
ar
X

iv
:0

90
6.

12
58

v2
  [

he
p-

th
] 

 1
3 

A
ug

 2
00

9
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O ne-loop m ass shifts to the classicalm asses ofstable kinks arising in a m assive non-linear S
2
-

sigm am odelarecom puted.Ultravioletdivergencesarecontrolled usingtheheatkernel/zetafunction

regularization m ethod.A com parison between theresultsachieved from exactand high-tem perature

asym ptotic heattracesisanalyzed in depth.

PACS num bers: 11.15.K c;11.27+ d;11.10.G h

I. IN T R O D U C T IO N

In a sem inalpaper,O liveand W itten [1]linked extended supersym m etrictheoriesto BPS solitonsby showing that

the classicalm assofthese stable lum psagreed exactly with the centralcharge ofthe extended SUSY algebra. The

subsequentissue concerning BPS saturation atone-loop (ratherthan tree)levelhasproved to be extrem ely subtle,

prom pting a rem arkable am ountofwork overthe lasttwelve years. See,e.g.,[2]and Referencesquoted therein to

�nd an in-depth reporton thesedevelopm ents.

A new actor entered the stage when in [3]a Stony Brook/W ien group com puted the one-loop m ass shift ofthe

supersym m etric CP
1-kink in a N = (2;2) non-linear sigm a m odelwith twisted m ass. K inks ofseveraltypes in

m assive non-linearsigm a m odels were,however,discovered earlier,see [4],[5],[6],[7]. In Reference [8],three ofus

found severalfam iliesofnon-topologicalkinksin anothernon-linearsigm a m odel:wechoseS2 asthetargetspaceand

considered thecasewhen them assesofthepseudo-Nam bu-G oldstoneparticlesweredi�erent.TheO (2)-sym m etry of

theequal-m asscaseisexplicitly broken to Z2� Z2 and theSO (2)-fam iliesoftopologicalkinksoftheform ersystem are

deform ed tothefourfam iliesofnon-topologicalkinksarisingin thesecond system .Theboundary ofthem odulispace

ofnon-topologicalkinksin the lastm odelisform ed by a pairoftopologicalkinksofdi�erentenergy. The analysis

ofkink stability in them assivenon-linearS2-sigm a m odelperform ed in [9]allowed usto calculatetheone-loop m ass

shifts for the topologicalkinks by using the Cahill-Com tet-G lauber form ula [10]. These authors showed that the

one-loop m assshiftforstatic solitonscan be read from the eigenvaluesofthe bound statesofthe kink second-order


uctuation operatorand the threshold to the continuousspectrum when thisoperatorisa transparentSchr�odinger

operatorofthe P�osch-Tellertype.Thisisthe caseofthe topologicalkinksofthe m assivenon-linearS2-sigm a m odel

when a parallelfram e to the kink orbitsischosen to referto the 
uctuations.

Theaim ofthispaperisto o�eranotherrouteforcom puting theone-loop kink m assshiftin orderto unveilsom eof

theintricacieshidden in thissubtleproblem .W eshallfollow them ethod developed in References[12]and [13]based

on heat kernel/zeta function regularization ofultraviolet divergences. See also the lectures [14],where fulldetails

can be found. Because the spectrum ofsm allkink 
uctuationsin oursystem can be identi�ed analytically,we are

ableto givetheexactanswerforthe m assshifts.W eshallalso show,however,how to reach approxim ately thesam e

resultusing thecoe�cientsoftheheatkernelasym ptoticexpansion.Theinterestofthiscalculation isthata form ula

belonging to the classofform ulasshown in [17]willbe derived. The im portance ofthistype ofform ula liesin the

factthatitcan be applied to obtain the one-loop m assshifts oftopologicaldefects even when the spectrum ofthe

second-order
uctuation operatorisnotknown;forinstance,in thecaseoftwo-com ponenttopologicalkinks:see[12],

[13].Sim ilarform ulaswork even forAbelian gaugetheoriesin (2+ 1)-dim ensionsand thusthem assshiftsofself-dual

Nielsen-O lesen vorticesand sem i-localstringscan be calculated approxim ately,see[18],[19],and [20].

To end thisbriefIntroduction we sim ply m ention thatinteresting calculationshave recently appeared addressing

one-loop kink m asscorrectionsand kink m elting at�nite tem peraturesin the sine-G ordon,CP
1
,and ��4 m odelsin

a purely bosonicsetting,see[15].

The organization ofthe paperisasfollows: In Section x.II,we introduce the m odeland explain ourconventions.

In Section x.III,the perturbativesectoraswellasthe m assrenorm alization procedureare discussed.Section x.IV is

devoted to the analysisofthe stable topologicalkinksin thissystem . The second-orderkink 
uctuation operatoris

obtained,placing specialem phasison itsgeom etric properties. In Section x.V,the one-loop m assshiftiscom puted

usingtheheatkernel/zetafunction regularizationm ethod.Section x.VIo�ersacom parisonoftheexactresultobtained

in x.V with the approxim ation reached from the high-tem perature asym ptotic expansion. Finally,a sum m ary and

outlook areo�ered whereastwo Appendicescontaining som etechnicalm aterialareincluded.

http://es.arxiv.org/abs/0906.1258v2
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II. T H E (1+ 1)-D IM EN SIO N A L M A SSIV E N O N -LIN EA R S
2
-SIG M A M O D EL

The action governing the dynam icsofthe non-linearS2-sigm a m odeland the constrainton the scalar�eldsare:

S[�1;�2;�3]=

Z

dtdx

(
1

2
g
��

3X

a= 1

@�a

@x�

@�a

@x�

)

; �
2
1 + �

2
2 + �

2
3 = R

2
: (1)

Thescalar�eldsarethusm aps,�a(t;x)2 M aps(R1;1;S2),a = 1;2;3,from the(1+ 1)-dim ensionalM inkowskispace-

tim eto a S2-sphereofradiusR,which isthetargetm anifold ofthisnon-linearsigm a m odel.O urconventionsforR1;1

areasfollows:x� 2 R
1;1,� = 0;1 with x0 = t;x1 = x and g�� = diag(1;� 1).Then x� � x� = g��x�x� = t2 � x2 and

@

@x�

�
@

@x�

�

= g
�� @2

@x�@x�
= 2 =

@2

@t2
�

@2

@x2
:

Theinfrared asym ptoticsforbidsm asslessparticlesin (1+ 1)-dim ensionalscalar�eld theories,see[16].W etherefore

include the sim plestpotentialenergy density thatwould be generated by quantum 
uctuations[21]:

V (�1;�2;�3)=
1

2

�
�
2
1 �

2
1 + �

2
2 �

2
2 + �

2
3 �

2
3

�
:

1.Solving �3 in favorof�1 and �2, sg(�3)�3 =
p
R 2 � �21 � �22,we�nd:

S =
1

2

Z

dtdx

(
@�1

@x�
�
@�1

@x�
+
@�2

@x�
�
@�2

@x�
+
(�1@��1 + �2@��2)
p
R 2 � �21 � �22

�
(�1@

��1 + �2@
��2)

p
R 2 � �21 � �22

� VS2[�1;�2]

)

;

where

VS2(�1;�2)=
1

2

�
(�21 � �

2
3)�

2
1 + (�22 � �

2
3)�

2
2 + const:

�
’
�2

2
�
2
1(t;x)+


2

2
�
2
2(t;x) ;

with �2 = (�21 � �23), 

2 = (�22 � �23), �

2 � 
2. The m asses ofthe pseudo-Nam bu-G oldstone bosons are

respectively � and 
.

2.Interactions,however,com e from the geom etry:

(�1@��1 + �2@��2)
p
R 2 � �21 � �22

�
(�1@

��1 + �2@
��2)

p
R 2 � �21 � �22

’

’
1

R 2

�

1+
1

R 2
(�21 + �

2
2)+

1

R 4
(�21 + �2)

2 + � � �

�

�

�

�1
@�1

@x�
+ �2

@�2

@x�

� �

�1
@�1

@x�
+ �2

@�2

@x�

�

and 1

R 2 isa non-dim ensionalcoupling constant.

In the unit naturalsystem ,~ = c = 1,the dim ensions of�elds,m asses and coupling constants are respectively:

[�a]= 1 = [R],[
]= M = [�].W e de�ne non dim ensionalspace-tim ecoordinatesand m asses:

x
�

�!
x�

�
; �

2 =
�22 � �23

�21 � �23
=

2

�2
; 0< �

2
� 1

to write the action and the energy in term softhem :

S =
1

2

Z

dtdx

(
@�1

@x�
�
@�1

@x�
+
@�2

@x�
�
@�2

@x�
+
(�1@��1 + �2@��2)
p
R 2 � �21 � �22

�
(�1@

��1 + �2@
��2)

p
R 2 � �21 � �22

� �
2
1(t;x)� �

2
�
2
2(t;x)

)

(2)

E =
�

2

Z

dx

( �
@�1

@t

� 2

+

�
@�2

@t

� 2

+
(�1@t�1 + �2@t�2)

2

R 2 � �21 � �22
+

�
@�1

@x

� 2

+

�
@�2

@x

� 2

+
(�1@x�1 + �2@x�2)

2

R 2 � �21 � �22

+ �
2
1(t;x)+ �

2
� �

2
2(t;x)

	
:

Therearetwo hom ogeneousm inim a ofthe action orvacua ofourm odel:�V
�

1 = �V
�

2 = 0 ;�V
�

3 = � R,theNorth

and South Poles.Choiceofoneofthepolesto quantizethesystem spontaneously breakstheZ2 � Z2 � Z2 sym m etry

ofthe action (2),�a ! (� 1)�ab�b ; a;b = 1;2;3,to: Z2 � Z2 ; �� ! (� 1)�� � �� ;� ;� = 1;2. Therefore,the

con�guration spaceC =
�
M aps(R;S2)=E < + 1

	
istheunion offourdisconnected sectorsC = CN N

S
CSS

S
CN S

S
CSN

labeled by the vacua reached by each con�guration atthe two disconnected com ponentsofthe boundary ofthe real

line:x = � 1 .
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III. M A SS R EN O R M A LIZA T IO N

The �eld equations

2�1 + @�

"
�1

P 2

�= 1
��@

���

R 2 �
P 2

�= 1
����

#

+ �1

"P 2

�= 1
��@���

P 2

�= 1
��@

���

(R 2 �
P 2

�= 1
����)

3

2

+ 1

#

= 0

2�2 + @�

"
�2

P 2

�= 1
��@

���

R 2 �
P 2

�= 1
����

#

+ �2

"P 2

�= 1
��@���

P 2

�= 1
��@

���

(R 2 �
P 2

�= 1
����)

3

2

+ �
2

#

= 0

becom elinearforsm all
uctuations,G �(x
�)= �V

�

� + �G�(x
�),around the vacuum :

2�G1(t;x)+ �G1(t;x)= O (�G��G�) ; 2�G2(t;x)+ �
2
�G2(t;x)= O (�G��G�) : (3)

W e shallneed the Feynm an rules only for the four-valent vertices. Besides the two propagators for the (pseudo)

Nam bu-G oldstonebosonstherearethreeverticeswith fourexternallegs.Thederivativesappearingin theinteractions

inducedependenceon them om entain theweights.Thisalsoa�ectsthesign and thecom binatorialfactors.Naturally,

there are m any m ore vertices in this m odel,but we list only the vertices that contribute to the self-energy ofthe

Nam bu-G oldstonebosonsup to one-loop order.

Table I:Propagators

Particle Field Propagator Diagram

Nam bu-G oldstone G 1(x
�)

i

k2
0
� k2 � 1+ i"

k
Nam bu-G oldstone G 2(x

�
)

i

k2
0
� k2 � �2 + i"

k
Table II:Fourth-ordervertices

Vertex W eight Vertex W eight Vertex W eight

k l

p q

2i
k�p

�

R 2

k l

p q

2i
k�p

�

R 2

k l

p q

2i
k�p

�

R 2

A . P lane w aves and vacuum energy

The generalsolution ofthe linearized �eld equations(3)governing the sm all
uctuationsofthe Nam bu-G oldstone

�eldsis:

�G1(x0;x) =
1

2
�

r
1

l

X

k

1
p
2!1(k)

�
a1(k)e

� ik0x0+ ikx + a
�
1(k)e

ik0x0� ikx
	

�G2(x0;x) =
1

2
�

r
1

l

X

q

1
p
2!2(q)

�
a2(q)e

iq0x0� iqx + a
�
2(q)e

� iq0x0+ iqx
	

;
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wherek0 = !1(k)=
p
k2 + 1,q0 = !2(q)=

p
q2 + �2,and the dispersion relationsk20 � k2 � 1 = 0,q20 � q2 � �2 = 0

hold:

K 0

 

eikx

0

!

= !
2
1(k)

 

eikx

0

!

; K 0

 

0

eiqx

!

= !
2
2(q)

 

0

eiqx

!

K 0 =

 

K 011 0

0 K 022

!

=

 

� d
2

dx2
+ 1 0

0 � d
2

dx2
+ �2

!

:

W e have chosen a norm alization intervalofnon-dim ensional\length" l= �L,I = [� l

2
;l
2
],and we im pose PBC on

the plane wavesso that: k � l= 2�n1 ,q� l= 2�n2 with n1;n2 2 Z. Thus,K 0 actson L2 =
L 2

�= 1
L2
�(S

1),and its

spectraldensity atthe l! 1 lim itis:�K 0
(k)=

 
dn1

dk
0

0 dn2

dq

!

= l

2�

 

1 0

0 1

!

.

From the classicalfree (quadratic)Ham iltonian

H
(2) =

�

2

Z

dx

��
@�G1

@x0
�
@�G1

@x0
+
@�G1

@x
�
@�G1

@x

�

+

�
@�G2

@x0
�
@�G2

@x0
+
@�G2

@x
�
@�G2

@x

�

+ �G1 � �G1 + �
2
�G2 � �G2

	
=
X

k

2X

�= 1

�

2
[!�(k)(a

�
�(k)a�(k)+ a�(k)a

�
�(k))] ;

onepassesvia canonicalquantization to the quantum freeHam iltonian:

[̂a�(k);̂a
y

�
(q)]= ����kq ; Ĥ

(2)

0 =
X

k

�

�

!1(k)

�

â
y

1(k)̂a1(k)+
1

2

�

+ !2(k)

�

â
y

2(k)̂a2(k)+
1

2

��

:

The vacuum energy is:

â�(k)j0;V i= 0 ;8k;8� ; �E 0 = h0;V jĤ
(2)

0 j0;V i=
�

2

X

k

!1(k)+
�

2

X

k

!2(k)=
�

2
TrL 2K

1

2

0

B . O ne-loop m ass renorm alization counter-term s

There are four ultravioletdivergentgraphs in one-loop orderofthe ~-expansion contributing to the G 1(x
�) and

G 2(x
�)Nam bu-G oldstonebosonsself-energies:

� Self-energy ofG2

2i

R 2
� I(1)+

2i

R 2
� I(�2)=

p p

p+k

+

p p

p+k

=
2i

R 2
�

Z
d2k

(2�)2
�

i(p� + k�)p
�

(p� + k�)k
� � 1+ i"

+
2i

R 2
�

Z
d2k

(2�)2
�

i(p� + k�)p
�

(p� + k�)k
� � �2 + i"

=
2i

R 2
�

Z
d2k

(2�)2
�

i

k�k
� � 1+ i"

+
2i

R 2
�

Z
d2k

(2�)2
�

i

k�k
� � �2 + i"

;

� Self-energy ofG1

2i�2

R 2
� I(1)+

2i�2

R 2
� I(�2)=

p p

p+k

+

p p

p+k

=
2i�2

R 2
�

Z
dk

4�
�

1
p
k2 + 1

+
2i�2

R 2
�

Z
dk

4�
�

1
p
k2 + �2

;
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where we have com puted the k0 integrationsby using the residue theorem . W e only show this step explicitly

in the com putation ofthe self-energy of�G1 because itsu�cesto pointouthow to regularize these divergent

integrals by m eans ofspectralzeta functions. The regularization just m entioned willbe perform ed later in

Section x.V D.

The p�p
� factor becom es constant when the m om entum is put \on shell" in the externallegs, p�p

� = 1,

p�p
� = �2.Thisprocessgivesusthe m assrenorm alization counter-term s.The Lagrangian density ofcounter-

term s shown in Table III m ust be added to cancelthe above divergences exactly. W e also show the vertices

generated atone-loop level.

Table III:O ne-loop counter-term s

Diagram W eight

�
2i

R 2
(I(1)+ I(�

2
))

�
2i

R 2
(I(1)+ I(�

2
))

LC :T:= �
1

R 2
�
�
I(1)+ I(�2)

� �
�
2
1(x

�)+ �
2
�
2
2(x

�)
�

IV . ISO T H ER M A L C O O R D IN A T ES A N D T O P O LO G IC A L K IN K S

In this Section we shalluse the isotherm alcoordinates in the chartS2 � f(0;0;� R)g obtained via stereographic

projection from the South Pole:

�
1 =

�1

1+
�3

R

=
R�1

R + sg(�3)
p
R 2 � �21 � �22

; �
2 =

�2

1+
�3

R

=
R�2

R + sg(�3)
p
R 2 � �21 � �22

: (4)

The geom etricdata ofthe spherein thiscoordinatesystem are:

ds
2 =

4R 4

(R 2 + �1�1 + �2�2)2
; g11(�

1
;�

2)= g22(�
1
;�

2)=
4R 4

(R 2 + �1�1 + �2�2)2

�111(�
1
;�

2) = � �122(�
1
;�

2)= �212(�
1
;�

2)= �221(�
1
;�

2)=
� 2�1

R 2 + �1�1 + �2�2

�222(�
1
;�

2) = � �211(�
1
;�

2)= �112(�
1
;�

2)= �121(�
1
;�

2)=
� 2�2

R 2 + �1�1 + �2�2

R
1
122(�

1
;�

2) = � R
1
212(�

1
;�

2)= � R
2
121(�

1
;�

2)= R
2
211(�

1
;�

2)=
� 4R 4

(R 2 + �1�1 + �2�2)2
:

The kineticand potentialenergy densitiesread:

T(�1;�2)=
2R 4

(R 2 + �1�1 + �2�2)2
�
�
@t�

1
@t�

1 + @t�
2
@t�

2
�

V (�1;�2)=
2R 4

(R 2 + �1�1 + �2�2)2
�
�
@x�

1
@x�

1 + @x�
2
@x�

2 + �
1
�
1 + �

2
�
2
�
2
�

:

From the action S =
R
d2x [T � V ]one derivesthe �eld equations:

2�
i+ �ijk@��

j
@
�
�
k + �

i
1�

1 + �
2
�
i
2�

2
� 2(�i1�

1 + �
i
2�

2)
�1�1 + �2�2�2

R 2 + �1�1 + �2�2
= 0 ; (5)

which forstaticcon�gurationsreduceto:

�
d2�i

dx2
� �ijk

d�j

dx

�k

dx
+ �

i
1�

1 + �
2
�
i
2�

2
� 2(�i1�

1 + �
i
2�

2)
�1�1 + �2�2�2

R 2 + �1�1 + �2�2
= 0 : (6)
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A . TopologicalK kinks

W e try the �1 = 0 orbitin (6)and reducethisO DE system to the singleO DE:

d2�2

dx2
�

2�2

R 2 + �2�2

d�2

dx

d�2

dx
= �

2
�
2

�

1� 2
�2�2

R 2 + �2�2

�

: (7)

�
1
K (x)= 0 ; �

2
K (x)= � Re

� �(x� x0) ; (8)

aresolutionsof(7)of�nite energy:

E [K ]= �

Z 1

� 1

dx
R 2�2

cosh
2
(�(x � x0))

= 2�R2
� : (9)

In (8),x0 isan integration constantthatsetsthe kink center.The kink �eld com ponentsin the originalcoordinates

�
K
1 (x)= 0 ; �

K
2 (x)=

R

cosh[�(x � x0)]
; �

K
3 (x)= � R tanh[�(x � x0)]

areeitherkink-shaped,�K3 ,orbell-shaped,�
K
2 .Itisclearthatthefoursolutions(8)belong to thetopologicalsectors

CN S orCSN ofthe con�guration space.Lorentzinvariancetellsusthat

�
1
K (x)= 0 ; �

2
K (x)= � R exp[� �(

x � vt
p
1� v2

� x0)] (10)

aresolitary wavesolutionsofthe full�eld equations(5).

B . Second-order 
uctuation operator

Letusconsidersm allkink 
uctuations:

�(x)= �K (x)+ �(x) ; �(x)= (�1(x);�2(x)) :

Here,�K (x)= (�1K (x);�
2
K (x))isthe kink solution and �(x)= �1(x) @

@�1 + �2(x) @

@�2 2 �(TS2)arevector�eldsalong

thekink orbit-expressed in theorthonorm albasish @

@�i;
@

@�j i= �ij ofTS2 -giving thesm all
uctuationson thekink.

From the tangentvector�eld to the orbit�0K (x)=
d�

1

K

dx

@

@�1 +
d�

2

K

dx

@

@�2 ,the covariantderivative,and the curvature

tensor

r �0

K
�(x)=

�
�
0i(x)+ �ijk(�K )�

j(x)�0kK (x)
� @

@�i
; R(�0K ;�)�

0
K = �

0i
K (x)�

j(x)�0k(x)R l
ijk(�K )

@

@�l
;

weobtain the geodesicdeviation operator:

D 2�

dx2
(x)= r �0

K
r �0

K
�(x) ;

D 2�

dx2
(x)+ R(�0K ;�)�

0
K (x) :

W e also need the Hessian ofthe \m echanical" potentialU (�1;�2)= � V (�1;�2)

r �gradU (x)= �
i(x)

�
@2U

@�i@�j
(�K )� �kij(�K )

@U

@�k
(�K )

�

g
jl @

@�l

The second-order
uctuation operatoraround the kink �K is:

�(K )�(x)= �

�
D 2�

dx2
(x)+ R(�0K ;�)�

0
K + r �gradU (x)

�

: (11)
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C . Sm all
uctuations on K kinks

Application to the K kink �K (x)= (�1K (x)= 0;�2K (x)= R e� �x)gives:

�(K )� =

�

�

�
d2�1

dx2
+ 2�(1� tanh�x))

d�1

dx
�
�
1� 2�2 + 2�2tanh�x

�
�
1

�
@

@�1

�

�
d2�2

dx2
+ 2�(1� tanh�x))

d�2

dx
+ �

2 (1� 2tanh�x)�2
�

@

@�2

�

: (12)

Thesecond-order
uctuation operatorin theorthonorm alfram eisa second-orderdi�erentialoperatorthathas�rst-

orderderivativesboth in the direction ofthe kink orbit, @

@�2 ,and the orthogonaldirection to the orbit
@

@�1 .

Alternatively,wecan usea parallelfram e,�(x)= �1(x) @

@�1 + �2(x) @

@�2 ,along the K kink orbit:

d�i

dx
+ �ijk(�K )�

0j

K
�
k = 0 �

8
><

>:

d�
1

dx
+ �(1� tanh)�1(x)= 0 ) �1(x)= 1+ e� 2�x

d�
2

dx
+ �(1� tanh)�2(x)= 0 ) �2(x)= 1+ e� 2�x

:

In thisparallelfram ethevectorsofthebasis�i(x) @

@�i pointin thesam edirectionsas
@

@�i buttheirm odulivary along

the kink orbit:

h�
1(x)

@

@�1
;�

1(x)
@

@�1
i= h�

2(x)
@

@�2
;�

2(x)
@

@�2
i= (1+ e

� 2�x)2 :

W riting the 
uctuationsin thisfram e,�(x)= �1(x)�1(x) @

@�1 + �2(x)�2(x) @

@�2 ,we�nd:

�(K )� = �
1(x)

�

�
d2�1

dx2
+ (1�

2�2

cosh
2
�x

)�1
�

@

@�1
+ �

2(x)

�

�
d2�2

dx2
+ (�2 �

2�2

cosh
2
�x

)�2
�

@

@�2
: (13)

In theparallelfram ethesecond-order
uctuation operatorisa transparent(re
ection coe�cientequalto zero)P�osch-

TellerSchr�odingeroperatorboth in the paralleland orthogonaldirectionsto the kink orbit.

Thisanalysisisdeceptively sim ple:actingrespectivelyon �1(x)= (1+ e� 2�x)�1(x)and �2(x)= (1+ e� 2�x)�2(x)the

term swith �rst-orderderivativesin (12)disappearand (1+ e� 2�x)factorsout,leaving very wellknown Schr�odinger

operatorsacting respectively on �1(x) and �2(x). The key point is that the di�erentialoperatorsin (12) and (13)

sharethe eigenvaluesalthough theireigenfunctionsdi�erby the �i(x)factors.The spectralfunctionsassociated are

thusidenticaland itseem swise to use the bestknown form . W hatwe have shown here isthe geom etricalm eaning

ofthe �i(x)factors:they providea parallelfram ealong the kink orbit.

D . T he spectrum ofsm allkink 
uctuations

Changing from vectorto m atrix notation,

@

@�1
�!

 

1

0

!

;
@

@�2
�!

 

0

1

!

;

wenow usethedi�erentialoperatorsofform ula (13)to writethelinearized �eld equationssatis�ed by thesm allkink


uctuationsin the parallelfram e:

�
1(t;x)= �

1
K (x)+ �

1(x)�K1(t;x) ; �
2(t;x)= �

2
K (x)+ �

2(x)�K2(t;x)

@2�K1

@t2
+ K 11�K1 = 0 ;

@2�K2

@t2
+ K 22�K2 = 0 :

Therefore,the eigenfunctionsofthe di�erentialoperator

K =

 

K 11 0

0 K 22

!

=

 

� d
2

dx2
+ 1� 2�

2

cosh2 �x
0

0 � d
2

dx2
+ �2 � 2�

2

cosh2 �x

!

(14)

providethegeneralsolution ofthelinearized equationsvia theseparation ansatz:�K1(t;x)= g1(t)�
1(x),�K2(t;x)=

g2(t)�
2(x).Theeigenvaluesand eigenfunctionsofK areshown in the following Table:
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Eigenvalues Eigenfunctions Eigenvalues Eigenfunctions

"2
1� �2 = 1� �2

 

f1� �2(x)

0

!

=

 
1

cosh2�x

0

!

"20 = 0

 

0

f0(x)

!

=

 

0
1

cosh2�x

!

"21(q)= �2q2 + 1

 

f1q(x)= eiq�x(tanh�x � ik)

0

!

"22(k)= �2(k2 + 1)

 

0

f2k(x)= eik�x(tanh�x � ik)

!

The spectrum ofK 22 contains a bound state ofzero eigenvalue -the translationalm ode- and a branch ofthe

continuousspectrum ,with thethreshold at"22(0)= �2.SpecK 11 alsoisform ed by abound stateofpositiveeigenvalue

and a branch ofthe continuousspectrum starting at"21(0)= 1.Periodicboundary conditionsin the [� l

2
;l
2
]interval

require:

�q� l+ �1(q)= 2�n1 ; �k� l+ �2(k)= 2�n2 ; n1;n2 2 Z ;

such thatthe phaseshiftsand the induced spectraldensitiesare:

�1(q)= 2arctan
1

q
= �(q) ; �2(k)= 2arctan

1

k
= �(k)

�K 11
(q)=

1

2�

�

�l+
d�1

dq
(q)

�

; �K 22
(k)=

1

2�

�

�l+
d�2

dk
(k)

�

: (15)

In sum ,K also actsin theHilbertspaceL2 =
L 2

�= 1
L2
�(S

1),and itsspectraldensity in thelim itofvery largeradius

ofthe circleis:

�K (k)=

 
dn1

dk
0

0 dn2

dq

!

=
1

2�

�

�l+
d�

dk
(k)

�  

1 0

0 1

!

:

V . O N E-LO O P SH IFT T O T H E C LA SSIC A L K K IN K M A SSES IN T H E M A SSIV E N O N -LIN EA R

S
2
-SIG M A M O D EL

A . Zero-point kink energy

The generalsolution ofthe linearized �eld equationsgoverning the sm allkink 
uctuationsis:

�K1(x0;x) =
1

2
�

1
p
2
p
1� �2

�

A 1� �2e
i
p
1� �2x0 + A

�
1� �2e

� i
p
1� �2x0

�

f1� �2(x)

+
1

2
�

r
1

l

X

k

1
p
2"1(k)

n

A 1(k)e
� i"1(k)x0f

1
k(x)+ A

�
1(k)e

i"1(k)x0f
� 1
k (x)

o

�K2(x0;x) =
1

2
�

r
1

l

X

k

1
p
2"2(k)

n

A 2(k)e
� i"2(k)x0f

2
k(x)+ A

�
2(k)e

i"2(k)x0f
� 2
k (x)

o

:

Note thatthe zero m ode is notincluded because only contribute to quantum correctionsattwo-loop order. In the

orthogonalcom plem entto the kernelofK 22 in
L 2

�= 1
L2
�(S

1),the eigenfunctionsofthe K operatorsatisfying PBC

form a com plete orthonorm alsystem .Therefore,the classicalfreeHam iltonian

H
(2) = E +

Z l
2

� l
2

dx

(
�

2

2X

�= 1

�
@�K�

@x0
�
@�K�

@x0
+ �K� � K�� � �K�

�)

= E +
�

2

"
p
1� �2

�
A
�
1� �2A 1� �2 + A 1� �2A

�
1� �2

�
+
X

k

2X

�= 1

f"�(k)(A
�
�(k)A �(k)+ A �(k)A

�
�(k))g

#
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can bewritten in term softhenorm alm odesofthesystem in thequadraticapproxim ation.From thisexpression,one

passesvia canonicalquantization,[Â �(k);Â
y

�
(q)]= ����kq,[Â 1� �2;Â

y

1� �2]= 1,to the quantum freeHam iltonian:

Ĥ
(2) = E + �

p
1� �2

�

Â
y

1� �2 Â 1� �2 +
1

2

�

+ �
X

k

2X

�= 1

�

"�(k)

�

Â
y
�(k)Â �(k)+

1

2

��

:

The kink ground stateisa coherentstate annihilated by allthe destruction operators:

Â �(k)j0;K i= Â 1� �2j0;K i= 0 ;8k;8� ; �̂a(t;x)j0;K i= �
K
a (x)j0;K i :

The kink ground stateenergy is:

E + �E = h0;K jĤ
(2)
j0;K i= 2�R2

� +
�

2

p
1� �2 +

�

2

X

k

2X

�= 1

"�(k)= 2�R2
� +

�

2
Tr

2
L K

1

2 : (16)

B . Zeta function regularization and C asim ir kink energy

Both TrL 2K
1

2

0 and TrL 2K
1

2 are ultravioletdivergentquantities: one sum soveran in�nite num berofeigenvalues,

and a regularization/renorm alization procedurem ustbeim plem ented to m akesenseofthese form alexpressions.W e

renorm alizethe zero-pointkink energy by subtracting from itthevacuum energy to de�ne the kink Casim irenergy:

4 E
C = 4 E � 4 E 0 =

�

2

h

TrL 2K
1

2 � TrL 2K
1

2

0

i

:

The subtraction ofthese two divergentquantities is regularized by using the associated generalized zeta functions,

i.e.,wetem porarily assign to 4 E C the �nite value:

4 E
C (s)=

�

2

�
�2

�2

� s
�
TrL 2K

� s
� TrL 2K

� s
0

�
=
�

2

�
�2

�2

� s

[�K (s)� �K (s)]

ata regularpointofboth �K (s)and �K 0
(s).Here,

�K (s)=
X

SpecK

�
� s

; �K 0
(s)=

X

SpecK 0

�
� s
0 ; � 2 SpecK ; �0 2 SpecK 0 ; s2 C

arethespectralzeta functionsofK and K 0,which arem erom orphicfunctionsofthecom plex variables.An auxiliary

param eter� with dim ensions ofinverse length is used to keep the physicaldim ension rightand we shallgo to the

physicallim it�E C = lim s! � 1

2

�E C (s)atthe end ofthe process.

C . Partition and generalized zeta functions

Because analyticalinform ation aboutthe spectrum ofK isonly available atthe the lim itoflarge l(bound state

energies,phaseshiftsand spectraldensities)itisbetterto consider�rstthe partition orheatfunctions:

TrL 2 e
� �K 0 =

�l

2�

�Z 1

� 1

dke
� (�

2
k
2
+ 1)� +

Z 1

� 1

dke
� �

2
(k

2
+ 1)�

�

=
l

p
4��

(e� � + e
� �

2
�) ; � 2 R :

Note thathere we have replaced k and q de�ned in Section x3.1 by �k and �q fora bettercom parison between the

spectra ofK 0 and K .The PBC spectraldensity ofK 0 isthusobtained by replacing � by 
.The K -heatfunction is

also expressed in term sofintegralsoverthe continuousspectrum atthe l= 1 lim it,ratherthan in�nite sum s.The

integrals,however,m ustbe weighted with the PBC spectraldensities:

Tr
�
L 2 e

� �K = TrL 2 e
� �K 0 + e

� (1� �
2
)� +

1

2�

Z 1

� 1

dk
d�

dk

h

e
� (�

2
k
2
+ 1)� + e

� �
2
(k

2
+ 1)�

i

= TrL 2 e
� �K 0 + e

� (1� �
2
)�Erf(�

p
�)� Erfc(�

p
�) :
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The error and com plem entary error functions of� = �

kB T
,a �ctitious inverse tem perature,arise and the asterisk

m eansthatwehavenotincluded the zero m ode becausezero m odesdo notenterthe one-loop form ula (16).

The generalized zeta functionsareM ellin transform softhe heatfunctions:

�K 0
(s) =

1

�(s)

Z 1

0

d� �
s� 1 TrL 2 e

� �K 0 =
�l

2�

Z 1

� 1

dk

�
1

[�2k2 + 1]s
+

1

[�2k2 + �2]s

�

=
l

p
4�

�(s� 1

2
)

�(s)

�

1+
1

�2s� 1

�

�
�
K (s) =

1

�(s)

Z 1

0

d� �
s� 1 TrL 2 e

� �K = �K 0
(s)+

�(s+ 1

2
)

p
��(s)

�
2�

(1� �2)s+
1

2

2F1[
1

2
;s+ 1

2
;3
2
;� �

2

1� �2 ]�
1

s�2s

�

:

W e indeed �nd m erom orphicfunctionsofs with polesand residuesdeterm ined from the polesand residuesofEuler

�(s)and G ausshypergeom etric 2F1[a;b;c;z]functions[22].

In the APPENDIX Iweshow thatthe kink Casim irenergy in the physicallim its= � 1

2
isthe divergentquantity:

�E C = �
��

2�

�

lim
"! 0

2

"
+ 2ln

�2

�2
+ ln

16

�2(1� �2)
� 2+ 2F

(0;1;0;0)

1 [
1

2
;0;

3

2
;�

�2

1� �2
]

�

; (17)

where 2F
(0;1;0;0)

1 [1
2
;0;3

2
;� �

2

1� �2 ]is the derivative ofthe G auss hypergeom etric function with respect to the second

argum ent.

D . Zeta function regularization ofthe self-energy graphs and kink m ass renorm alization

Itrem ainsto takethe e�ectofm assrenorm alization into account.Thecontribution to the kink energy due to the

m assrenorm alization counter-term sis:

4 E
M R = � �

Z

dxLC :T:(�
K 1

1 ;�
K 1

2 )= �
�2

R 2
[I(1)+ I(�2)]

Z

dx�
K 1

2 (x)�
K 1

2 (x)= 2��[I(1)+ I(�2)] :

In the norm alization intervaloflength lthe integralsbecom e in�nite sum s

I(1)=
�

2

Z
dk

2�

1
p
�2k2 + 1

=
1

2l

1X

n= � 1

1

(�2n2 + 1)
1

2

; I(�2)=
�

2

Z
dk

2�

1
p
�2k2 + �2

=
1

2l

1X

n= � 1

1

(�2n2 + �2)
1

2

thatcan be regularized by using zeta functions:

I(1)= �
1

�L
lim

s! � 1

2

(
�2

�2
)s+ 1

�(s+ 1)

�(s)
�K 011

(s+ 1) ; I(�2)= �
1

�L
lim

s! � 1

2

(
�2

�2
)s+ 1

�(s+ 1)

�(s)
�K 022

(s+ 1) ;

such that[23]:

�E M R (s)= �
2��2

�
p
4�

(
�2

�2
)s+ 1

�(s+ 1

2
)

�(s)

�

1+
1

�2s+ 1

�

:

In the APPENDIX Iitisproved thatthe physicallim its= � 1

2
isalso a pole of�E M R (s):

�E M R =
��

2�

�

lim
"! 0

2

"
+ 2ln

�2

�2
+ 2(ln4� 2)� ln�2

�

: (18)

The divergentterm sin �E C (17)and �E M R (22),aswellasthe �-dependentterm s,canceleach otherexactly and

the one-loop K kink m assshiftis:

�E = �
��

2�

�

2+ 2F
(0;1;0;0)

1 [
1

2
;0;

3

2
;�

�2

1� �2
]� ln(1� �

2)

�

= �
��

�
[2�

p
1� �2

�
arccos

p
1� �2 ] : (19)

In form ula (19)we have also written the resultfound in ourderivation �a la Cahill-Com tet-G lauberofthe quantum

correction,see [9]. The heat kernel/zeta function result is � ��

�
f(�) whereas the CCH form ula leads to � ��

�
g(�),

where

f(�)= 1+
1

2
2F

(0;1;0;0)

1 [
1

2
;0;

3

2
;�

�2

1� �2
]�

1

2
ln(1� �

2) ; g(�)= 2�

p
1� �2

�
arccos

p
1� �2 :

Despite appearances,f(�) and g(�) are identicalfunctions of� 2 [0;1],as the M athem atica plots in the Figure 1

show.Thisisrem arkable:thereisno m ention abouttheanalyticidentity between thefunctionsf(�)and g(�)in the

am pleLiteratureon specialfunctions.Nevertheless,they traceidenticalcurvesasfunctionsof�.
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0.2 0.4 0.6 0.8 1.0
s

1.2

1.4

1.6

1.8

2.0

f

0.2 0.4 0.6 0.8 1.0
s

1.2

1.4

1.6

1.8

2.0

g

0.2 0.4 0.6 0.8 1.0
s

1.2

1.4

1.6

1.8

2.0

f,g

Figure 1:G raphics off(�)(left),g(�)(center),and f(�)and g(�)plotted together (right). In the Figure,� is labeled as s in

the abscissa axis.

V I. H IG H -T EM P ER A T U R E A SY M P T O T IC EX PA N SIO N

The exactheatorpartition function can be written in the form :

TrL 2e
� �K = tr

 
TrL 2

1
e� �K 11 0

0 TrL 2
2
e� �K 22

!

=

�
l

p
4��

+ e
�
2
�Erf[�

p
�]

�

tr

 

e� � 0

0 e� �
2
�

!

;

where \tr" m eanstrace in the m atrix sense. There isan alternative way ofcom puting thisquantity by m eansofa

high-tem perature asym ptotic expansion. Although we have the exactform ula in oursystem ,we shallalso perform

the approxim ate calculation,which isthe only one possible in othersystem sin orderto gain controlofthissecond

approach in thisfavorablecase.

In the APPENDIX IIitisshown how the coe�cientsofthe powerexpansion ofthe K -heattrace

Tre� �K =
1

p
4�

1X

n= 0

cn(K )�n�
1

2 tr

 

e� � 0

0 e� �
2
�

!

; (20)

theSeeleycoe�cientsc n(K ),areobtained through integration oftheSeeleydensitiesoverthewholeline.Thedensities

satisfy recurrence relations tantam ountto the heat kernelequation starting from a generalpotentialU (x). In our

problem wem ustsolvetherecurrencerelationsbetween thesedensitiesforthepotentialU (x)= � 2�
2

cosh2 �x
,essentially

the sam epotentialasforthe sine-G ordon kink,see[11].W e listthesecoe�cientsup to the twentieth orderin Table

IV:

n cn(K )=�
2n� 1

1 4:

2 2:66667

3 1:06667

4 0:304762

5 0:0677249

6 0:0123136

7 1:8944� 10� 3

n cn(K )=�
2n� 1

8 2:52587� 10
� 4

9 2:97161� 10� 5

10 3:12801� 10
� 6

11 2:97906� 10� 7

12 2:59049� 10
� 8

13 2:072239� 10
� 9

14 1:5351� 10� 10

n cn(K )=�
2n� 1

15 1:05869� 10
� 11

16 6:83027� 10
� 13

17 4:13956� 10
� 14

18 2:36546� 10
� 15

19 1:27863� 10� 16

20 6:55706� 10
� 18

Table IV:Seeley Coe� cients

W rite now the spectralzeta functionsin the form :

�K 0
(s) = �K 0

(s;b)+ B K 0
(s;b)

=
1

�(s)
�

l
p
4�

"

tr

Z b

0

d� �
s� 3

2

 

e� � 0

0 e� �
2
�

!

+ tr

Z 1

b

d� �
s� 3

2

 

e� � 0

0 e� �
2
�

! #

=
1

�(s)
�

l
p
4�

"

tr

 


[s� 1

2
;b] 0

0 �

�2s 
[s�
1

2
;�2b]

!

+ tr

 

�[s� 1

2
;b] 0

0 �

�2s �[s�
1

2
;�2b]

! #
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�K (s) = �K (s;b)+ B K (s;b)

=
1

�(s)
p
4�

1X

n= 0

cn(K )tr

Z b

0

d� �
s+ n� 3

2

 

e� � 0

0 e� �
2
�

!

+
1

�(s)

Z 1

b

d� �
s� 1 TrL 2 e

� �K

=
1

�(s)
p
4�

1X

n= 0

cn(K )tr

 


[s+ n � 1

2
;b] 0

0 �

�2(s+ n )
[s+ n � 1

2
;�2b]

!

+
1

�(s)

Z 1

b

d� �
s� 1 TrL 2 e

� �K
:

The incom plete EulerG am m a functions 
[z;a]are m erom orphic functions ofz whereasBK 0
(s;b)and B K (s;b)are

entire functions ofs. The splitting point ofthe M ellin transform is usually taken at b = 1. W e leave b as a free

param eterforreasonsto be explained later.

Neglecting the entireparts,the zero-pointenergy renorm alization

�K (s;b)� �K 0
(s;b)=

1

�(s)
p
4�

1X

n= 1

cn(K )tr

 


[s+ n � 1

2
;b] 0

0 �

�2(s+ n )
[s+ n � 1

2
;�2b]

!

getsrid ofthe c0(K )term .Thecontribution ofc1(K )

4 E
C
(1) =

1
p
�

lim
s! � 1

2

�
�2

�2

� s
�

�(s)
tr

 

�
[s+ 1

2
;b] 0

0 1

�2s 
[s+
1

2
;�2b]

!

isexactly canceled by the m assrenorm alization counter-term s:

4 E
M R = �

1

�
lim

s! � 1

2

�
�2

�2

� s+ 1
��2

��(s)
tr

 


[s+ 1

2
;b] 0

0 1

�2s+ 1 
[s+
1

2
;�2b]

!

:

W e m ustnow subtractthe contribution ofthe zero m ode:

�
�
K (s;b) = �K (s;b)�

1

�(s)
lim
"! 0

Z b

0

d� �
s� 1

e
� "�

= �K (s;b)�
1

�(s)
lim
"! 0

1

"s

[s;"b]= �K (s;b)�

bs

s�(s)

Finally,the high-tem peratureone-loop correction to the K kink energy is:

4 E (b)=
�

2
lim

s! � 1

2

�
�2

�2

� s
1

�(s)

 
1

p
4�

1X

n= 2

cn(K )tr

 


[s+ n � 1

2
;b] 0

0 �

�2(s+ n )
[s+ n � 1

2
;�2b]

!

�
bs

s

!

:

In practice,truncation ofthe seriesisalso necessary:

4 E (b;N 0)= �
�

4
p
�

"
2
p
b
+

1
p
4�

N 0X

n= 2

cn(K )tr

 


[n � 1;b] 0

0 �
2

�2n 
[n � 1;�2b]

! #

: (21)

Using form ula (21)to calculatethe one-loop kink m assshift,weadm itan errorof:

4 E � 4 E (b;N 0)= �
�

23�

 
N 0X

n= 2

cn(K )

�

�[n � 1;b]+
�[n � 1;�2b]

�2(n� 1)

�

+

1X

n= N 0+ 1

cn(K )�(n � 1)

�

1+
1

�2(n� 1)

�!

:

W e o�era Figurewhereform ula (21)hasbeen applied forN 0 = 20 and severalvaluesof�.Thevery good precision

ofthe asym ptotic form ula wasachieved by adapting the param eterb to the value of�. Forinstance,we have taken

b = 1000 for� = 0:1,b = 100 for� = 0:3,b = 50 for� = 0:5,b = 20 for� = 0:7,b = 10 for� = 0:9,and b = 10

for� = 1.Physically,thism eansthatthe lighterthe particle m ass(�2)is,the longerthe integration intervalin the

M ellin transform m ustbe taken to m inim ize the errorproduced by the neglected entire parts. In practice,we have

chosen b in each case atthe frontiernearthe point�0 2 (0;1 ],where the asym ptotic form ula ofthe K -heattrace

departsfrom itsexactvalue.
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Figure2:Pointsobtained using the asym ptotic expansions forseveralvaluesof� plotted on the exactcurve giving the one-loop

m ass shiftas a function of�.

V II. C O N C LU SIO N S A N D FU R T H ER C O M M EN T S

In sum ,wem ay draw the following conclusions:

1.W e have obtained the one-loop m ass shiftto the classicalm assofthe stable topologicalkink thatexistsin a

m assiveanisotropicnon-linearS2-sigm a m odel.

2.In theisotropiccase,� = 1,ourresultagreeswith theanswerprovided by otherauthors:theone-loop correction

istwice (in m odulus)the correction forthe sine-G ordon kink,see [3]and [15].

3.O urprocedure isbased on the heatkernel/zeta function regularization m ethod. The resultisidenticalto the

answerachieved by m eansofthe Cahill-Com tet-G lauberform ula.

This is a rem arkable fact: the CCH form ula takes into account only the bound state eigenvalues and the

thresholdsto the two branchesofthe continuousspectrum ofthe Schr�odingeroperatorsthatgovern the �eld

sm all
uctuations. It is essentially �nite. O ur com putation involves in�nite renorm alizations. The criterion

chosen to set�nite renorm alizations-no m odi�cation ofthe particlem assesatthe one-loop level,equivalentto

the vanishing tadpolecriterion in linearsigm a m odels-doesexactly the job.

4.W e have also derived a high-tem perature approxim ated form ula forthe m assshift,relying on the heatkernel

asym ptoticexpansion.W estressthatwehaveim proved a form erweaknessofourm ethod.Theapproxim ation

to the exactresultwaspoorforlightm asses-non-dim ensionalm ass< 1-in the m odelstudied in [9].W e have

achieved a very good approxim ation in thispapereven forlightparticlesby enlarging the integration interval

ofthe M ellin transform and considering an optim um num ber ofSeeley coe�cients. W e believe that this is a

generalprocedure,working also in m odelswherethe exactgeneralized zeta function isnotavailable.

Asa �nalcom m ent,welook forward to addressing thequantization procedurefor:(a)M ulti-solitonsand breather

m odes ofthis m odel. (b) Stable topologicalkinks that m ay arise in other m assive non-linear sigm a m odels with

di�erentpotentials,e.g.,quartic,and/ordi�erenttargetm anifolds,e.g.,S3.
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A P P EN D IX I:K ink C asim ir energy and m ass renorm alization near the pole

The Casim irkink energy is,seeSection x.V.C:

�E C = lim
s! � 1

2

�E C (s) = lim
s! � 1

2

�
�

2
p
�

�
�2

�2

� s
�(s+ 1

2
)

�(s)

�
2�

(1� �2)s+
1

2

2F1[
1

2
;s+ 1

2
;3
2
;� �

2

1� �2 ]�
1

s�2s

��

=
��

2
p
�
lim
"! 0

��
�2

�2

� "
�(")

�(� 1

2
+ ")

�
2

(1� �2)"
2F1[

1

2
;";3

2
; �

2

1� �2 ]�
1

(� 1

2
+ ")�2"

��

;
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buts = � 1

2
is a pole of�E C (s). To �nd the residue,we expand this function in the neighborhood ofthe pole by

using the following results

�
�2

�2

� "
�(")

�(� 1

2
+ ")

’ �
1

2
p
�

�
1

"
+ ln

�2

�2
+ ln4� 2

�

;
1

� 1

2
+ "

1

�2"
’ � 2� "(4� 2ln�2)

2

(1� �2)"
2F1[

1

2
;";3

2
; �

2

1� �2 ] ’ 2� 2"(ln(1� �
2)� 2F

(0;1;0;0)

1 [
1

2
;0;

3

2
;�

�2

1� �2
])

where 2F
(0;1;0;0)

1 [1
2
;0;3

2
;� �

2

1� �2 ]is the derivative ofthe G auss hypergeom etric function with respect to the second

argum entand wem ade useofthe factthat2F1[
1

2
;0;3

2
;� �

2

1� �2 ]= 1.

The physicallim its= � 1

2
isalso a poleof�E M R (s),see Section x.V.D:

�E M R = �
2��
p
4�

lim
"! 0

�
�2

�2

� "
�(")

�(� 1

2
+ ")

�
1

�2"
+ 1

�

=
��

2�
lim
"! 0

�

1+ "ln
�2

�2

� �
1

"
+  (1)

� �

1� " (�
1

2
)

�

(2� "ln�2)

=
��

2�

�

lim
"! 0

2

"
+ 2ln

�2

�2
+ 2(ln4� 2)� ln�2

�

: (22)

A P P EN D IX II:T he heat kernelexpansion

Considerthe K 0-and K -heatkernels:
�
@

@�
+ K 0

�

K K 0
(x;y;�)= 0 ; K K 0

(x;y;0)= �(x � y)

�
@

@�
+ K

�

K K (x;y;�)= 0 ; K K (x;y;0)= �(x � y) ; (23)

which providean alternativeway ofwriting the K 0-and K -heattraces:

TrL 2e
� �K 0 = lim

l! 1

Z l
2

� l
2

dxK K 0
(x;x;�) ; TrL 2e

� �K = lim
l! 1

Z l
2

� l
2

dxK K (x;x;�) :

Note that the form ofthe K -heatequation (23),

�
@

@�
+ K 0 � U (x)

�

K K (x;y;�) = 0,suggests a solution based on

the K 0-heatkernel:K K (x;y;� = CK (x;y;�)K K 0
(x;y;�). The density CK (x;y;�)satis�esthe in�nite tem perature

condition CK (x;y;0)= IN � N and the transferequation:

�
@

@�
+
x � y

�

@

@x
�

@2

@x2

�

CK (x;y;�)= U (x)CK (x;y;�) : (24)

Next we seek a power series solution,CK (x;y;�) =
P 1

n= 0
cn(x;y)�

n,of(24),which becom es tantam ount to the

recurrencerelations:

ncn(x;y)+ (x � y)
@cn

@x
(x;y)=

@2cn� 1

@x2
(x;y)+ U (x)cn� 1(x;y) : (25)

In fact,only the densitiesatcoincidentpointsx = y on the line are needed. W e introduce the notation (k)Cn(x)=

lim x! y
@
k
cn

@xk
(x;y)to write the recurrencerelationsforthe Seeley densities(and theirderivatives)in the abbreviated

form :

(k)
Cn(x)=

1

n + k

2

4(k+ 2)Cn� 1(x)�

kX

j= 0

�
k

j

�
@jU (x)

@xj
(k� j)

Cn� 1(x)

3

5 :

The (Seeley) coe�cients c n(K ) are the integrals over the in�nite line of the densities cn(x;x), i.e., cn(K ) =R1
� 1

dxcn(x;x).
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