem athem aticalpropertiesand physicalm eaningoftopologicaldefectsin relativis-

tic�eld theory hasincreased sharply since them id seventiesofthetwentieth century.Therehas

also been a paralleldevelopm entin (non-relativistic)condensed m atterphysics.Extended states

and phasetransitions-e.g.typeIIsuperconductivity-arerelated totheappearanceofsuch exotic

phenom ena. Dom ain walldefects in the realworld can be thought ofas solitary waves propa-

gating in a (1+ 1)-dim ensionaluniverse thatself-repeatin therem aining two dim ensions.Thus,

investigations on kink nature and behaviour in �(�4)2 or sine-Gordon m odels inform us about

thepropertiesofthesim plesttypeoftopologicaldefect.Realistictheories,however,involvem ore

than onescalar�eld and thestudy of(1+1)-dim ensionalN -scalar�eldsm odelsin thisrespectis

notonly worthwhilebutalm ostm andatory.Exam plesoftheorieswith N > 1,whereonem ightbe

interested in looking attopologicaldefects,includethelinearsigm a m odel,theGinzburg-Landau

theory ofphasetransitions,thesupersym m etric W ess-Zum ino m odel,SUSY QCD,etcetera.

Kinksaretim e-independent�nite-energy solutionsofthe�eld equationsthathavebeen thor-

oughly investigated in theN = 1 case,seee.g.[1].M uch lessisknown aboutthekink variety in

system swith two orm orescalar�elds(thereason forthisisalso clearly explained in [1]).To the

bestofourknowledge,however,thereareexceptions:

� A deform ation ofthe linear O (2)-sigm a m odel,christened in the literature as the M STB

m odel,exhibitsa rich variety ofkinks. The characteristics ofany ofthese kink defectsas

wellasthestructureofthevariety asawholehavebeen elucidated in alongseriesofpapers,

see References[2-12].The m odulispace ofkinksin an analogousdeform ation ofthe linear

O (3)-sigm a m odelhasalso been fully described in [13].
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� Thesearch forkinksistantam ountto thesolving ofa m echanicalproblem ,which isseldom

solvable ifN � 2. In [14]we described the kinks oftwo N = 2 �eld-theoreticalm odels

associated with com pletely integrablem echanicalsystem s;i.e.,thesam eidea thatworksin

theM STB m odeland itsN = 3 generalization.

� In [15],thekinksoftheW ess-Zum ino m odelareshown to begiven by certain realalgebraic

curvesin thecom plex plane.

Anotherfavorable situation occurswhen the�eld-theoreticalm odelisthebosonicsectorofa

supersym m etricsystem .ThisisthecaseoftheW ess-Zum ino system and alsohappensin aN = 2

m odelproposed in [21], which has been discussed and applied to describe severalinteresting

physicalcontexts in the series ofpapers [16-25]. Throughout their work,Bazeia etal. identify

only two kindsofkinks:atopologicalone,with only the�rstcom ponentnon-null,usually term ed

astheTK1 kink,and a second topologicalkink thathasboth com ponentsnon-nulland iscalled

theTK2kink.In contrastwith theM STB m odel,wheretheTK1kinksareunstable,[10]-[11],and

decay to the TK2 kinks,[12],in the system ofBazeia etal. there isan interesting phenom enon

ofkink degeneracy:theTK1 and TK2 kinkshavethesam eclassicalenergy.

The m ain result to be shown in this paper is that the kink degeneracy is a continuous one

ratherthan thediscrete degeneracy im plicitin [16-25].W eshall�nd a continuousfam ily ofkink

solutionstotheclassical�eld equations,allofthem degenerated in energy with theTK1and TK2

kinks. The existence ofthisvariety ofkinks ispossible because ofthe spontaneous breaking of

a discrete internalsym m etry group. The quotientofthe kink variety by the sym m etry group is

the kink m odulispace,a structure parallelto the m odulispacesofgauge theoreticaltopological

defectsasvortices,[26],orm agneticm onopoles,[27].

Identi�cation ofthe kink variety is achieved through the solution of�rst-order,ratherthan

second-order, �eld equations. In (1+1)-dim ensionalscalar �eld theories, �rst-order equations

are available if,m odulo a globalsign, a superpotentialis found. Note that the search for a

superpotentialis highly non-trivialifN � 2. Bazeia et al.,however,proposed a continuously

di�erentiable superpotentialin their m odel,which in turn guarantees the stability ofany �nite

energy solution oftheassociated �rst-ordersystem ofequationsthrough theclassicalBogom ol�ny-

Prasad-Som m er�eld argum ent,[28].

Theexistenceofthesuperpotentialtellsusthatwecan understand thesystem asthebosonic

sector ofan N = 1 (1+1)-dim ensionalsupersym m etric �eld theory,in which the kinks play a

signi�cantr̂oleasBPS states.W eshallanalyze thesupersym m etric extension ofthism odelin a

future work,butwe observe thatthe dim ension ofthe kink m odulispace in thissystem issuch

that the index introduced in [29]is zero,showing that the soliton superm ultiplets are long or

reducible.

Allthe foregoing statem entsare valid forany value ofthe single classically relevantcoupling

constantin the m odel. In thispaperwe shallshow anothernew result:forcertain valuesofthe

coupling constant there exists a second superpotential. Accordingly,a second system of�rst-

order equations is available that also adm its kink solutions,although the old and new solitons

belong to di�erent topologicalsectors ofthe con�guration space. For the criticalvalues where

thesecond superpotentialisfound,therearetwonon-equivalentsupersym m etricextensionsofthe

sam ebosonicsector.

Form ostofthecriticalvaluesthesecond superpotentialfailsto becontinuously di�erentiable

ata�nitenum berofpointsin theR 2 internalspace.In thesecases,thesecond Bogom ol�ny bound
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is not a topologicalquantity;it also depends on the values ofthe superpotentialat the points

where itisnotdi�erentiable. Kink orbitsthatcrossthose pointsare unstable and are solutions

ofthe�rst-orderequationsonly in oneinterval,noton thewholespatialline.Nevertheless,these

kinksaresolutionsofthesecond-orderequations.

A �nalcom m ent: in concordance with the lifting ofthe kink translationaldegeneracy,we

expectthatthe kink internaldegeneracy willbe rem oved in second-orderin the loop expansion

oftheenergy in thequantum theory.

Thepaperisorganizedasfollows.Insectionsx2andx3weintroducetheBNRT m odeldiscussed

in [21]and identify a one-param etricfam ily ofkinks,which includestheTK1 and TK2 kinks,as

BPS solutions.In sectionsx4 and x5 we investigate theexistence ofa second decom position �a la

Bogom ol’nyi. W e �nd thatthisispossible forcertain valuesofthe coupling constant,forwhich

wediscovera second kink fam ily.

2 T he B N RT m odel

In the m odelintroduced in [21]by Bazeia,Nascim ento,Ribeiro and Toledo,henceforth referred

toastheBNRT m odel,thescalar�eld isbuiltfrom two com ponents�(y�)= (�1(y
�);�2(y

�))and

thedynam icsisgoverned by theaction

�S[�] =

Z

d
2
y

"
2X

a= 1

@��a@
�
�a � �U(�1;�2)

#

(1)

�U(�1;�2) =
1

2
�
2(�21 � a

2)2 +
1

2
��(�21 � a

2)�22 +
1

8
�
2
�
4

2 +
1

2
�
2
�
2

1�
2

2 (2)

Here,� and � arecouplingconstantswith dim ensionsofinverselength and a2 isanon-dim ensional

param eter.W eusea naturalsystem ofunits,~ = c= 1.Theenergy functionalis

�E[�]=

Z

dy

"
1

2

�
d�1

dy

� 2

+
1

2

�
d�2

dy

� 2

+ �U(�1;�2)

#

(3)

where �(y)= (�1(y);�2(y))2 C = fM aps(R;R 2)= �E[�(y)]< 1 g. Introducing non-dim ensional

�elds,variablesand param eters,�b = 2a�b,y =
2
p
2

a�
x,and � =

�

�
,weobtain expressionsthatare

sim plerto handle. �E[�1;�2]=
p
2a3�E[�1;�2]and thenon-dim ensionalenergy functional�which

dependson thesingleclassically relevantcoupling constant�� is:

E[�]=

Z

dx

"
1

2

�
d�1

dx

� 2

+
1

2

�
d�2

dx

� 2

+
�
4�2

1
+ 2��2

2
� 1

�2
+ 16�2�2

1
�
2

2

#

(4)

TheEuler-Lagrangeequationsread:

d2�1

dx2
= 16�1

�
4�2

1
+ 2�(1+ �)�2

2
� 1

� d2�2

dx2
= 8��2

�
4(� + 1)�2

1
+ 2��2

2
� 1

�
(5)

Besides the spatialparity and translationalsym m etries,there is a globalorinternalsym m etry

in thism odel: the re
ection discrete group G = Z2 � Z2 generated by the transform ations�1 :

(�1;�2)! (��1;�2)and �2 :(�1;�2)! (�1;��2)isalso a sym m etry subgroup ofthesystem .
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W eshallfocusourattention on the� > 0 regim e,wherethevacuum m anifold is:

M =

n

A 1 = (1
2
;0);A 2 = (� 1

2
;0);B 1 = (0; 1

p
2�
);B 2 = (0;� 1

p
2�
)

o

The action ofG on M issum m arized asfollows:�1(A 1)= A 2,�2(B 1)= B 2. Therefore,M can

be seen asthe union oftwo disjointvacuum orbits: M = A t B ,A = fA 1;A 2g,B = fB 1;B 2g.

The vacuum m odulispace �M = M

G
is a set oftwo elem ents, �M = A t B ,where A = A

Z2� feg
,

and B = B

feg� Z2
. The G = Z2 � Z2 sym m etry ofthe action (1)isspontaneously broken to the

feg� Z2 subgroup on theelem entsin theA orbitand to theZ2 � feg subgroup on thevacua of

theB orbit.

Becauseofthedegeneracy and thediscretenessofthevacuum m anifold M ,thecon�guration

spaceistheunion ofsixteen topologically disconnected sectors.Keeping in m ind thesym m etries

ofthem odel,weidentify thenon-trivialtopologicalsectorsastheAA topologicalsector(form ed

by con�gurationsofC thatjoin the A 1 and A 2 vacua);the BB topologicalsector(con�gurations

that connect the B 1 and B 2 vacua),and the AB sector (form ed by con�gurations joining one

vacuum in theA orbitwith anothervacuum in theB orbit).

W e use the trialorbitm ethod [1]to show the previously known kink solutionsto the equations

(5).

1.TheT K 1A A kink

First,wetry thecurve


TK 1A A =
�
�2 = 0 ; � 1

2
� �1 �

1

2

	

Thiscondition iscom patiblewith equations(5)and we�nd

�
TK 1

A A

1
(x)= �

1

2
tanh2

p
2(x+ a) �

TK 1
A A

2
(x)= 0

astheone-com ponenttopologicalkinksin theAA.

2.TheT K 2A A kink:

Second,wetry theellipticorbit


TK 2A A =

�

�
2

1 +
�

2(1� �)
�
2

2 =
1

4
; �

1

2
� �1 �

1

2

�

(6)

in (5)and �nd in theAA topologicalsectorthetwo-com ponenttopologicalkinks:

�
TK 2A A

1
(x)= �

1

2
tanh2

p
2�(x + a) �

TK 2A A

2
(x)= �

q
1� �

2�
sech2

p
2�(x+ a); (7)

henceforth referred to asTK2A A kinks.

Note that the orbit (6) gives kink curves only in the � 2 (0;1) range because if� � 1 it

becom esahyperbolethatdoesnotconnectthevacua.M oreover,(7)describesfourdi�erentkinks

according to the choices ofthe signs and one can obtain one from anotherby using the spatial

parity and internalre
ection sym m etries.
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Theexistenceofone-com ponenttopologicalkinks-unnoticed in theliteratureaboutthem odel-

in theBB topologicalsectorsisobvious.

3.TheT K 1B B kink:

Third,wetry theorbit



TK 1

B B =

�

�1 = 0;�
1

p
2�

� �2 �
1

p
2�

�

in thesecond-order�eld equations(5).W eim m ediately �nd thatthe�niteenergy solutions

�
TK 1

B B

1 (x)= 0 �
TK 1

B B

2 (x)= �
1

p
2�

tanh2
p
� (x + a)

arethekinksthatconnecttheB 1 and B 2 vacua.

3 T he m odulispace ofkinks in the AA topologicalsector

In [16-25]theauthorsproposea superpotentialforthem odel:

U(�1;�2)=
1

2

�
@W

@�1

� 2

+
1

2

�
@W

@�2

� 2

; W (�)= 4
p
2

�
1

3
�
3

1
�
1

4
�1 +

�

2
�1�

2

2

�

(8)

φ1

φ2

-U(φ)

φ1 φ1

φ2

W(φ)

φ2

Figure1:The U (�)potential(left)and the superpotentialW (�)(right)

TheclassicalBPS statessatisfy thesystem of�rst-orderequations

d�1

dx
=
@W

@�1
=
p
2(4�2

1
+ 2��2

2
� 1) ;

d�2

dx
=
@W

@�2
= 4

p
2��1�2 (9)

which areeasierto solvethan (5).ThesuperpotentialW (�1;�2)isa sm ooth function ofthe�elds

�1 and �2 ateach pointin R
2.Therefore,according to theBogom ol’nyiarrangem ent

E[�]=

Z

dx

2X

a= 1

�
d�a

dx
�
@W

@�a

� 2

+

Z
@W

@�a

d�a

dx
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wehavethat

E[�]= T[�]= jW (�1(1 );�2(1 ))� W (�1(�1 );�2(�1 ))j

forallsolutionsof(9)and thekink energy only dependson thetopologicalsectorofthesolution.

Thekink solutionsof(9)arethe
ow-linesofgradW thatstartand end atelem entsofM .It

happensthatA 1 and A 2 arerespectively m axim aand m inim aofW and thatthereare
ow-linesof

gradW starting atA 1 and ending atA 2 (orvice-versa).B 1 and B 2,however,aresaddlepointsof

W ,seeFigure1.Therefore,thereareno 
ow-linesofgradW between B 1 and B 2 (orvice-versa).

Nevertheless,
ow-linesofgradW between one pointin the A orbitand anotherpointin the B

orbit(orvice-versa)arepossible.The
ow-linesofgradW thusprovidekinksin theAA and the

AB sectorswith energies:E TK 2A A = 4

3
a3�,ETK 2A B = 2

3
a3�.

To obtain the m ostgeneralsolution to the �rst-ordersystem (9),we �rstintegrate the �rst-

orderODE
d�1

d�2
=
4�2

1
+ 2��2

2
� 1

4��1�2
(10)

which adm itstheintegrating factorj�2j
�

2

� �
� 1
2
,if� 6= 1 and � 6= 0,thereby allowing usto �nd all

the
ow-linesasthefam ily ofcurves

�
2

1 +
�

2(1� �)
�
2

2 =
1

4
+

c

2�
j�2j

2

� (11)

param etrized by therealintegration constantc.Thereisa criticalvalue

c
S =

1

4

�

1� �
(2�)

�+ 1

�

and thebehaviourofa particularcurvein the(11)fam ily isdescribed in thefollowing item s:

� Forc2 (�1 ;cS),form ula (11)describesclosed curvesin theinternalspaceR 2 thatconnect

the vacua A 1 and A 2,see Figure 2. Thus,they provide a kink fam ily in the topological

sectorAA.Henceforth,wereferto these kinksasT K 2A A(c).A �xed valueofcdeterm ines

fourm em bersin thekink variety related am ongstoneanotherby spatialparity and internal

re
ections.Thekink m odulispaceisde�ned asthequotientofthekink varietyby theaction

ofthesym m etry group:

M K =
VK

P � G
= (�1 ;c

S);

therealopen half-lineparam etrized by c.Oneseesthat

T K 2
A A

� T K 2
A A(0) T K 1 � lim

c! � 1
T K 2

A A(c)

i.e. the TK2A A kink isthe c= 0 m em berofthe fam ily (if� < 1)and the TK1A A kink is

notstrictly included although itdoesappearattheboundary ofM K .

� In the range c2 (cS;1 ),equation (11)describesopen curvesand no vacua are connected.

ThesegradW 
ow-linesarein�niteenergy solutionsthatdonotbelongtothecon�guration

spaceC,seeFigure2.
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� Attheotherpointoftheboundary ofM K ,c= cS,we�nd theTK2A B kinks,which arethe

separatricesbetween bounded and unbounded m otion and the envelop ofallkink orbitsin

theAA topologicalsector,seeFigure2.

W ebrie
y discussthe� = 1case.The� = 0caseisnotinteresting becausethe�2 dependence

disappearsin thepotential:itisa \directsum " ofan N = 1 �4 m odeland an N = 1 freem odel.

Integration of(10)when � = 1 gives

�
2

1 � �
2

2

�
c

2
+ logj�2j

�

=
1

4
(12)

where the kink trajectories now appear in the c 2 (�1 ;cS]range,with cS = �1+ ln2. The

description ofthekink orbitsisanalogousto thedescription for� 6= 1 above.

φ1

φ
2

φ1

φ
2

φ1

φ2

Figure2:Flow-linesgiven by (11): for c2 (� 1 ;cS)(left),c= cS (m iddle),and c2 (cS;1 )(right).

A second step rem ains:theexplicitdependenceofthekinkswith respectto thespacecoordi-

natecan beobtained ifweplug (11)into thesecond equation in (9),

h[�2]=

Z
d�2

�2

q
1

4
+ c

2�
j�2j

2

� � �

2(1� �)
�2
2

=

Z

4
p
2�dx: (13)

Thekink solutionsare

�
K

1
(x;c)= �

s

1

4
+

c

2�
jh� 1(4

p
2�x)j

2

� �
�

2(1� �)
[h� 1(4

p
2�x)]2 �

K

2
(x;c)= h

� 1(4
p
2�x)

In general,wecannotobtain theexplicitdependenceon x forthekink solutionsbecauseeitherwe

cannotintegrate(13)orwecannotidentify theinverseofh(�).Forcertain valuesofthecoupling

constant,however,we can �nish the task. W e next show the fam ily ofTK2A A kinks for� = 2

and � = 1

2
.

� � = 2:

The vacuum points are the vertices ofa square: M �= 2 = fA 1 = (1
2
;0);A 2 = (� 1

2
;0);B 1 =

(0;1
2
);B 2 = (0;� 1

2
)g. The quadratures (13) can be solved explicitly and h� 1[�2]is a known

analyticalfunction.Thus,

�
TK 2

A A

1
(x)= �

1

2

sinh4
p
2(x+ a)

cosh4
p
2(x + a)+ b

�
TK 2

A A

2
(x)= �

1

2

p
b2 � 1

cosh4
p
2(x+ a)+ b
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are the kink-form factors. The integration constant b is related to c as b = � c
p
c2� 16

,and for

b2 (1;1 )we�nd kinksin theAA topologicalsector.

Ifc= cS = �4,b= 1 we�nd thekinksin theAB sector

�
TK 2

A B

1 (x)= �
1

4
(1� tanh2

p
2(x + a)) �

TK 2
A B

2 = �
1

4
(1+ tanh2

p
2(x + a))

and,replacing x by �x,its antikinks. The separatrices are placed on the edges ofthe above

m entioned square�2 = � 1

2
� �1.Thekink trajectoriesin theAA topologicalsectorform a dense

fam ily ofcurvesenveloped by thekink orbitsin theAB sector.SeeFigure3.

φ1

φ2

A1

B1

A2

B2

c =-4

c =-5

c =-8

c → − ∞

-4 -2 2 4

-

1
2

1
2

φ1(x)

φ2(x)
x

-4 -2 2 4

1
2

φ1(x)

φ2(x)

x

Figure3:Kink trajectories (left),a kink in the AA sector (m iddle) and a kink in the AB sector (right)

in the case � = 2.

A rotation of45o in R 2,�1 =
1
p
2
( 1 +  2)and �2 =

1
p
2
( 1 �  2),showsthatforthisvalueof

� thesystem isnon-coupled:U�= 2( 1; 2)=
1

32
( 2

1
� 1

8
)2 + 1

2
( 2

2
� 1

8
)2.

� � = 1

2
:

The vacuum m anifold is:M
�=

1

2

= fA 1 = (1
2
;0);A 2 = (� 1

2
;0);B 1 = (0;1);B 2 = (0;�1)g.By

thesam eprocedureasabove,weobtain

�
TK 2

A A

1
(x)= �

1

2

sinh2
p
2(x+ a)

cosh2
p
2(x + a)+ b

�
TK 2

A A

2
(x)= �

1
q

1+ b� 1cosh2
p
2(x+ a)

(14)

wherewe have introduced b= 1p
1� 4c

.In theb2 (0;1 )range,theabovesolutionsarekinksthat

connectthe A 1 and A 2 vacua (see Figure 4). If� = 1

2
,(11)becom es�21 +

1

2
�22 =

1

4
+ c�42,which

can bewritten as(1+ 2�1 � �2
2
)(1� 2�1 � �2

2
)= 0 forc= C S = 1

4
.Therearekinkson parabolic

trajectoriesjoining pointsin theA and B vacuum orbits

�
TK 2

A B

1
(x)= �

1

4

�

1� tanh
p
2(x + a)

�

�
TK 2

A B

2
(x)= �

r
1

2

�

1+ tanh
p
2(x+ a)

�

and,replacing x+ a by �x � a,weobtain theirantikinks.

4 T he second superpotential: � = 2

For� = 2,U(�)= (4�21 + 4�22 � 1)2 + 64�21�
2
2 doesnotchange ifwe swap the �eld com ponents.

There is a second superpotentialin the m odelfor � = 2: W 0(�1;�2) = W (�2;�1). A second
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φ1

φ2

A1

B1

A2

B2

c =1/4

c =-5

c =-10

c → − ∞

-4 -2 2 4

-

1
2

1
2

φ1(x)

φ2(x)
x

-4 -2 2 4

-

1
2

1
2

1

φ1(x)

φ2(x)

x

Figure4:Kink curves(left),a kink in the AA sector (m iddle) and a kink in the AB sector (right).

arrangem ent�a la Bogom ol’nyiusing W 0(�1;�2)providesanothersystem of�rst-orderdi�erential

equations:
d�1

dx
=
@W 0

@�1
= 8

p
2�1�2

d�2

dx
=
@W 0

@�2
=
p
2(4�2

1
+ 4�2

2
� 1)

The
ow-linesofgradW 0connectB 1 and B 2,which arerespectively them axim um and them ini-

m um ofW 0,whereasA 1 and A 2 areW
0saddlepoints.W ethusobtain a new fam ily oftopological

kinks,now in theBB sector,with the r̂olesof�1 and �2 interchanged:ifb2 (1;1 ),

�
TK 2

B B

1
(x)= �

1

2

p
b2 � 1

cosh4
p
2(x + a)+ b

�
TK 2

B B

2
(x)= �

1

2

sinh4
p
2(x+ a)

cosh4
p
2(x+ a)+ b

arethetwo-com ponenttopologicalkinksin theBB sector.Ifc! �1 (b! 1),we�nd theTK1B B

kink and ifc= 4 (b! 1 )the separatrix kinksin theAB sectorare reached attheboundary of

thecom ponentofthe m odulispace ofkinksthatbelong to the BB sector.The kink energy sum

rulesare:E TK 2A A = E TK 2B B = 2E TK 2A B = 4

3
a3�.

5 T he m odulispace ofnon-B PS kinks in the B B topolog-

icalsector: � = 1
2

If� = 1

2
,thereisalso a second superpotential,

W
0(�1;�2)=

p
2

3

q

�21 + �22

�
4�2

1
+ �

2

2
� 3

�
; (15)

thatalso solvesthe�rstequation in (8).Thesecond system of�rst-orderequations

d�1

dx
= �

@W 0

@�1
= �

p
2�1(4�

2
1
+ 3�2

2
� 1)

p
�2
1
+ �2

2

d�2

dx
= �

@W 0

@�2
= �

p
2�2(2�

2
1
+ �2

2
� 1)

p
�2
1
+ �2

2

(16)

rulesthe 
owsgenerated by �gradW 0 in the system . W 0 isnotdi�erentiable atthe origin and

the
owsof�gradW 0

d�2

d�1
=

�2(2�
2
1 + �22 � 1)

�1(4�
2
1
+ 3�2

2
+ 1)

(17)
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areunde�ned atO � (0;0)2 R
2.NotethatB 1 and B 2 areboth m inim a ofW

0,whereasA 1 and

A 2 areW
0saddlepoints.Theorigin isthem axim um ofW 0and thusthe
ow-linesofgradW 0run

from O to eitherB 1 orB 2. To obtain a kink orbit,we m ustglue atO a 
� 
ow-line ofgradW 0

with a 
+ 
ow-lineof�gradW 0sm oothly.Because the
owsareunde�ned atO ,weexpectthat

an in�nitenum beroflineswillm eetattheorigin.

The Bogom ol�ny splitting m ustto take thisinto accountand the energy ofthe kink solutions

of(16)

E[�] =

Z 1

� a

dx
1

2









d�

dx
�
@W 0

@�










2

+

Z � a

� 1

dx
1

2









d�

dx
�
@W 0

@�










2

+ T(
+ )+ T(
� )

T = T(
+ )+ T(
� )= jW
0(B 1)� W

0(O )j+ jW
0(B 2)� W

0(O )j

E[�TK 2B B ]= T(
+ )+ T(
� )isnottopological;itdependson the value ofthe superpotentialat

the origin,a sign ofinstability [10,11]. The kink energy sum rulesare: E TK 2B B = 2E TK 2A A =

4E TK 2A B = 8

3
a3� and theTK2B B kinksdecay to two TK2A B plusoneTK2A A kinks.

Using parabolic variables,we have shown thatthe integration of(16)reducesto quadratures

in Reference[14].Thetranslation ofourresultsto Cartesian coordinatesisasfollows:

� Thekink orbitsthatsolve(17)satisfy theequation

16e4
p
2c
�
2

1(�
2

1 + �
2

2)+ (1� e
4
p
2c)2�42(2�1 � �

2

2 + 1)(2�1 + �
2

2 � 1)= 0 (18)

and areplotted in Figure5.Herecisa realintegration constant.

φ1

φ2

A1

B1

A2

B2 φ1

φ2

W(φ)

φ1

Figure5:TK 2B B (c)Kink fam ily (left)and the superpotentialW 0(right)

� Analytically,thevariety ofTK2B B (c)kinksisgiven by:

�
TK 2B B

1
(x)=

sinh2
p
2csinh2

p
2(x + a)

cosh
2
2
p
2(x + a)+ 2cosh2

p
2ccosh2

p
2(x + a)+ 1

(19)

�
TK 2B B

2
(x)=

� sinh2
p
2(x + a)

q

cosh
2
2
p
2(x + a)+ 2cosh2

p
2ccosh2

p
2(x+ a)+ 1

(20)

Besidesthesoliton centerx = �a,thekink fam ily isparam etrized by c.
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BecausethespatialtranslationsTa :x ! x+ a leadsfrom onesolution to anotherand

�1(�
TK 2B B

1 (x;c);�TK 2
B B

2 (x;c))= (�TK 2
B B

1 (x;�c);�TK 2
B B

2 (x;�c)) ;

them odulispaceofTK2B B kinks-thequotientofthe(19-20)kink variety by theaction ofTa and

�1-isthe open half-line:c2 (0;1 ).If,m oreover,we take quotientby P :x + a ! �x � a,the

anti-kinksarealso included in them odulispace.

Theasym ptoticbehaviour

lim
x! � 1

�
TK 2B B

1 (x;c)= 0 ; lim
x! � 1

�
TK 2B B

2 (x;c)= �1

�tsin with theboundary behaviour,guaranteeing �niteenergy to theTK2B B (c)kinks.They are

notstablebecauseallofthem crosstheorigin:

�
TK 2B B

1
(�a;c)= 0 ; �

TK 2B B

2
(�a;c)= 0 :

Thus,only ifx 2 (�1 ;�a)(19-20)aresolutionsofthe�rst-orderequations(16)with the+ sign,

whereasthey solve (16)with the -sign in the x 2 (�a;1 )range,orvice-versa. Itcan easily be

proved,however,thatthesesolutionssatisfy thesecond-orderdi�erentialequations(5).

Thingsare di�erentatthe boundary ofthe m odulispace,the union ofthe c= 0 and c= 1

points.Looking attheform ula(18)we�nd theTK1B B kink asthec= 0lim itofthekink variety,

whereastheTK1A A kink and two TK A B kinks-thatliveon di�erentparabolicbranches-arem et

atc= 1 .
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