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Twoknown 2-dim SUSY quantum m echanicalconstructions-thedirectgen-

eralization ofSUSY with �rst-order supercharges and Higher order SUSY

with second ordersupercharges-arecom bined fora classof2-dim quantum

m odels,which are notam enable to separation ofvariables.Theappropriate

classicallim itofquantum system sallows usto constructSUSY-extensions

oforiginalclassicalscalar Ham iltonians. Specialem phasisisplaced on the

sym m etry propertiesofthem odelsthusobtained -theexplicitexpressionsof

quantum sym m etry operatorsand ofclassicalintegralsofm otion are given

for all(scalar and m atrix) com ponents ofSUSY-extensions. Using G rass-

m anian variables,the sym m etry operatorsand classicalintegralsofm otion

are written in a unique form forthe whole Superham iltonian. The linksof

the approach to the classicalHam ilton-Jacobim ethod forrelated "ipped"

potentialsareestablished.

PACS num bers:03.65.-w,03.65.Fd,11.30.Pb

1. Introduction

Supersym m etric Quantum M echanics(SUSY QM )[1]isa new fram ework foranalyzing

non-relativistic quantum problem s. In particular,ithelpsto investigate the spectralprop-
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erties ofdi�erentquantum m odels aswellasto generate new system s with given spectral

characteristics(quantum design).

M uch less attention has been paid to SUSY QM as a toolto study individualhidden

sym m etries ofthe superpartner Ham iltonians. This problem is reasonable for considering

eitherone-dim ensionalquantum system swith internaldegreesoffreedom (with m atrix po-

tentials)orsystem sofhigherspatialdim ensionality. Only forthese classesofsystem sm ay

thesym m etry operators,which arein involution with theHam iltonian (and areindependent

ofit),exist. Thus,the quantum m odelsin one-dim ensionalSUSY QM with m atrix poten-

tialsand thehigher-dim ensional(in particular,two-dim ensional)m odelswith scalarand/or

m atrix potentialsareextrem ely attractive.

Regarding SUSY QM system swith m atrix potentials,wereferto papers[2].TheSUSY

QM system s with an arbitrary (d > 1)dim ensionality ofspaced were constructed and in-

vestigated in [4],[5]. Such m odels include both the scalar and m atrix com ponents ofthe

Superham iltonian. The latter are interesting either for a description ofinteracting non-

relativistic particleswith spin [6],[7],orfordeveloping supersym m etric quantum �eld the-

ory on a spatiallattice [8]. The appearance both ofscalar and m atrix Ham iltonians in a

unique Superham iltonian providesan opportunity to consider(starting from a given scalar

Schr�odingeroperator)SUSY extensionsthatcorrespond tothesystem swith internaldegrees

offreedom .Som eSUSY extensionsofthistypewereconsidered in [9](Calogero-likem odels

ofN particleson a line)and in [10](Coulom b potentialin d dim ensions).

Am ong m ultidim ensional SUSY QM m odels, those m ost developed are the two-

dim ensionalones.Nam ely,preciselyforthesesystem ssecond-ordersuperchargeswereusedto

build thehigher-orderdeform ation ofSUSY algebra [11],[12],[13].In thefram ework ofthis

HSUSY QM generalization ofconventionalW itten’ssuperalgebrae onecan avoid theappear-

anceofany m atrix com ponentsoftheSuperham iltonian,so thattwo scalartwo-dim ensional

Schr�odingeroperatorsareintertwined by second-ordersupercharges.Asaby-productofthis

construction,each oftheintertwined Ham iltoniansobeysthehidden sym m etry:thedi�eren-

tialoperatorsoffourth orderin derivativesexist,which arenotreducibletotheHam iltonian

and com m utewith theHam iltonian,[11],[12],[16],[13].In thetwo-dim ensionalcontextthis

dInstead ofdim ensionality ofthespaced can bealso interpreted asa num berofparticles,forexam plein

Calogero-likem odelsofinteracting N particleson a line [3].
eO ne-dim ensionalHSUSY Q M wasinvestigated in detailin [14],[15].
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m eansthecom pleteintegrability ofthesystem .

Anotherdirection in which to investigate SUSY QM m odelsinvolves theirconnections

with classicalcounterparts.Initially,thearbitrary-space-dim ensionality generalization [5]of

SUSY QM ,m entioned above,wasobtained by canonicalquantization ofa suitably chosen

m ulti-dim ensionalsystem ofClassicalM echanics.Then thequasi-classicallim itofsom esu-

persym m etricalquantum m odelsinvestigated a�orded new insightinto thepropertiesofthe

classicalm odelsobtained.In theone-dim ensionalcase,thislim itled to a new SW KB quan-

tization rule[17],which turned outto bem oreusefulthan thestandard W KB rule.In the

two-dim ensionalcase,thequasi-classicallim itprovided an alternative e�ective m ethod [18]

fortheconstruction ofintegrablesystem sin ClassicalM echanics,which essentially enlarges

the listofsuch m odels. The SUSY QM approach also providesnew interesting linkswith

thewell-known Ham ilton-Jacobiequation in ClassicalM echanics[19].

In thepresentpaperweshallcom bineboth known two-dim ensionalSUSY QM construc-

tions -the direct generalization ofSUSY with �rst-order supercharges and HSUSY with

second-ordersupercharges-in orderto investigate the sym m etry propertiesofthe m odels

obtained,both atquantum and classicallevel. The paperisorganized asfollows. In Sec-

tion 2,known resultsabouttwo-dim ensionalSUSY QM m odelsand theirconnectionswith

classicalm odels,necessary for the originalpart ofthe paper,are briey sum m arized. In

Section 3,theparticularcaseoftwo-dim ensionalm odelsforsecond-ordersuperchargeswith

interm ediatetwistsarestudied:theparticularm odelsofgeneralized M orseand P�oschl-Teller

potentialsare presented within thiscom m on fram ework. In Section 4,the integrability of

thesem odelsisextended onto theirm atrix -both quantum and classical-superpartners.In

Section 5,thelinkswith classicalHam ilton-Jacobiequation areconsidered.

2. T w o-dim ensionalSU SY Q uantum M echanics

2.1. T he representation of SU SY algebra w ith �rst-order super-

charges

In the two-dim ensionalcase ~x = (x1;x2),the direct (i.e. of�rst order in derivatives)
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generalization ofSUSY QM satis�es[4],[5]theconventionalW itten’s[20]SUSY algebra

fQ̂ +
;Q̂

� g = ~Ĥ ; fQ̂ +
;Q̂

+ g = fQ̂ �
;Q̂

� g= 0; [̂Q �
;Ĥ ]= 0: (1)

by the4�4 m atrix operators:

Ĥ =

0

B
B
@

H (0)(~x) 0 0

0 H
(1)

ik
(~x) 0

0 0 H (2)(~x)

1

C
C
A ; i;k = 1;2; Q̂

+ = (Q̂ � )y = ~
1=2

0

B
B
B
B
B
@

0 0 0 0

q
�
1 0 0 0

q
�
2 0 0 0

0 s
+
1 s

+
2 0

1

C
C
C
C
C
A

;

(2)

where two scalar Ham iltonians H (0);H (2) and one 2�2 m atrix Ham iltonian H
(1)

ik
of the

Schr�odingertypetakeon a quasi-factorized form :

H
(0) = q

+

l
q
�

l
= �~2@2l + V

(0)(~x)= �~2@2l +

�

@l�(~x)

�2
� ~@

2
l�(~x);@

2
l � @

2
1 + @

2
2;

H
(2) = s

+

l
s
�

l
= �~2@2l + V

(2)(~x)= �~2@2l +

�

@l�(~x)

�2
+ ~@

2
l�(~x); (3)

H
(1)

ik
= q

�

i q
+

k
+ s

�

i s
+

k
= �~2�ik@

2
l + �ik

��
@l�(~x)

�2
� ~@

2
l�(~x)

�

+ 2~@i@k�(~x);

thecom ponentsofthesuperchargesbeing of�rstorderin derivatives:

q
�

l � �~@l+ (@l�(~x)); s
�

l � �lkq
�

k ; (4)

where @i � @=@xi and sum m ation over repeated indices isassum ed. The Planck constant

was restored in form ulas (2) -(4),and the (norm alizable or unnorm alizable) zero-energy

wavefunctionsofthescalarHam iltoniansH (0);(2) arenow written asexp(��=~).

The quasi-factorization in (3)ensures thatthe lastequation in (1)holds,and leadsto

thefollowing intertwining relationsforthecom ponentsoftheSuperham iltonian (2):

H
(0)
q
+
i = q

+

k
H

(1)

ki
; H

(1)

ik
q
�

k
= q

�

i H
(0); H

(1)

ik
s
�

k
= s

�

i H
(2); H

(2)
s
+
i = s

+

k
H

(1)

ki
: (5)

These relationsplay them ain rolein theSUSY QM approach and,in particular,they lead

to theconnectionsbetween thespectrum ofthem atrix Ham iltonian and thespectra oftwo

scalarones.W erem ark thatH (0) and H (2) are notintertwined with each otherand are not

(in general)isospectralsinceq+
k
� s

�

k
� 0.
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2.2. Second-order supercharges

An alternativeopportunity to includetwo-dim ensionalscalarHam iltoniansin theSUSY

QM fram ework isbased on thesuperchargesofsecond orderin derivatives[11],[12],[13]:

Q
+ = (Q � )y = gik(~x)~

2
@i@k + Ci(~x)~@i+ B (~x) (6)

wheregik;Ci;B arearbitrary realfunctions.In thiscase,two scalarHam iltoniansH (0), eH (0)

areintertwined directly withoutany (m atrix)interm ediary:

eH
(0)(~x)Q + = Q

+
H

(0)(~x); H
(0)(~x)Q � = Q

� eH
(0)(~x): (7)

Although no m ethod to �nd the generalsolution ofthe intertwining relations(7)hasbeen

proposed,a certain num berofm odelsobeying theserelationshavebeen found forthecases

ofhyperbolic(Lorentz)and degeneratem etricgik:Oneveryim portantspeci�cpropertyofall

thesem odels,which followsfrom theintertwining relations(7),istheirintegrability.Indeed,

both Ham iltonianspossessthe sym m etry operatorsR (0);eR (0) offourth orderin derivatives

[11],[12]:

[R (0)
;H

(0)]= 0; [eR (0)
;eH

(0)]= 0; R
(0) = Q

�
Q
+ ; eR

(0) = Q
+
Q
�
; (8)

which arenot,in generalf,polynom ialsofH (0);eH (0).

ForthecaseofLorentz(hyperbolic)m etricgik = diag(1;�1)[11]-[18],theintertwining

relations(7)can berewritten in a reduced form :

@� (C� F)= �@+ (C+ F); (9)

wherex� = (x1 � x2)=
p
2;functionsC1;2 werefound to satisfy C� � C1 � C2 � C� (

p
2x� );

and F(~x)= F1(2x1)+ F2(2x2). Thus,the potentialsV
(0);(1) and the supercharges Q � are

expressed in term softhefunctionsC� (
p
2x� )and F1(2x1);F2(2x2):

V
(0)
;eV

(0) = �
1

2
~

�

C
0
+ (
p
2x+ )+ C

0
� (
p
2x� )

�

+
1

8

�

C
2
+ (
p
2x+ )+ C

2
� (
p
2x� )

�

+

+
1

4

�

F2(2x2)� F1(2x1)

�

; (10)

Q
+ = ~

2(@21 � @
2
2)+ C1~@1 + C2~@2 + B ; (11)

B =
1

4

�

C+ (
p
2x+ )C� (

p
2x� )+ F1(2x1)+ F2(2x2)

�

; (12)

fIthasbeen proved [12]thatonly forLaplacian (elliptic)m etric gik = �ik can the sym m etry operators

be reduced to second-orderoperators,and the corresponding Ham iltoniansH (0);eH (0) allow the separation

ofvariables.
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where the prim e denotesthe derivative offunction with respectto itsargum ent. A setof

particularsolutionsof(9)wasobtained in [12],[18],[21].

3. T w o-dim ensionalm odels w ith tw isted reducibility of

supercharges

In thepreviousSection itwasshown thattwo di�erentconstructionswith very di�erent

properties exist in two-dim ensionalSUSY QM .The �rst one (Subsection 2.1.) includes

two scalarHam iltoniansH (0);H (2) (only oneofthem hasnorm alizableg zero-energy ground

state wave function 	 0(~x)= exp(�
�(~x)

~

))and their2� 2 m atrix partnerH
(1)

ik
:The second

one(Subsection 2.2.) containsonly thescalarHam iltoniansH (0); eH (0) with no inform ation

abouttheirground-stateenergyinadvance,andbothH (0)and eH (0)apriori(byconstruction)

obeytheim portantpropertyofintegrabilitywith thesym m etryoperatorsR (0); eR (0)offourth

orderin derivatives(see(8)).Thenaturalidea isto unitealltheabovetem pting properties

by com bining these two constructions,i.e. by identifying the originalHam iltonian H (0) as

thesam ein both approaches.M oreprecisely:letH (0) oftheform (3)havethesuperpartners

H
(1)

ik
and H (2) in the �rst-orderschem e,and atthe sam e tim e the superpartner eH (0) in the

second-orderschem e.Itisknown [12]thatthesim plest,reducibleorquasi-factorizable,form

ofthesecond ordersuperchargesQ + = (Q � )y = q
+
i ~q

�
i ,which issuitablefortheconstruction

described,leads to the R�separation ofvariables,and therefore it is notconsidered here.

Allotherm odels(excluding thecaseofellipticm etricgik = �ik in Q
� )havebeen proved [12]

notto be am enable to separation ofvariables;they have nontrivialfourth-ordersym m etry

operators(8). The m ain idea to achieve the identi�cation ofH (0) in the two approachesis

to considera classofm odelswith second-ordersupercharges,which are quasi-factorizable,

butwith an interm ediate twisttransform ation (seealso [21]):

Q
� = (Q + )y = q

+
i Uik~q

�

k
; (13)

whereUik isa constantunitary m atrix,q
� werede�ned in (4),and

~q�
k
� �~@k + (@k~�(~x))

gForthe caseofsupersym m etry notbroken spontaneously.
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with som e new superpotential ~�:Such a generalization ofthe notion ofreducibility (we

shallcallittwisted reducibility)issom ehow rem iniscentofthe "gluing with shift" recipe in

one-dim ensionalscalar[14]and m atrix [2]HSUSY QM .Theintertwining relations(7)with

supercharges(13)and thegeneralexpression form atrix Uik :

U = �0�0 + i
�!
�
�!
� ; �

2
0 +

�!
�

2 = 1; �0;�i2 R ;

(�i arethePaulim atricesand �0 istheunitm atrix)give thesystem offourlinearand one

nonlinearequationsfortwo functions�� = 1

2
(� � ~�):

�3��� + 2�1@1@2�� = 0; �1��+ � 2�3@1@2�+ = 0; (14)

�2��+ � 2�0@1@2�� = 0; �0��� + 2�2@1@2�+ = 0; (15)

(@k�� )(@k�+ )= 0; (16)

where� � @21 � @
2
2.Precisely thelastequation (16)isobviously m ostdi�culttosolve.Both

the solutions oflinearpartialdi�erentialequations (14)-(15)and the form of(16)depend

crucially on thevaluesof�ichosen.Forthem ostsetsof�’s,including thegeneralcasewith

all�i 6= 0 aswellasalm ostalldegenerate caseswith som e �i vanishing,the corresponding

potentialsallow theseparation ofvariablesand areignored here.

Theonlyexception totheaboverule,and thereforethem ostinterestingquantum m odels,

correspondsto the caseh when �0 = �1 = �2 = 0; �3 6= 0,i.e. U = �3. Then,the m etric

ofsupercharges Q � ishyperbolic,i.e. Q � belong to the classdiscussed in Subsection 2.2.

Forthesem odels(dueto (14)-(15)only),thesuperchargesarerepresented in term soffour

arbitrary realfunctions�1;2,�� :

�� = �+ (x+ )+ �� (x� ); �+ = �1(x1)+ �2(x2); (17)

Hence,thelastequation (16)rewritten via � � �0takestheform ofthefunctionalequation:

�1(x1)[�+ (x+ )+ �� (x� )]+ �2(x2)[�+ (x+ )� �� (x� )]= 0: (18)

hThe system with �0 = �2 = �3 = 0; �1 6= 0, i.e. U = �1 leads to analogous results with the

substitution �� $ �� .
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It is reasonable to form ulate here the im portant speci�c property ofsolution (17). The

superpotential

�(~x)= �+ + �� = �1(x1)+ �2(x2)+ �+ (x+ )+ �� (x� ); (19)

leadsto an expression forthequantum potentialV (0)(~x)(seethe�rstofEq.(3)),which also

hasthe form ofthe sum :

V
(0)(~x)=

�

@l�(~x)

�2
� ~@

2
l�(~x)= v1(x1)+ v2(x2)+ v+ (x+ )+ v� (x� );; (20)

with v1;2 = �021;2� ~�
00
1;2,v� = �02� � ~�

00
� :Itm ay beseen thatboth term sin quantum potential

(20)separately have the form ofthe sum sasin (19).Therefore,atthe quasi-classicallim it

V
(0)

cl
(seeSections4and 5below),whereonly the�rstterm

�

@l�(~x)

�2
survives,thepotential

isalsorepresented in aform sim ilarto(20)butwith truncated v1;2;+ ;� .Both in thequantum

and classicalcontexts, form (20) seem s to be typicalfor a wide class ofintegrable two-

dim ensionalm odels,considered within very di�erentapproachesin the literature (see [22],

[18],as exam ples). This is why the following statem ent m ight be useful(at least,in the

classicalfram ework).Thus,ifthegeneralsolution forthesuperpotential�(~x)in relation

V
(0)

cl
(~x)=

�

@l�(~x)

�2
= v1(x1)+ v2(x2)+ v+ (x+ )+ v� (x� ) (21)

isoftheform of(19),precisely thefunctionalequation (18)m ustbeful�lled.Thisequation

ensuresthem utualcancellation ofcrossed term sin (21)and isthereforevery im portantfor

thisclassofm odel.Thegeneralsolution of(18)wasfound by D.Nishnianidzei (see[21]):

�
02
1;2 = a�

4
1;2 + b�

2
1;2 + c; x = �

Z
d�1

p
a�41 + b�21 + c

; a;b;c= const; (22)

and explicitexpressionsfor�� can beobtained from (18).Am ong thefunctionsthatsatisfy

conditions(22)thereexistsa setofsolutionsofEq.(18)possessing theperiodicity property.

Forexam ple,

�+ (x)= A
sn(axjk)cn(axjk)

dn(axjk)
; �� (x)= A

dn(axjk)

k2sn(axjk)cn(axjk)
; (23)

�1(x)= �2(x)= B dn(
p
2axjk);

whereA;B ;a arerealconstantsand sn(�jk),cn(�jk)and dn(�jk)areJacobiellipticfunctions

[23]with m odulus k. They are doubly periodic on the com plex plane ofargum ent x,but

iPrivatecom m unication.
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in the case k = 1 the realperiod becom es in�nite and the elliptic functions turn into the

hyperbolic functionssinh and cosh. Restricting ourselvesin (22)to non-periodic functions

on a whole plane (x1;x2)satisfying (22),which do nothappensin system swith separation

ofvariables, two fam ilies ofm odels exist (see [21]). One ofthem is represented by the

two-dim ensionalM orse potential,with �1 = �2 = B e� �x;�+ = 2A;�� = 2A coth(�x=
p
2):

V
(0) = (B 2e� 2�x1 + ~B �e� �x1)+ (B 2e� 2�x2 + ~B �e� �x2)

+2A(2A + ~
�
p
2
)

h

sinh(
�(x1� x2)

2
)

i� 2
+ 8A 2: (24)

and the second by the two-dim ensional P�oschl-Teller potential with �1 = ��2 =

A
�
sinh(

p
2�x)

�� 1
;�+ = �� = B tanh(�x):

V
(0) =

�

B 2 �
B (B + ~�)

cosh2 (
�
p

2
(x1+ x2))

�

+

�

B 2 �
B (B + ~�)

cosh2 (
�
p

2
(x1� x2))

�

+

+A

h
A � ~

p
2� cosh (

p
2�x1)

sinh2 (
p
2�x1)

+
A + ~

p
2� cosh(

p
2�x2)

sinh2 (
p
2�x2)

i

: (25)

Otherm em bersofthese fam iliescan beobtained by using two discrete sym m etriesofsolu-

tionsofEq.(18):

S1 :

�

�1(x1);�2(x2);�+ (x+ );�� (x� )

�

�!

�

�+ (x1);�� (x2);�1(x+ );�2(x� )

�

;

S2 :

�

�1(x1);�2(x2);�+ (x+ );�� (x� )

�

�!

�

�1(x1);��2(x2);�
� 1
+ (x+ );�

� 1
� (x� )

�

(26)

and di�erentcom binationsthereof.

4. Supersym m etric extensions of scalar H am iltonians

and their integrability

In thepreviousSection wepresented theexplicitform s(24),(25)oftheterm sin Eq.(20)

fora certain classofquantum integrable Ham iltonians.In thisSection we shallbuild their

classicaland quantum SUSY extensions and we shallalso dem onstrate their integrability

properties.

4.1. T he classicallim it for H (0)

First,we shallconsiderforH (0) itsclassicallim itH
(0)

cl ;forwhich theintegralofm otion

R cl exists:fH
(0)

cl
;R

(0)

cl
gP = 0 (f�;�gP denotesstandard Poisson brackets). Thiscan bedone
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by the sim ple lim itprocedure ~ ! 0 in Eq.(3). The practicalrecipe isasfollows. One has

to replace alloperators �i~@i by m om enta pi and skip allderivatives offunctions,which

include~ asa m ultiplier.Onethusobtainsj:

H
(0)

cl
= pjpj + �

2
1 + �

2
2 + �

2
+ + �

2
� ;

Q
�

cl
= p

2
1 � p

2
2 � i

p
2(�+ + �� )p1 � i

p
2(�+ � �� )p2 + �

2
1 � �

2
2 � 2�+ �� :

The integralofm otion has the form R
(0)

cl
= Q

+

cl
Q
�

cl
:Its involution with the Ham iltonian

can bechecked eitherby directcalculation orby a sim plertwo-step procedure,proposed in

generalform in [24]. Itisinstructive to perform itin the contextofthe m odelsconsidered

here.First,onehasto provetheinterm ediaterelations:

fH
(0)

cl
;Q

�

cl
gP = �2i(�0+ + �

0
� )Q

�

cl
: (27)

From thede�nition ofPoisson brackets

fH
(0)

cl
;Q

�

cl
gP = �2i(�0+ + �

0
� )(p

2
1 � p

2
2 � i

p
2(�+ + �� )p1 � i

p
2(�+ � �� )p2 � 2�+ �� )�

� 2i
p
2(�+ (�1�

0
1 � �2�

0
2)+ �� (�1�

0
1 + �2�

0
2)): (28)

Thelastterm can betransform ed with theuseofthefunctionalequation (18):

�+ (�1�
0
1 � �2�

0
2)+ �� (�1�

0
1 + �2�

0
2)=

1
p
2
�+ @�

�
�
2
1 + �

2
2

�
+

1
p
2
�� @+

�
�
2
1 + �

2
2

�
=

=
1
p
2

�
@� (�+ (�1 + �2)

2)+ @+ (�� (�1 � �2)
2)� 2�+ @� (�1�2)+ 2�� @+ (�1�2)

�
=

=
1
p
2

�
�@� (�� (�

2
1 � �

2
2))� @+ (�+ (�

2
1 � �

2
2))� 2�+ @� (�1�2)+ 2�� @+ (�1�2)

�
=

= �
1
p
2
(�0+ + �

0
� )(�

2
1 � �

2
2):

Substituting thisinto (28),we prove (27). Then,(27)leadsto the involution ofR
(0)

cl
with

H
(0)

cl
:

fH
(0)

cl
;Q

+

cl
Q
�

cl
gP = fH

(0)

cl
;Q

+

cl
gP Q

�

cl
+ Q

+

cl
fH

(0)

cl
;Q

�

cl
gP = 0:

Itiseasy to check thatthesam eclassicallim itprocedureforthesecond scalarHam iltonian

H (2) and forthe com ponentsofthe m atrix H
(1)

ik
in (3)leadsto the sim ple results: H

(2)

cl
=

jHere and below we willom it the argum ents of�1;2 and �� ,which im plies that �1;2 � �1;2(x1;2) and

�� � �� (x� ):
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H
(0)

cl
and H

(1)

ik;cl
= �ikH

(0)

cl
:Naturally,the corresponding integrals ofm otion coincide too:

R
(2)

cl
= R

(0)

cl
and R

(1)

ik;cl
= �ikR

(0)

cl
:In thenextSubsection we shallconstructanotherclassical

lim itofĤ thatwillalso includeGrassm anian dynam icalvariablesin addition to pj and xj;

and thiscan beinterpreted asa SUSY-extension ofH
(0)

cl
.

4.2. T he SU SY extension ofclassicalscalar H am iltonians

Itis well-known [5],[8]thatthe 2D representation ofSUSY algebra,reviewed in Sec-

tion 2,can be obtained by the canonicalquantization from the classicalsystem with the

Ham iltonian:

H cl= plpl+ (@l�(~x))(@l�(~x))+ 2i@i@l�(~x) 
1
i 

2
l; (29)

where  1
i and  2

j are Grassm anian anticom m uting variables: f �
i; 

�

jg = 0 (i;j = 1;:::;d;

�;� = 1;2). One can de�ne the Poisson bracket on the phase space ofthe system with

classicalbosonicand ferm ionicvariables[25]asfollows:

fF;GgP =
@F

@pj

@G

@xj
�
@F

@xj

@G

@pj
+ iF

 �
@

@ �
i

�!
@

@ �
i

G;

such thatthecanonicalbracketsarefpi;xjgP = �ij;f 
�
i; 

�

jgP = i�ij:Thus,theHam iltonian

isinvolved in theSUSY algebra:

fQ �;Q �gP = i���H cl; fH cl;Q �gP = 0

with classicalsupercharges

Q 1 = pj 
1
j � (@j�) 

2
j; Q 2 = pj 

2
j + (@j�) 

1
j:

To quantizethism odel,onehasto introducethebosonicoperatorsp̂i and x̂j with canonical

com m utation relations,and ferm ionic ones  ̂�
j obeying f ̂�

i; ̂
�

jg = ~�ij�
��. Atthisstage,

itisconvenientto introduce theferm ionic operators  ̂�

j = (
p
2)� 1( ̂1

j � i ̂2
j)with anticom -

m utation relationsf ̂+
i ; ̂

�

j g = ~�ij and f ̂
�

i ; ̂
�

j g = f ̂
+
i ; ̂

+
j g = 0. These can be treated

ascreation/annihilation operatorsin thesystem ofd spin 1=2 ferm ions.Thus,thequantum

counterpart ofthe Ham iltonian (29)-the Superham iltonian -in term s ofthese operators

takestheform :

Ĥ = �~2@j@j + [(@j�)(@j�)� ~(@j@j�)]+ 2(@i@j�) ̂
+
i  ̂

�

j : (30)
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Together with the quantum supercharges Q̂ � = �i(
p
2)� 1(Q̂ 1 � iQ̂ 2)= (� îpj + (@j�)) ̂

�
j

this generates the algebra (1). To reproduce the m atrix form (2)-(3) one should choose

the m atrix representation forthe creation and annihilation operators  ̂�
j . Ford = 2,these

operatorsare4� 4 m atrices,and a possible choiceisasfollows[5]:  ̂+
1 = ~

1=2(E 2;1 � E 4;3),

 ̂
+
2 = ~

1=2(E 3;1+ E 4;2)and  ̂
�
j = ( ̂+

j )
y (herem atricesE m ;n arede�ned as(E m ;n)ik � �m i�nj).

Thus,wehaveobtained am atrixrealization oftwo-dim ensionalSUSY QM (1)-(3)bym eans

ofthecanonicalquantization ofa certain classicalm odel(29).

One can see thatin thisrepresentation Ĥ hasa block-diagonalstructure.The origin of

thisfeatureofthem odelistheconservation oftheferm ion num ber[Ĥ ;N̂ ]= 0,with ferm ion

num beroperator N̂ =  ̂
+
j  ̂

�

j .Therefore,each com ponentoftheSuperham iltonian actsin a

spaceofstateswith a �xed ferm ion num ber.

In ourcased = 2,thisstructureisrathersim ple.Letusde�nea basisin thestatespace:

the vacuum j00>,which isannihilated by  ̂�

i ,and the excited statesj10>= ~
� 1=2 ̂

+
1 j00>;

j01>= ~
� 1=2 ̂

+
2 j00>;j11>= ~

� 1 ̂
+
2  ̂

+
1 j00> (the ~-dependentm ultipliersprovide the proper

norm alization ofthe state vectors: < m njm n>= 1,8m ;n = 0;1). Thus H (0) acts in one-

dim ensionalspace with a ferm ion num ber of0 and a single basis elem ent j00>;for H (2),

the ferm ion num ber is 2 and the basis elem ent is j11>. The Ham iltonian H
(1)

ik
acts in

two-dim ensionalstatespacefj01>;j10>g;wheretheferm ion num beris1.

Theconclusion tobedrawn from thisderivation isasfollows.Havingtheclassicalsystem

with H
(0)

cl
= pjpj+ (@j�)(@j�),onecan constructitsSUSY extension oftheform (29).This

classicalSUSY extension can be quantized canonically to obtain the quantum Superham il-

tonian (30),the originalH
(0)

cl
being the classicallim itofH (0) -the �rstscalarcom ponent

ofthe quantum Superham iltonian. In ourcase,H
(0)

cl was integrable (see previous Subsec-

tion),and weshallexplicitly �nd theintegralofm otion R clforitsquantum SUSY-extension

(Superham iltonian).An analogousproblem wasinvestigated by alternativem ethodsin [26],

butfora m uch m orenarrow classofm odels(am enableto separation ofvariables).

4.3. Integrals of m otion for the quantum and classicalSU SY ex-

tensions

W estartfrom construction ofthequantum integralofm otion R̂ fortheSuperham iltonian

(30):[Ĥ ;R̂]= 0;i.e. ofconserved operatorsR (i) foreach com ponentofthe Superham ilto-
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nian:

[H (0)
;R

(0)]= 0; [H (2)
;R

(2)]= 0; (31)

[H (1)
;R

(1)]= 0; (32)

(note thatthe lastcom m utatoristhe m atrix one). The explicitexpression forR (0) can be

obtained from (8)and (13):

R
(0) = q

+
i Uik~q

�

k
~q+m Um lq

�

l
: (33)

One can obtain R (2) from R (0) by the substitutionsq�j ! �q�j and ~q�j ! � ~q�j (since H (0)

turnsto H (2) afterthesubstitution �(~x)! ��(~x)):

R
(2) = q

�

i Uik~q
+

k
~q�m Um lq

+

l
: (34)

W ithrespecttoR (1),theform ofintertwiningrelations(5)tellsushow tobuildthissym m etry

operator explicitly. One can check that the following m atrix operator of sixth order in

derivatives

R
(1)

ik
= q

�
i R

(0)
q
+

k
; (35)

satis�esEq.(32).

Itisclearfrom them aterialofthepreviousSubsection thatknowledgeofR (i);(i= 0;1;2)

providesasym m etry operatorR̂ forthewholeblock-diagonalSuperham iltonian Ĥ :In order

to constructan all-sectorexpression for R̂ :

R̂ = R
(0)
P
(0)+ R

(2)
P
(2)+ R

(1)

ik
P
(1)

ik
; (36)

we introduce the corresponding projection operatorsP (i) (i= 0;1;2)onto subspaces with

de�nite ferm ion num bers. The scalar projectors P (0) and P (2) give unity when acting on

j00> and j11>;respectively,and give zero otherwise. The com ponentsP
(1)

ik
(i;k = 1;2)of

the2� 2 m atrix projectoroperatorsP (1) transform thek�th com ponentofthestatevector

into itsi�th com ponentk and are zero on othercom ponents ofthe state vector. One can

check directly thatan explicitform oftheseoperatorsP leadsto:

R̂ = �R (0)
~
� 2
 ̂
�
1  ̂

�
2  ̂

+
1  ̂

+
2 � R

(2)
~
� 2
 ̂
+
1  ̂

+
2  ̂

�
1  ̂

�
2 � R

(1)

11 ~
� 2
 ̂
+
1  ̂

�
2  ̂

�
1  ̂

+
2 �

�R
(1)

22 ~
� 2
 ̂
�
1  ̂

+
2  ̂

+
1  ̂

�
2 + R

(1)

12 ~
� 1
 ̂
+
1  ̂

�
2 + R

(1)

21 ~
� 1
 ̂
+
2  ̂

�
1 ; (37)

kBy de�nition,"the�rstcom ponent" isj10> ;and "the second com ponent" isj01> .
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where R (i) are given by (33) -(35). Naturally,(37) can be sim pli�ed by em ploying anti-

com m utation relationsfor  ̂�

i .Oneshould notbeconfused by thepresence ofthenegative

powersofthePlanck constantin Eq.(37)sincethey disappearin allm atrix elem entsfor R̂.

Let us prove straightforwardly thatthe R̂ constructed com m utes with Ĥ . The Super-

ham iltonian can bepresented sim ilarly to (36):

Ĥ = H
(0)
P
(0)+ H

(2)
P
(2)+ H

(1)

ik
P
(1)

ik
;

where H (i) are given by Eqs.(3). By de�nition [P (0);P (2)]= [P
(1)

ik
;P (2)]= [P

(1)

ik
;P (0)]= 0,

and therefore,dueto (31),wehave:

[Ĥ ;R̂]= [H
(1)

ij P
(1)

ij ;R
(1)

kl
P
(1)

kl
]:

Em ploying the explicitform (37)ofP (i) and Eq.(32)),one can see thatthe com m utatorin

therhsvanishes,com pleting ourproof.

From expression (37),itsclassicallim itR cl can be constructed by m eansofthe substi-

tution ~� 1=2 ̂�
j !  �

j forferm ionic operators.Finally,the totalclassicalintegralofm otion

reads:

R cl = R
(0)

cl
+
i

2
(R

(1)

11cl
� R

(1)

22cl
)( 1

1 
2
1 �  

1
2 

2
2)+

1

2
(R

(1)

21cl
� R

(1)

12cl
)( 1

1 
1
2 +  

2
1 

2
2)+

+
i

2
(R

(1)

12cl+ R
(1)

21cl)( 
2
1 

1
2 +  

1
1 

2
2)+ (R

(1)

11cl+ R
(1)

22cl� 2R
(0)

cl ) 
1
1 

2
1 

1
2 

2
2; (38)

whereitscom ponentsare:

R
(0)

cl
= R

(2)

cl
=
�
p
2
1 � p

2
2 + �

2
1 � �

2
2 � 2�+ ��

�2
+ 2((�+ + �� )p1 � (�+ � �� )p2)

2
;

R
(1)

11cl
=

�

p
2
1 + �

2
1 +

1

2
(�2+ + �

2
� )+ 2

p
2�+ ��

�

R
(0)

cl
;

R
(1)

22cl
=

�

p
2
2 + �

2
2 +

1

2
(�2+ � �

2
� )� 2

p
2�+ ��

�

R
(0)

cl
; (39)

R
(1)

12cl
=

�

ip1 + �1 +
1
p
2
(�+ + �� )

� �

�ip2 + �2 +
1
p
2
(�+ � �� )

�

R
(0)

cl
;

R
(1)

21cl
=

�

ip2 + �2 +
1
p
2
(�+ � �� )

� �

�ip1 + �1 +
1
p
2
(�+ + �� )

�

R
(0)

cl
:
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5. T he ipped potentials and the classical H am ilton-

Jacobiequation

In thisSection weshallestablish linksbetween theHam ilton-JacobiequationsofClassical

M echanicsand theequation forthesuperpotential.Starting from Eq.(21),onecan seethat

thecondition fortheclassicalHam iltonian

H cl= p
2
l + V (~x)

to besupersym m etric with superpotential�(~x)takestheform :

V (~x)=
@�(~x)

@xl

@�(~x)

@xl
: (40)

On theotherhand,fortheHam iltonian hcl= p2l+ U(~x)with potentialU(~x)and theclassical

action functionalS,thewellknown Ham ilton-Jacobiequation [27]reads:

@S

@t
+ hcl(

@S

@x1
;
@S

@x2
;� � �

@S

@xd
;x1;x2;� � � ;xd)= 0: (41)

There being no explicit dependence on tim e in hcl,one looksforits solutions ofthe form

S(t;x1;x2;� � � ;xd) = W (x1;x2;� � � ;xd)� E t,and the tim e-independent Ham ilton-Jacobi

equation becom es:

E = (@lW )2 + U(~x); (42)

whereW (x1;x2;� � � ;xd)isusually referred to astheHam ilton characteristicfunction.Solu-

tionsof(42)in thecaseE = 0 areobviously connected with thoseof(40):

�(~x)= �iW (~x): (43)

Eq.(42),with zero energy,can alternatively be thoughtofasa condition forthe "ipped"

classicalpotentialV = �U to besupersym m etric,i.e.V should satisfy (40),with � and W

related by (43).Thus,we�nd

W (x1;x2)= �i[�1(x1)+ �2(x2)+ �+ (x+ )+ �� (x� )]

asthe Ham ilton characteristic function ofthe system . The system ofequationsofm otion

forE = 0

_x1 =
@W

@x1
= �i

�

�1 +
1
p
2
�+ +

1
p
2
��

�

_x2 =
@W

@x2
= �i

�

�2 +
1
p
2
�+ �

1
p
2
��

�

(44)
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isnotam enable to separation ofvariablesand in generalhas(non-physical)com plex solu-

tions. One m ay see that system (44) becom es real,and bona �de solutions exist for the

speci�c com plexi�cation oftheP�oschl-Tellerm odel(25):nam ely,with purely im aginary �.

In contrast to the com plexi�cation oftwo-dim ensionalM orse potentialin [28],this one is

PT-invariant.

Analogous classicalsystem s with "ipped" potentials were investigated in [26]for the

caseofd = 2integrablem odelsoftheLiouvilletype.Forthesesystem stheHam ilton-Jacobi

equationswere separable in elliptic,polar,parabolicand Cartesian coordinates.The struc-

tureofrelated supersym m etricm odels(also with separation ofvariables)in the quantum

dom ain hasbeen investigated in [19]viacanonicalquantization.In particular,itwasshown

thattherearetwo essentially di�erentsupersym m etricextensions(twodi�erentsuperpoten-

tials)foragiven separableclassicalsolution oftheHam ilton-Jacobiequation.In thepresent

paperourstrategy isjustthe opposite. Nam ely,starting from scalarquantum d = 2 sys-

tem s which do not allow for separation ofvariables,but do have non-trivialsym m etry

operators,we construct theirquantum SUSY-extension. Then,we describe corresponding

classicalSUSY-extended system s and their integrals ofm otion. Finally,the link between

this kind ofclassicalsystem and the Ham ilton-Jacobiapproach for related system s with

"ipped" potentialprovidestheintegrability ofthese "ipped" system stoo.The necessary

explicit expressions forintegrals ofm otion can be obtained from (38),(39)by the substi-

tution � ! �i�,which is equivalent to (43). Itshould be rem arked that(analogously to

[19])besidesan arbitrary com m on sign in (43)thereistheadditionalnon-uniquenessofthe

superpotentialforthisclassofm odel. Indeed,equation (40)hastwo independentsolutions

for �xed originalclassicalpotential: �(~x) and ~�(~x):To prove this statem ent,one has to

check that(@l�)
2 = (@l~�)

2 for� = �1 + �2 + �+ + �� and ~� = �1 + �2 � �+ � �� (see(17))

dueto thenonlinearequation (16).
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