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A bstract

A form ula isderived that allow s us to com pute one-loop m ass shifts for kinks and selffdualA brikosov—
N delsen-O Jesen vortices. T he procedure is based in canonical quantization and heat kemel/zeta function
regularization m ethods.

1 Introduction

A brikosov vortex lines [Il]were rediscovered by N delsen and O Jlesen in the realn of the A belian H iggs m odel
and were proposed asm odels for dual strings []. In this fram ework, the interest of studying the quantum
nature of these quasione-din ensional extended structures was inm ediately recognized; contrarily to the
m acroscopic G inzburg-Landau theory of T ype II superconductors, the birth-place of m agnetic ux tubes,
the Abelian H iggs m odel is expected to play a rdle in m icroscopic physics. This issue was  rst addressed
In Section x. 3 of the original N ielsen-O lesen paper; taking the zero thickness lim it of the vortex line, the
quantization technigues of the old string theory were applied.

In this comm unication we shalldealw ith one-loop m ass shifts for the topological solitons that generate
the thick string structures. T he m ass of the topological solitons of the (2+ 1)-dim ensional A belian H iggs
m odel becom e the string tension of the ux tubes enbedded in three dim ensions. T hus, from the (3+ 1)-
din ensional perspective, sam i<lassical string tensions w illbe considered. In particularwe o er as a novelty
the derivation of the vortex Casin ir energy from the canonical quantization of the planar Abelian H iggs
model. W ith this dem onstration, we shall arrive at the starting point chosen in R eferences [3]and [@] to
derive a form ula for the one-loop vortex m ass shifts. T he form ula involves the coe cients of the heatkemel
expansion associated w ith the second-order uctuation operator and a ordsusa num erical com putation of
the m ass shifts. Before our work, only ferm ionic  uctuations on vortex backgrounds have been accounted
for by Bordag in [H].

T he control of the ultra—=iolet divergences arising in the procedure w ill be achieved by using heat ker—
nel/zeta function regularization m ethods. In the absence of detailed know ledge of the spectrum of the
di erential operator goverming second-order uctuations around vortices, the expansion of the associated
heat kemel willbe used In a way akin to that developed in the com putation of one-loop m ass shifts for
one-din ensional kinks, see [@], [1], [B]. Th fact, a sin ilar technique has been applied before to com pute the
m ass shift for the supersym m etric kink [@], although in this Jatter case the boundary conditionsm ust respect
supersymm etry. In the case of vortices, the only available results besides the work reported here refer to
supersym m etric vortices and were achieved by Vassilevich and the Stony B rook/W ien group, [10], I111.
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2 H Igh-tem perature one-loop kink m ass shift form ula

W e start by very brie y treating the parallel and sim pler developm ent for the kink of the ( ﬁ—m odel.
W ith the conventions of [6] the oneZoop kink m ass shift formula In the ( )‘21 modelon a line is form ally:
Mg = MS+ MZE.Thetwo pieces are:

1. The kink Casin ir energy m easured w ith respect to the vacuum Casin ir energy —zero point energy
renom alization—:
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K and K g are the di erential operators governing the second-order uctuations around the kink and
the vacuum respectively.

2. The contrdbution of the m ass renom alization counter-term s to the one-loop kink m ass:
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T he ultraviolet dvergences are reqularized by m eans of generalized zeta functions:
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where s is a com plex param eter; a param eter of dinension L ', and L is a nom alization length on the
line. From the partition functions, one obtains the generalized zeta functions via M ellin transform :
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passing from com plem entary error fiinctions E rfcx to hypergeom etric G auss functions »F1 [a;b;c;d]. The

star m eans that the zero m ode is not accounted for. Because MIE = lm_ Mg(s) and MI}E =
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provides the exact D ashen-H asslacherNeveu (DHN ) result, see [6] and R eferences quoted therein:

Mg = MS+ ME=3 33

W ithout using the know ledge of the specttum ofK , one can rely on the high-tem perature expansion of the
partition function:
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Here, the zero m ode has been subtracted and the m erom orphic structure of x (s) is encoded in the incom —
plkte Gamm a functions [s+ n %;4]. N eglecting the (very sm all) contribution of the entire function, and
cutting the series at a large but nite Ny, the kink C asin ir energy becom es:
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ie. the zeropoint vacuum energy renom alization takes care of the term com ing from ¢ (K ). Note that

141, . . . . . .
Ko (s) ' % 225[%2(5]) in the < 1 regine where the high-T expansion is reliable. T he other correction
due to them ass renom alization counter-tem s can be arranged also Into m erom orphic and entire parts:
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Them ass renom alization termm exactly cancels the c; (K ) contribution. O urm inim al subtraction scheme ts
w ith the renom alization prescription set in [12]: for theories w ith only m assive uctuations, the quantum

corrections should vanish in the lin it In which allm assesgo to in nity. T his criterion requires precisely the
cancelation found. W e end w ith the high—tem perature one-loop kink m ass shift form ula:
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Finally, by applying this fomula with Ny = 11 we have:
Mg = 0471371~m ;

w ith an error w ith respect to the DHN result of: 0:0002580~m .

3 The planar A belian H iggs m odel

In this Section we generalize form ulae () and {) to determ ine the oneJoop m ass shift of vortices in the
Abelian H iggsm odel. W e shallderive the form ula that serves as the starting point in papers [d]and 4], thus

lling a gap in the issue. W ithin the conventions stated in these R eferences, we w rite the action governing
the dynam ics of the AHM in the fom :
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A shiftofthecom plex scalar eld from thevacuum (x )= 1+ H (x )+ 1G (x ) and choice of the Feynm an—'t

H ooft renom alizable gaugeR (A ;G )= @ A (x ) G (x ) lead usto write the action in term sof H iggs H ,
G odstone G , vector boson A and ghost elds:
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3.1 Vacuum Casim ir energy

Canonical quantization prom oting the coe cients of the plane wave expansion around the vacuum of the
elds to operators provides the free quantum Ham iltonian:
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C anonical quantization proceeds by anti-com m utators for ghost elds
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The vacuum Casin ir energy is the sum of four contributions: if4 = -1 T denotes the Laplacian,
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com e from the vacuum  uctuations of the vector boson, H iggs, G odstone and ghost elds. Ghost uctua-
tions, how ever, cancel the contribution of tem poral vector bosons and G olstone particles, and the vacuum
Casin ir energy in the planar AHM isdue only to H iggs particles and transverse m assive vector bosons:
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3.2 Vortex Casin ir energy

At the critical point between Type I and T ype II superconductivity,

a Bogom olny splitting:

= 1, the energy can be arranged in

Z 2 1 Z
X
E=v - P D, f+ Fio ¢ HF + Evzjgj ;i g= IxFpp=21;127%2

T herefore, the solutions of the rst-order equations
D D, =0 ; Fio = 1)=0

are absolutem inin a of the energy, hence stable, In each topological sector w ith a classicalm ass proportional
to them agnetic ux. A ssum ing a purely vorticial vector eld plus the spherically sym m etric ansatz

1(x17%2) = f(r)cosl ; 2(x1;x2)= L (r)sinl
(r) . (r)
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to be solved together w ith the boundary conditions JJm1 f(r)= 1; JJm1 (r) = 1;£0)= 0; (©)= 0
r! r!

required by energy niteness plus regularity at the origin (center of the vortex). A partly num erical, partly
analytical procedure provides the eld pro lesf (r), (r)aswellasthem agnetic eld and the energy density

Figure 1.Pbtsof the edpro ks (r) (a) and f£(r) (b); themagnetic eld B (r) (c), and the energy density "(r) for
selfdual vortices with 1= 1 (solid line), 1= 2 (dashed line), 1= 3 (broken-dashed line) and 1= 4 (dotted line).

Consider an all uctuations around vortices (g;x)= s(®x)+ S(X;x) ; AxXg;x)= Vi (x)+ a (Xg;x%),
where by s(x) and Vi (%) we respectively denote the scalar and vector eld of the vortex solutions. W orking
in the W eyl/background gauge

Ap(xg;x)= 0 ; @ & (Xoix)+ 52(%) 8 (Xoix) s1(%) 9Xe;x)=0 ;

the classical energy up to O ( ?) order is:
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and
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T he general solutions of the linearized eld equations
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are the elgenfunction expansions
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whereA = 1;2;3;4 and by u™ (k), u (k) the non—zero eigenfiinctions of K and K ¢ are denoted respectively:
Ku®Pe)="®u® (x),K uE)= "° (&)u(x).Canonical quantization
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and the vortex Casin ir energy reads:
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Note that the ghost elds are static in this com bined W eylbackground gauge and their vacuum energy
is one-half w ith respect to the tim edependent case. O nly the Goldstone uctuations around the vortices

m ust be subtracted. T he zeropoint vacuum energy renomn alization provides an analogous formula to ()
for selfdual ( % = 1) vortices
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3.3 M ass renomm alization energy
A dding the counter-tem s
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to the Lagrangian, the divergences arisihg In the oneJloop H iggs, G odstone and vector boson selfenergy

graphs as well as the H iggs tadpole are exactly canceled. T hese term s add the follow ing contribution to the
one-loop vortex m ass shift:
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and, ormally, 4 My = 4M$ + 4M 5.



4 H Igh-tem perature one-loop vortex m ass shift form ula

A s In the kink case, from the high—tem perature expansion of the heat kemels
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the vortex generalized zeta fuinctions can be w ritten in the fomm :
Z
X xt s+n 1;11 1 1! «
k (s)= G ha K) + Tre d
B 4 (s) (s) 1
n=0A=1
#® Z
c s+n 1;1] 1 K ©
ke ()= & K + d Tre
B 4  (s) (s) 1
n=0
N eglecting the entire part and setting a large but nite Ny the vortex Casim ir energy is reqularized as
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w here the 21 zero m odes have been subtracted: the zero-point vacuum renom alization am ounts to throw ing
aw ay the contribution of the ¢ (K ) and ¢y (K G ) coe cients. Also, M 5 is regqularized In a sin flar way
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Thephysicallim its s = % for M 5 and s = % for M \f} are reqular points of the zeta functions (contrarily
to the kink case). But, as in the kink case, the contribution of the rst coe cient of the asym ptotic
expansion exactly kills the contridbution of the m ass renom alization countertem s. T he explanation of this
fact proceads along the sam e lines as in the kink case.
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and we nally obtain the high—tem perature one-loop vortex m ass shift form ula:
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N um erical integration of the Seeley densities allow s us to com pute the heat kemel coe cients. W e thus
nd, by setting Ny = 6, the follow Ing num erical results for one-Joop m ass shifts of superim posed vortices
with Jow m agnetic uxes:

MED = m 0 109427~ + o(~?) ; ME2=2n 7 108106~ + o(~?)
e e

ME3 - 3m — 106230~ + o(~?) ; MJf=dm — 104651~ + o(-P):
e e

5 Summ ary and outlook

W e have o ered a parallel exposition of the derivation of form ulae giving the sam iclassical m asses of
kinks and selfdual vortices starting from canonical quantization and proceeding through heat kemel ex—
pansions/generalized zeta functions m ethods. The treatm ent of this problem for these respectively one-
din ensional and two-din ensional solitons has thus been uni ed. It seam s com pelling to apply thism ethod
to com pute the sam iclassicalm ass of one or other form of C hem-Sin ons-H iggs vortices [13].
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