HIGH-ORDER AFEM FOR THE LAPLACE-BELTRAMI OPERATOR:
CONVERGENCE RATES
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Abstract. We present a new AFEM for the Laplace-Beltrami operator with arbitrary polyno-
mial degree on parametric surfaces, which are globally WL and piecewise in a suitable Besov class
embedded in C1* with a € (0,1]. The idea is to have the surface sufficiently well resolved in Wi
relative to the current resolution of the PDE in H!. This gives rise to a conditional contraction
property of the PDE module. We present a suitable approximation class and discuss its relation to
Besov regularity of the surface, solution, and forcing. We prove optimal convergence rates for AFEM
which are dictated by the worst decay rate of the surface error in W1 and PDE error in H'.

1. Introduction. Let v be a d dimensional surface in R4t (d > 1) either with
or without boundary, which is globally Lipschitz and piecewise in a suitable Besov
class embedded in C1* with o € (0, 1]. We design and study a quasi-optimal adaptive
finite element method (AFEM) to approximate the solution of

—-Ayu=f on 7, (1.1)

where f € La(7y) and —A, is the Laplace-Beltrami operator (or surface Laplacian) on
~. In addition, we impose that w = 0 on Jv or require that f7 u=0if 9y = 0 (with
fﬂ{ f =0 for compatibility). To represent A, one needs to describe v mathematically
using, for example, parametric representations on charts, level sets, distance functions,
graphs of functions, etc. Moreover, one usually obtains approximate solutions (finite
element solutions) by solving the problem on approximate polyhedral surfaces rather
than the surface  itself. Exploiting the variational structure of the Laplace-Beltrami
operator, [20] gives an a priori error analysis whereas [17, [16] 25 [6] provide a posteriori
counterparts. Our present objective is to continue our research on AFEM for elliptic
PDESs on surfaces initiated in [25] for graphs and extended in [6] to parametric surfaces,
the latter with polynomial degree n = 1. We design herein an AFEM for parametric
surfaces using C? finite elements of degree n > 1, prove optimal convergence rates and
workload estimates, and study suitable approximation classes for the triple (u, f,~).

High-order finite elements are superior to linears for geometric problems: they
provide better approximation of important geometric quantities such as curvature,
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and they are less sensitive to mesh tangling due to tangential node motion for time
dependent problems; we refer to [6] for a discussion of several applications. The
advantage of high-order methods is even more pronounced when they are combined
with adaptivity. AFEMs are known to exploit the nonlinear Besov regularity scale,
instead of the linear Sobolev scale, and to deliver optimal convergence rates N~"/¢
in terms of degrees of freedom NN for singular elliptic problems on flat domains with
limited Sobolev regularity [30, 12], [11} 13} 21, 22 28]. The study of AFEM for the
Laplace-Beltrami operator on parametric surfaces is, however, restricted to n = 1
because the first fundamental form, area element, and normal vector to the discrete
surface as well as the surface gradient of discrete functions are piecewise constant,
which greatly simplifies the analysis [6]. This paper bridges this gap and provides a
comprehensive approach to high-order AFEM on parametric surfaces.

It is standard practice to pose the discrete problem on a piecewise polynomial ap-
proximation I' of the exact surface . This is unavoidable when dealing with evolving
surfaces, such as time dependent free boundary problems, for which ~ is unknown [@].
This surface discrepancy is responsible for a geometric consistency error not present
in the flat case, which makes this setting mathematically challenging and intriguing.
In fact, there is a non-linear interplay between the approximate surface I' and the
approximate solution U defined on I'. To elucidate this issue, one might think of the
Laplace-Beltrami operator as a linear elliptic operator with variable coefficients in a
flat parametric domain, except that the approximate coefficients are not piecewise
polynomials as in [7] but rather some rational functions when n > 1. The multiplica-
tive structure of the solution-coefficient interaction is an essential new difficulty we
must cope with to develop high-order AFEM and study their performance.

To handle this nonlinear interaction, we propose an AFEM which successively
applies two different modules: ADAPT_SURFACE approximates the surface v in W1
and ADAPT_PDE approximates the solution u in H'. The former is a greedy algo-
rithm which monitors the geometric estimator whereas the latter deals with a residual
estimator. If {7, Uy }72, denotes the sequence of meshes and Galerkin solutions gen-
erated by AFEM in step k using a discrete forcing function Fj, the method reads as
follows:

AFEM: Given 7y and parameters g > 0,0 < p < 1, and w > 0, set k = 0.
1. T, = ADAPT_SURFACE(T},wey,)
2. [Uy1, Trr1] = ADAPT_PDE(T,, 1)
3. €k41 = PEK; k=k+1
4. go to 1.

This strategy bears similarities with the algorithms proposed in [7] targeting diffusion
problems with partial information on the coefficients. This concept relates directly
to surface approximation in the present context but it is intrinsically different than
piecewise polynomial approximation of coefficients. We develop herein new techniques
to handle such differences upon insisting on the geometric nature of the approximation.

We now describe AFEM. For the purpose of this introduction, we assume that
v can be parameterized by a single map x : © — «, where Q C R? denotes the
corresponding parametric domain and refer to § E for the more general case. If
T :=T(f) is a generic triangulation in Q, then V(7)) denotes the space of continuous
piecewise polynomial functions of degree < n subordinate to T. Let Iy : C(QY) —
V(?) be the Lagrange interpolation operator and X7 = I7x be the interpolant of
the parametrization x. The map X7 induces the discrete (piecewise polynomial)
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surface ' := X7(Q) and a curved mesh T := {T = X7(T) | T € T}; note the
correspondence between a flat element T € T and a curved element T € 7. This
one-to-one correspondence between 7 and 7T justifies the use of subscript T instead
of T in the notation of I~ and X7 the same slight abuse of notation will be employed
throughout the paper with other quantities defined in 2 or 7. In this vein, we next
define the geometric estimator Ar () := maxrer A7 (v, T) in terms of the geometric
element indicator

M) =V(x =X, _7 YTET; (1.2)

we observe that Ay (v, T) is evaluated in the flat element T € T. Given a tolerance
€ > 0 and a mesh 7, the procedure

7. = ADAPT_SURFACE(T ),

finds adaptively a refinement 7, of 7, denoted 7, > T, and its corresponding piecewise
polynomial approximation I', of «, such that

Ar.(v) <e. (1.3)

We say that this module is t — optimal provided the number of marked elements #M
to achieve (|1.3)) satisfies

#M < C(y) e V. (1.4)

The largest value of ¢ < n/d depends on the dimension d and the polynomial degree
n>1. In we show that holds if x belongs to a suitable Besov space.

Throughout this paper we use the notation A < B to denote A < C'B with a
constant C' independent of A and B, and write A = B to mean B < A < B. We shall
indicate if appropriate on which quantities the constant C' depends on.

Since the exact and approximate solutions u and U are defined on different sur-
faces v and I', we have to decide how to compare them. We lift U to - via the map
X7 ox7 !, but keep the symbol U, and define the energy error to be

er(U) = ||V (u = U) (1.5)

2oy

where V,, denotes the surface gradient on «y defined below in 3.1 We further denote
by n7(U, F) the residual estimator of er(U), defined later in §4.3] If e stands for a
tolerance, the procedure

[U.,T.] = ADAPT_PDE(T,¢)

finds adaptively a refinement 7. of 7 such that the Galerkin solution U, € V(T5)
on I',—the approximate surface corresponding to T,—satisfies the prescribed bound
N7, (Us, Fy) < . This is the usual loop for linear elliptic PDE [19, 26], [6l 8, 111, 12|
13, 22, 25, 28]

SOLVE — ESTIMATE — MARK — REFINE, (1.6)

except that the approximate surface I' is updated after each REFINE call and therefore
changes within ADAPT_PDE.

Note that there is a tolerance ¢ being reduced geometrically in every outer loop
of AFEM, and a small parameter w (to be determined explicitly) that relates the
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tolerances for both procedures. The role of w is critical to derive convergence rates
for AFEM, and is explored computationally in [6 Section 2] for dimension d = 2 and
polynomial degree n = 1. The presence of w is in the spirit of the inner loop of [30]
to handle data f € H~! and of [7] to deal with discontinuous coefficients in the flat
case. It means that the surface must be resolved slightly better than the solution for
n7 (U, F) to provide reliable information about e+ (U).

Our first main result is a conditional contraction property of ADAPT_PDE, which
reads as follows and is shown in

If the parameter w > 0 is small enough, there exist constants 0 < a <
1 and 8 > 0 such that, if the geometric estimator A, (y) < wey and
the error estimator g, = 07, (Uk, Fi) > €k, then the inner iterates
{Fj,ﬂ,Uj,nj}j:O ofADAPT,PDE(ﬁf,Ek) satisfy

e+ B <P +p8n)  YO<ji<J,

where e := e1. (U;) and J is uniformly bounded with respect to k.

To derive convergence rates we need to seek a suitable error quantity and associ-
ated approximation class; this is fully discussed in {7} Since all decisions of the AFEM
are based on the estimators {n7(U, F'), A7 ()}, the convergence rate of AFEM is dic-
tated by these quantities. We will show in Lemma that for all the inner iterates
(T,U) within ADAPT_PDE

IV, (u = U2, ) + oscr (U, f)? = (U, F)2. (L.7)

where the oscillation oscr (U, f), a quantity evaluated in the parametric domain, can
be bounded separately in terms of U and f as follows:

oser (U, £)? < oscr(U)? + oser(f)2. (1.8)

The presence of the first term is a feature inherent to polynomial degree n > 1 which
is absent in [6]. This justifies the following notion of total error

2 2 —1 2 1/2
Er(Usu, £.7) = (1N (= )}, ) +oser (U, £ + 007 (0)?) T, (19)

where the scaling w™! brings the geometric estimator A7 () to a size comparable with
17 (U, F). Then the quality of the best approximation of (u, f,v) with N degrees of
freedom can be assessed in terms of the following best approximation error:

Niu, f,vy):= _inf inf Er(V;u,f,7),
o(N;u, f,7) = inf pant 7(Viu, f,7)
where V(T') denotes the approximation space on the discrete surface I', and Ty is the

set of conforming triangulations obtained after N bisections from Ty. We say that the
triple (u, f,~) belongs to the approximation class A, with 0 < s <n/d, if

o(Nyu, f,7) S N7% (1.10)

equivalently, for any natural number N > 1, there is a conforming mesh refinement
Tn of the initial mesh 7y satisfying #7n — #7o < N and such that Er, (V;u, f,v) <
N~—° for some V € V(7n). We observe that if (u,f,7) € A, then the module
ADAPT_SURFACE is s-optimal, namely f are valid with ¢ = s.
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The algebraic error decay relates to Besov regularity for flat domains [4]
23, [21]. The situation for surfaces is much more intricate due to the nonlinear surface-
PDE interaction. We wonder whether regularity of v enabling an error decay N % in
WL is compatible with a similar decay rate for e7(U) and oscr(U, f), which depend
on the approximate surface I'. Exploring this question is a fundamental contribution
of this paper and entails the study of Besov regularity of products and composition
of functions, which we carry out in §9 and is of independent interest. We apply our
findings in to quantify the effect of surface approximation in the decay of both
er(U) and oscy (U, f). This leads to our second main contribution:

Let 0 < p,q < 00, 0 < s < n/d such that s > %—%,s>%. If the
triple (u, f,v) satisfies

we By ULy(Q), feBXLy(Q), x€ BT L)),

then (1.10) holds, i.e., (u, f,7) € As. Moreover, oscr(f) exhibits a
faster decay s +1/d.

We observe that s > zl) — 1 and s > % guarantee that B)T*(L,(Q)) ¢ H*(Q2) and

BIts4(L,(€)) € WL (), whence the additional regularity is just above the nonlinear
Sobolev scale for both u and ~y. This shows that the two scales are indeed compatible,
and that if s = &, then p > 231(1 and ¢ > % may be smaller than 1 for n > %. The
latter does not happen for n = 1 and represents a striking difference with [6].

Our third main contribution is a quasi-optimal decay rate for the AFEM in terms
of degrees of freedom under natural restrictions on the initial triangulation 7y, marking
parameter 6 of MARK and parameter w of AFEM. This is developed in §8 and reads:

Let the initial mesh To have an admissible labeling for refinement, and
0 € (0,0,), w € (0,ws) for Oy, w. sufficiently small. If (u, f,v) € Ag
then the sequence {Ty, T, Ui} generated by AFEM verifies

Bz (Ukiu, f,7) < (#Tk — #7To) .

Moreover, the workload up to step k of AFEM is proportional to 6;1/.@

provided each inner loop of ADAPT_PDE has linear complexity.

The rest of the paper is organized as follows. We discuss the representation
and interpolation of v in § [2] and basic differential geometry leading to the Laplace-
Beltrami operator in §[8] In § @] we obtain a posteriori error estimates for the energy
error and derive several properties of the estimator and oscillation. In §[5 we examine
the various modules of AFEM and in § [G|establish the conditional contraction property
of ADAPT_PDE (first main result). In § m we show that suitable Besov regularity
of the triple (u, f,~) implies (u, f,7) € Ag, which is our second main result. We
next prove quasi-optimal convergence rates in § [§] — our third main result. After
recalling a definition of Besov spaces, we establish in § [J] scale independent estimates
for the products and compositions of functions in Besov spaces. These results are
instrumental in § [7] and do not seem to be available in the literature. Glossaries of
notations, relevant constants, definitions and algorithms are provided at the end.

2. Parametric Surfaces. In this section we discuss how to represent a para-
metric surface v by non-overlapping charts and its discretization I' by interpolation of
~, which is instrumental for the design, analysis, and implementation of our AFEM.
Dealing with overlapping charts is not practical computationally.
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2.1. Representation of Parametric Surfaces. We assume that the surface
is described as the deformation of a d dimensional polyhedral surface Ifo by a globally
Lipschitz homeomorphism IPO : Ty — v € R¥*L. The overline notation is to emphasize

that Ty is piecewise affine. Moreover, if Ty = Uf\il ff) is made up of (closed) faces
ﬂfg,i =1,..., M, we denote by P} : Ty — Rt the restriction of Py to Ty. We refer

to fg as a macro-element which induces the partition {7}, of v upon setting
7" = Fy(L).

Note that this non-overlapping parametrization allows for piecewise smooth surfaces
v with possible kinks matched by the decomposition {y*},.

In order to avoid technicalities, we assume that all the macroelements are sim-
plices, i.e. there is a (closed) reference simplex p C R, from now on called the
local parametric domain, and an affine map [X§ : R? — R%*! such that fg = X{(Q);
Figure sketches the situation when d = 2. We thus let I)(Z = PiloX}:Q — 4
be a local parametrization of « which is bi-Lipschitz, namely there exists a universal
constant L > 1 such that forall 1 <7< M

L% -y < X% - X' @) <Lk, VxyeQ (2.1)

This minimal reqularity of ~, to be soon strengthened out locally in each macro-
element, implies the more familiar condition, valid for a.e. x € 2,

L' w| < |V (®)w| < Llw| VweR% (2.2)

We use bold notation to denote the collection of these parametrizations, i.e. x =
{X*}M,. We further assume that Py(v) = v for all vertices v of Ty, so that X{ is the
nodal interpolant of x* into linears.

F1c. 2.1. Representation of each component ~* when d = 2 as a parametrization from a flat
triangle fg C R3 as well as from the reference simplex Q C R%2. The map Xé Q- fg is affine.

The structure of the map P, depends on the application. For instance, if 7% is
described on T'f) via the distance function dist(x) to 7, then

x — dist(x)V dist(x) = Py(x) Vxe ﬁ),
6
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provided dist(x) is sufficiently small so that the distance is uniquely defined. If,
instead, 7? is the zero level set ¢(x) = 0 of a function ¢, then

\V4 B L B .
7||x—x|:P01(x) Vxen

is the inverse map of Py. In both cases, dist and ¢ must be C? for P to be C(Ty).
Yet another option is to view 7% as a graph on fg, in which case P} is a lift in the
normal direction to Ty and Py is C(Ty) if and only if 4¢ is C*(Q); we refer to [25).
Notice that the inverse mapping theorem implies (P¢)~t € C1(v%).

The regularity of v is expressed in terms of the regularity of the maps x*. If
s > 0,0 < p,qg < oo, we say that v is piecewise B;*S(LP(Q)) whenever y* €
[BiF(Lp(Q))]4T, i = 1,...,M; or shortly x € [Bi+s(L,())]@T>M " We refer
to §[0] for the definition of Besov norms and spaces.

We observe that a function v* : 4" — R defines uniquely two functions o : Q — R
and 7° : fg — R via the maps x* and Py, namely

Px) = vi(}(X) YxeEQ, (%) =1(Py(x) VxeTy. (2.3)

Conversely, a function 7¢ :  — R (respectively, ¥* : ﬁ) — R) defines uniquely the
two functions v’ : v* — R and ¢ : fg — R (respectively, v* : ¥ — R and 9° : Q — R).
When no confusion is possible, we will denote by v* the three functions v*,v* and ?*
and set X' := x'(x) forallx € Q, i =1,..., M. Moreover, we will use vector notation

vi={v'}, (2.4)
along with the convention

= i = ‘ . 2.
INIFETS)) pax 0] By vl e, [v*|B(a) (2.5)

for (quasi) norms and semi-norms defined on a quasi-normed linear space B(2); typ-
ically B(€Q) will be a Lebesgue, Sobolev, or Besov space. Moreover, we will write

lollgzy,  Wlpw YT ET (2.6)

to indicate the local (quasi) norms and semi-norms over a generic element TeT
without specifying the superscript ¢ in either function v or mesh T.

Before proceeding further, we note that as a general rule, we use hat symbols
to denote quantities related to €, an overline to refer to quantities on Ty, tilde to
characterize quantities in v and bold to indicate vector quantities.

2.2. Interpolation of Parametric Surfaces and Finite Element Spaces.
The partition of the initial polyhedral surface Ty in macro-elements (or faces) induces
a conforming triangulation of T'y; we call this set 7. We only discuss the class of
conforming meshes T := T(7 ) created by successive bisections of this initial mesh 7.
However, our results remain valid for quad-refinements and red-refinements all with
hanging nodes; we refer to Remark [5.3] for the notion of admissible refinements. A
triangulation 7 € T yields triangulations of M copies of {2 and a piecewise polynomial
approximation I' of v defined below.



2.2.1. Finite Element Spaces and Surface Approximations. Any number
of conforming graded bisections of each macro-element fg generate via (X¢)7! a
conforming partition of the local parametric domain 2 C R denoted [?Z(Q) or simply
Ti. Forn > 1, let Vi := V(7A“) be the finite element space of globally continuous
piecewise polynomials of degree < n on {2 subordinate to the partition 7A’i, and let
Iy @ CO(Q) — Vi (vesp. I+ : C°(Q)? — (V))49) be the Lagrange interpolation
operator of scalar functions (resp. of vector-valued functions). We next define

|X%—1 = Irix, |Fi = X%(Q), |Ti = {T = X%—i (f) T e '7\—1}

to be the piecewise polynomial interpolation of x* and ~?, and their associated mesh.

We now define the corresponding global quantities. The global parametric space
HQM consists of M identical copies of the local parametric space 2. Its subdivision is
denoted T and is defined as

7\- = U*{‘il 7\—7;.
Each triangulation 7 € T uniquely determines 7, so we can define the forest
T:=T(7):={T : T €T}.

Notice that T does not correspond necessarily to M copies of the same forest, it
is rather a set of M different but compatible forests. Indeed, the bisection rule is
governed by the topology of T and dictates which initial bisection of each separate
Q is performed. Moreover, refinement of a macroelement in 7 induces a partition of
its boundary which must be compatible with refinements of adjacent macroelements.
Similarly, the global subdivision 7T is given by

T:: Ui\ilTZ
and
Ir:=T(T) = {T : TeT}

note that 7o = T only for polynomial degree n = 1. The global piecewise polynomial
surface I' and parametrization X of I' are then given by

Di=Tr=UM ", Xpo={Xh}".

At this point, we remark that Xy and X7, are, in general, different maps; the first one
is the nodal interpolant of x into linears whereas the last one is the parametrization
of I'r; . Moreover, we say that (7,T') is a pair of mesh-surface approximation when
T eTand ' =T7. Also, for a subdivision 7 € T, we denote by Sy the set of interior
faces (edges if d = 2). Finally, we define the finite element space over T

IV(T) :={V € %) : V| is the lift of some Vi € V' via X7,

(2.7)
with V =0 on dT" or /V:Oif@Fz@},
r

and observe that functions in V(7") are not piecewise polynomials.
The refinement procedure consists of bisecting elements in 7 and propagating
its effects on 7 and 7 via the mappings X, Land X7 o Xy 1 respectively. Figure
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FIG. 2.2. Effect of one bisection of the macro-element Xo(Q2) when d = 2 and n = 1; the
superscript i is omitted for simplicity. (Left) A triangle T € To = To is split into two triangles Ty,
Ty C R3. (Bottom) Equivalently, via the affine map Xo_l, the corresponding triangle TeT is split
into two triangles ’fl, 'fz C R2?, whereas (Right) v is interpolated by a new piecewise linear surface
T := X7(Q), with X7 = Z1x the piecewise linear interpolant of the parametrization x defined in Q
and subordinate to the new triangulation 7: The images via X1 of fl and ?2 are denoted T1 and
T> respectively; they are affine when n = 1.

depicts one bisection refinement for d = 2. For T, T, € T, we use the notation
T. > T to indicate that 7, is a conforming refinement of 7. In addition, slightly
abusing the notation, given two subdivisions T, T, € T, we write 7, > T to indicate
that 7, > T. Notice that given 7,7, € T, with 7, > T, the finite element space V(T)
is not a subspace of V(7,) since the associated surface approximation I' and T, do
not match. This lack of consistency is accounted for in the discussion below taking
advantage of the nested property V(7%) C V(T}) for all 1 <i < M.

At this point, the three different subdivisions 7T, T and T are defined. Notice that
any of these three subdivisions uniquely determines the other two, which is repeatedly
used in this work. In practice only 7 is required and the other two are recovered using
the mappings X Land X7 o Xy ! However, they have theoretical different purposes:
the subdivision 7 is made of flat faces obtained as refinement of the initial polyhedral
surface and drives the refinement procedure; T is the triangulation on the parametric
space and it is used to evaluate some quantities (geometric estimator, oscillation, etc.)
associated to the AFEM in a nested framework; 7 is made of curved faces and is the
subdivision defining I' = I';+ where the approximate PDE is solved.

2.2.2. Stability of the Lagrange Interpolation Operator. The Lagrange
interpolation operator is instrumental to define the approximate surface and will be
central in the definition of the geometric estimator in § 2.:2.3] The following lemma
discusses its local stability in Besov space B;(Lq) and Sobolev space W1 . We refer
to §[9] for a definition of the Besov seminorms.

LEMMA 2.1 (Local stability of Lagrange interpolation). Let T be any conforming
refinement of ’?6. If s > 0 and 0 < p,q < oo satisfy s > d/q and s < n+ 1, then
the Lagrange interpolation operator It (with polynomial degree n > 1) is stable in
B[S)(Lq(f)), namely there exists a constant C depending on s,d,p,q and n such that

70l g,y < Cllpyn,y V0 € By(Ly(T)), (2.8)
9



for any T € T and T € T. The same bound is valid in wi (T), i.e.

19270l @) < OVl Yo e W), (29)

Proof. We consider an arbitrary element TeT. Iftm<s<m+ 1, with
0 < m < n, then for any P € P,,,(T') (the space of polynomials of degree < m over T')
we have P = I+ P and the following holds

_ d
70l 51,79y = W7 (0 = Pl ey <TI0 = Pl ),
where in the last inequality we use an inverse estimate for Besov semi-norms, which is

obtained by scaling. We now introduce w := v — P and estimate ||ITw||Lq(:;). First,

scaling to the reference simplex fR we get

V7wl gy < 1Tl gy < T 0]

because B (L, (Tr)) is embedded in Lo (Tx) in view of sq > d. Notice that we do not

distinguish between the function w defined on T and the corresponding one defined on
the reference element Tg. We recall that ||w||BS(L (Fn)) = ||w||L ) T |U|BS Ly(Fr))’

according to the definitions of § @ and scale back to T

T < lwlly, 7+ |T|S/d\w|Bs(L (F))

Combining previous estimates with the immediate generalization of [23, Lemma 4.15]

1nf lv =PIl 7 < ARG

By (Lq(T))
S(Ly(T) = = 0, we conclude the desired result (2.8])
|IT'U|Bs(L |T| o/d lnf HU_P”L |U|B (Lo(T)) S |U|B 2T

To prove the stability bound (2.9)), we take advantage of the representation Irv =
Zjii v(2Z;)¢,; in terms of the canonical basis functions ¢,; € P,,(T). Then

d+1
Viv = Z (v(z;) — v(zl))ﬁgzﬁzj 1<i<d+1,
j=1

where we exploit that {¢;, } ; is a partition of unity over f ie. Zdﬂ ¢z, = 1. Since any
sequence of meshes in the flat parametric domain € obtained by successive bisections
is shape regular, using inverse estimates in T and interpolation in Ly (T ) yields

d+1
IVIroll, ) < | max | [o(z5) = vz |Zl\|v¢>z7||L <C|Vul,_
J

where C > 0 is a geometric constant independent of v and proportional to the sum
ZdH HngSz] I, 7 Which depends only on n and d. This concludes the proof. O
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2.2.3. Shape Regularity and Geometric Estimators. The proof of Lemma
utilizes direct and inverse estimates that rely on the shape regularity of elements
T €T € T. A discussion about shape regularity of the forests T, T and T is in order.

The forest T induced by bisection on the flat faces of the initial subdivision To
is shape regular [3, 28, B1] and so is its counterpart T on the parametric domain.
Regarding the forest T, the question is more subtle and we start with a definition.

DEFINITION 2.2 (Shape regularity). I We say that the class of conforming meshes
T is shape regular if there is a constant Co only depending on To, such that for all
TeT, and alli=1,....M,

~ ~

Collx — 9| < |Xei(%) - X)) < Colx —y]  Vx,yeT, VI eT. (2.10)

We have already noted that T is shape regular and observe that (2.10)) states that
the deformation of T' € T* leading to T'= X, (T) € T* does not degenerate. We also

point out that (2.10]) implies the usual condition on the Jacobian vXi 5, valid for a.e.
x €,

Collw| < |[VXi (%) w| < Colw|  YVw e R, (2.11)

and that VXTI happens to be constant on T for an affine map X, [14)].

We stress that a bi-Lipschitz parametrization satisfying (2.1) does not guarantee
that T is shape regular. This issue has been tackled in [9] absumlng that the surface ~
is W2 and T is sufficiently fine. We present a similar result in Lemma invoking
piecewise C''-regularity of 7, which hinges on the quasi-monotonicity of the geometric
estimator Ay (7y), which we prove first in Lemma We start with the definition
of Ay(7). Since there is a one-to-one correspondence between subdivisions 7 € T
defining the surface interpolant I' = I'r and subdivisions TeTof M copies of the
parametric domain €, we define Ar(vy) as follows. For 1 < i < M and T € T*
(f € 7A'i), let the geometric element indicator be

Pre (. T) = I90¢ — Xl iy = IV~ o)y (212)

and the corresponding geometric estimator be
= Ari(y, T 2.13
IPT(“Y) (max, max Ari(y, T). (2.13)

It is worth mentioning that this quantity could increase upon refinement, especially
in the pre-asymptotic regime, but the following quasi-monotonicity property is valid
instead.

LEMMA 2.3 (Quasi-monotonicity of the geometric estimator). There exists a
constant Ag > 1, solely depending on T, the polynomial degree n, and dimension d,
such that

P7.(7) < A7 (7) (2.14)

for any T, T. € T with T. > T. This bound holds elementwise as well.

Proof. We consider an arbitrary element T € 'T ie. T € T' for some i, but
we do not write explicitly the superscript i. We further observe that the Lagrange
interpolation operator I, is invariant on polynomials of degree < n over T, whence

IV =17y = IV = Irx) = VIL (X = Il ()
11



From the local WL stability bound (2.9) of I7,, we deduce the existence of C' > 0,
solely depending on 7T, d and n, such that

IV Iz (¢ = )y < CIV (¢ = T | -

The desired estimate thus follows with Ag =14+ C. 0O

This result turns out to be critical not only for Lemma[2.4]below, which guarantees
the shape regularity of T, but also to control the possible increase of the geometric es-
timator due to the ADAPT_PDE calls. We reiterate that bi-Lipschitz parametrizations
satisfying do not guarantee that T is shape regular.

LEMMA 2.4 (Shape regularity). The forest T = T(To) is shape-reqular with
constant Cy = 2L provided

1
< =
A1 (7) < SAGL’

with L > 1 the non-degeneracy constant in and Ay > 0 the constant in ,

Proof. Let T € T be an arbitrary mesh. For any 7" € T, we recall that T
belongs to a mesh patch Ti for some 7, which we do not write explicitly. Let T" be the
corresponding element in 7. Since for X,y € T

(x = X7)®) = (x = XD)O| < R =FNVx = X7, 7 = [R = FIAT (7, D),

the shape-regularity assertion is a consequence of (2.1 and (2.14]). O
Note that once shape-regularity of the forest T is established, the triangulations

To and Ty are equivalent. Therefore, with a slight abuse of notation, hereafter we
regard 7o as the initial triangulation of the AFEM.

We refer to [0, Figure 11] for an intermediate degenerate situation in which
A7 (7) > (2A0L)~ ! and is violated for polynomial degree n = 1.

(2.15)

3. The Laplace-Beltrami Operator. In this section, we start the discussion
with basic differential geometry properties leading to the definition of the Laplace-
Beltrami operator A, together with other relevant geometric operators. We then
derive a weak formulation of —A,u = f as well as its finite element counterpart. We
assume 7y to be globally WL and piecewise C!, i.e., x* € C'(Q)¥+! forall 1 <i < M,
and I' denote its piecewise polynomial approximation. In the discussion below we
often remove the superscript i, because no confusion is possible. We also note that
the hat on a function such as v will be omitted when the domain is explicit in the
formula or when it appears on an operator being applied to the function.

3.1. Basic Differential Geometry. In this subsection we recall a matrix for-
mulation of some basic differential geometry facts and refer to [6] for details. Our

first task is to relate the gradient V in the parametric domain {2 with the tangential
gradient V., on «. To this end, let T € R(4+1)xd he the matrix

T .= Try = [é\le e 75dx]7

whose j-th column 5]-)( € R is the vector of partial derivatives of x with respect

to the 5" coordinate of Q. Since y is a diffeomorphism, the set {é\j X}?zl of tangent
vectors to 7y is well defined, linearly independent, and expands the tangent hyperplane
to each 4% at interior points for all 1 < i < M. The first fundamental form of v is the
symmetric and positive definite matrix G € R%*? defined by

IG = (Ox"05x) 1, jog =TT (3.1)
12



Given v : v — R, the tangent gradient V,v(x) = Zle ai(fc)gix(fc)T is a row vector

that satisfies the chain rule
Vo = V,vT. (3.2)

To get the reverse relation, we augment T to the matrix T € RE@TD*(@+1) by adding
the (outer) unit normal v = (v1,---,vq41)" € REFTD to the tangent hyperplane
span{d;x}%_, to 7 as the last column, namely

T:= [T,v] = [51X7~-~,5anV]-
Since T is invertible, we let D = T~ and use (3.2) to realize that
IVA,U =V, oTD = [§v,0]f) =VuD, (3.3)

where D € R¥(@+1) regults from D by suppressing its last row. Moreover, the first
fundamental form G has inverse G~! = DD”. We let

b= vdetG (3.4)

be the area element of v and point out the change of variables formula

/qu = /X(w)v, (3.5)

for any w C Q measurable. When x is C? and v € H?(7y) (v € H?(2)), we have the
compact expression for the Laplace-Beltrami operator on ~y

|A,YU = %ﬁ(q@v(}fl).

The above representation is instrumental to derive the following integration by parts
formula on surfaces

/V,ywvz;v = / —A,ywar/ Viwn v Yo,w e H?(y), (3.6)
Y ¥ Iy

where n is the unit co-normal on 9 pointing outside ~.

The discussion above applies as well to the piecewise polynomial surface I' (re-
call that we dropped the index i specifying the underlying patch). We denote the
corresponding matrices Tp = @XT and Dr associated with X+ : Q — T', and get

Vv =VuDr. (3.7)
The first fundamental form Gr of I" and its elementary area gqr are defined by

lgr :=TZ Ty, |gr = Vdet Gr, (3.8)

and the (outer) unit normal to I" is denoted by vr. The corresponding expression of
the Laplace-Beltrami operator is

1 —~ ~
|Apv = q—div(quVGITl)7 (3.9)
I
13



and only makes sense elementwise. In addition, we recall that for '€ T and S a side
of T', the unit co-normal nr on S pointing outside 7" satisfies

Iﬁz CTThe,  np= LD (3.10)
qr T

where ﬂrp is the area element associated with the subsimplex S := X71(S) (see [6] for
a detailed expression). Hence, (3.10)) and (3.7) give the following local expression for
the tangential derivative of v in the direction nr on .S

Vrvnr = zi%(;gwg . (3.11)
T

This is of particular importance when considering residual type estimators as in the
present work; see § [

3.2. Variational Formulation and Galerkin Method. We start by intro-
ducing relevant Lebesgue and Sobolev spaces. Let

Loy (y) = {v € La() - /v:o it 9y =0}

v

be the subspace of La(y) of functions with vanishing meanvalue whenever the surface
~ is closed, and let H;é (7) be the subspace of H!(«y) given by

Hy () = {v € Lag(7) 5 Vy0' € [La(y)] ™,
vt =20l on N~ lgi,jSM,v:()onav},

where V., and traces of vt = v}i are well defined in each component ~* due to (3.3)).
Let the weak form of the Laplace-Beltrami operator Ay v for any function v € H;# ¥)
be

M
(—Av,p) = Z / v, Vfgoi Vo € Hy(y), (3.12)

i=177"
where (-, -) denotes the (HJ (’y))*—HV},é (7) duality product.
We now build on (3.12) and write the weak formulation of —A,u = f as follows:

given f € Lo 4 (7), we seek u € H#(’y) satisfying
[vauvie= [ 1o, veemyn) (3.13)
¥ ¥

where we have written f,y V,u Vggo to denote Zi\il f,y Vvu"V%pi. Existence and

uniqueness of a solution u € Hi#('y) is a consequence of the Lax-Milgram theorem
provided + is Lipschitz.

When x® is C? and u € H?(v%) for each 1 < i < M, we showed in [6] that in the
interior of each component v, namely x*(int(Q2)), we have

—~Aut=f 1<i< M, (3.14)
together with vanishing jump conditions at the interfaces ~* N ~7

J(u)

yimmi = Voun'+Vun! =0 V1<i,j <M, (3.15)
14



where n® is the unit outer normal to 9v* in the tangent plane to ¢ (see ([3.10])).

Given T € T, we next formulate an approximation to the Laplace-Beltrami oper-
ator on the piecewise polynomial interpolant I' = I'- of v as follows. If F1r € Ly 4(T")
is a suitable approximation of f, then the finite element solution U : I' — R solves

UeV(T): /VpUVFTV:/FpV YV ev(T), (3.16)
r r

where again [.g = Zf\il Jr: 9" To this end we choose Fy to be
Fro=f2L, (3.17)
ar

because this specific choice of Fr satisfies the compatibility property

/FFp:Af:O, (3.18)

whenever 7 is closed, and allows us to handle separately the approximation of surface
~ and forcing f. In particular, (3.16)) admits a unique solution U as a consequence of
the Lax-Milgram theorem.

4. A Posteriori Error Analysis. In order to study the discrepancy between
and U we need to agree on comparing them in a common domain, say 7. Our goal is
thus to obtain a posteriori error estimates for the energy error ||V, (u—U)||1,(y). This
entails developing an a priori error analysis for the interpolation error committed in
replacing v by I in , which is a sort of consistency error, and its impact on the
PDE error. We are concerned with these issues in this section and refer to [16], [25]
where they are addressed for different surface representations as well as [I7], [6] that
discusses the case n = 1. We again drop the superscript ¢ that identifies the surface
patch.

4.1. Geometric Error and Estimator. We now quantify the error arising
from interpolating ~y, the so-called geometric error. To this end we resort to the
matrix formulation of §[3.1] to relate the geometric error with the geometric estimator

A7 (7) of (L.2). o
Given T € T, we will deal with the regions T' € T and T C ~y given by

T:=X;4T), T :=x(T). (4.1)

On mapping back and forth to T , and using (3.5)), we easily see that

/Tv:/qu?r. (4.2)

The consistency error stems from the different bilinear forms of the continuous and

discrete equations [0, Lemma 5.1]. From ({3.5)), , and (3.2)), we realize that
/ VeoViw = / VeoTDrDITT vl w L. (4.3)
I 0% q
Using that TD = I — vv? is the projection onto the tangent plane to 7, we obtain

/ VoVl w = / VeoTDD TV w.
2l vy

15



These two expressions, in conjunction with G=! = DD and Gy = DrD{, yield
/ VroVEw — / V,YUV,?’U) = / V,YUEFV,?U) Yo, we H}#(y), (4.4)
r Y v
where IEF e R+1)x(d+1) gtands for the following error matrix

1
Er := aT(qFG;1 —¢GHTT. (4.5)

Corollary 5.1 in [6] provides the following conditional estimate on the consistency
error: If Ay, (7) satisfies

1

<
A1 () < WL

(4.6)

then we have, for 7 € T,
IEcl,_ 3 < Ar(nT) VT eT, (4.7)

where the hidden constant depends on 7y and the Lipschitz constant L of v appearing
in . The consistency error estimate relies on the following properties for qr,
rr, Gr, Dr and v which will be used again later. Their proofs can be found in [6]
Lemmas 5.2 and 5.4] except that of rr, which is analogous and thus omitted.

LEMMA 4.1 (Properties of gr, rp, vr, Gr and Dr). If A, (v) satisfies (4.6)), then
the matrices G and Gr have eigenvalues in the interval [L=2 L] and [$L72, 3L?],
respectively. Moreover, the forest T is shape reqular, L=% < q,qr < L%, and for T € T

llg — QFHLm(f) + lr — TFHLOO(BT) + llv — VI‘”LW(f) (4.8)
+||G_GF||LOQ(:T“)+||D_DF||LOQ(:T") '\<)‘T(%T) vVIeT .

where we recall that I' = T'r.
We stress that if 7o does not satisfy ([4.6)), then the algorithm AFEM of 5| will
first refine 7o to make it comply with (4.6) without ever solving the discretized PDE.
In this sense, (4.6)) is not a serious restriction for AFEM, although necessary for the

subsequent theory. We also note that (4.6) implies (2.15)) because L > 1 in (2.1)).
We finally point out the equivalence of norms on « and I" provided (4.6) is valid.

LEMMA 4.2 (Equivalence of norms). If Ay, (v) satisfies (4.6)), then the following
equivalence of norms holds for all T € T with constants depending on Ty and L

[l Ly = 0llLaery = 0l ) [l ) = [lara) = [olgy gy YT €T, (4.9)
(7) (1) (7) (1)

where T = X7NT) and T = x(T).

Proof. The first assertion follows directly from and Lemmal[d. 1} which implies
L2 T < L??. We next rewrite the integrals in over T € 7 and T. This,
combined with the spectral estimate given in Lemma for Gp 1 DrDI and
for T = ﬁx, yields the second equivalence. Similar reasoning applies to T.0O
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4.2. Inverse Estimates for Discrete Geometric Quantities. We now estab-
lish some inverse estimates for the discrete quantities gr and Gr that are instrumental
to derive Lemma (reduction of residual estimator) and Lemma (local decay
of oscillation). These estimates are only required when the polynomial degree n is
strictly greater than 1, which is a key distinction between this work and [6]

In the following, for T € T, we set lhT \f |# where T is defined in . This
choice is motivated by the resulting reduction property aftert; >1 blsectlons of T.

hyr < 27y, (4.10)

where T" is the curvilinear element corresponding to any element T cT.

LEMMA 4.3 (Inverse inequalities in L,). If A7, () satisfies , then the follow-
ing estimates hold for all1 < p < oo, T,T. € T and T < T, with constants depending
on To and L

d_

IDarlly, 7y < hr? ™, ID(gr. = ar)ll, (7. < < he® byl Ar(y, 1), (4.11)
d_ d . _

|DGL 1||L < hrr T ID(GE =GR, gy < hr? bt Ar(1 D), (412)

whenever T € T, T, € T, satisfy T.cT.

Proof. We start with ¢gr = v/det Gr and observe that 0;qr = o 8 det Gr and
det Gr is polynomial. Using an inverse inequality for det Gr, along with thc fact that
gr is bounded from above and below (see Lemma , we obtain

”aquHL (1) = 2“(]F1||L )”aj det GI‘”LP@)

1, 41
< E”det GF”L,,(T) < EHQFHLP(f) < hy

We now deal with gr, — qr as follows. We first write

11 1
Oi(ar. —ar) = 5 (- qr)a det G, + 5 -0 (det Gr. —det Gr),

whence, for T € T, T, € T, with i C f,

10;(ar. — )HL p(T) < [lgr — QF*”L (T)”a det GF*”L (T%)
+ [10; (det Gr, — det Gr) ||Lp(f*).
Using an inverse inequality for det Gr, — det Gr = ¢&_— ¢f, the bounds (4.8) on

gr and gr, in terms of Ay (vy,T) and Ay, (v,T), and the quasi-monotonicity (2.14) of
AT(’% T)7 we get

19;(ar. —ar)ll, 7,y < hz!

To estimate DGI?1 we see that Gj(GlTle) = 8jGI?1Gp +G513ij = 0, whence
0,Gr. 1 - -G 10ijG1? ! This, an inverse inequality for G and the lower bound of
the eigenvalues of Gr in Lemma [£.1] imply

ar. —arlly, @ < W7 hp AT (3, 1),

_ 4-1
1,65, 0y = IGE I _ 1) 101Gl ) = Gl 7y <

17



Finally, Gi' — Gp! = G (Gp — Gr, )Gy, so that the partial derivatives can be
computed Wlth the product rule and always keeping the L, norm in the middle term
and the Lo norm in the other two. Then, making use of some inverse inequalities

together with and -7 we arrive at
_ _ _ d/p 5 —
10 (Gr*l - Grl)HLp(ﬁ) < hy |G, — Grll,, 7 < he'” hp! Ar(y, T),

as asserted. O
We now establish an inverse estimate in Besov spaces. We refer to §[9]for the defi-
nition (9.2)) of the Besov seminorm |V| ;. (Ly(F)) in terms of the modulus of smoothness

of order k = [s| +1

wr(V,t)p = ‘Stllp A, Vi, @

where A} are the k-th order differences defined in ([9:1)).
LEMMA 4.4 (Inverse estimate in Besov space). Let T € T and s >0, 0 < p < 0.
Then, the following inequality holds

1

0Vl 5g, w, @) < 71V

B2, (Lp(T))’

for any T € T, and function V € Pn(f) or V=qrGp" (withT =T7).

Proof. We prove the estimate for V € ]P’n(f) because dealing with ¢r G T reduces
to repeating the steps in the proof of Lemma and applying the inverse inequality
for polynomials. Since the k-th order differences satisfy

AR V)(R) = 9;(AFV)(R), V% € Tin,

and AFV € P, (fkh), in view of (9.1) the usual inverse inequality gives
1
”A]fiai‘/”[,q(f) = HAZ&'VHLQ@M) = ||aiA]fCLV”Lq(fkh,) < EHAZV”LQ(T\)

Invoking the definition ({9.2)) yields the desired estimate. O

4.3. Upper and Lower Bounds for the Energy Error. We now derive an
error representation formula leading to lower and upper a posteriori bounds for the
energy error. Given 7 € T, we recall the notation I' = I'y and introduce the usual
interior and jump residuals suggested by and for arbitrary V € V(T)

Rr(V, Fr) := Fr|r + ArV]|r, TJor(V) = {Ts(V)}scor vTIeT,
Ts(V) = VFV+|Sn§+VpV_|Sn§ VS eSr,

where, for each x € 5, nﬁ(x) denotes the outward unit normal to .S and tangent to
T* at x, and T, T~ are curvilinear elements in 7 that share the side S € S7; recall
that Sy denotes the set of interior faces of T' € T. We emphasize that, in contrast
to flat domains, nS # —ng. Similarly, if Di denote the matrices associated to TF,
VrVE|s = Vj[DjE |5 are tangential gradients of V on T* restricted to S. Moreover,
according to , see that ArV|r = qp dlv( FVVGF )|T # 0 in general for T € T
when the polynomial degree n > 1. This is a major difference relative to [6], which
deals with n =1 and V|7 € P (T), gr € Py(T), Gr € Bo(T)** imply ArV|r = 0.
18



Subtracting the weak formulations (3.13)) and (3.16]), and employing (3.6) to in-

tegrate by parts elementwise, we obtain for all v € H%E('y):
/Vﬂ,(u—U) VIie=1I+1+1Is, (4.13)
¥

with

Il.fz/RTUFp v—V Z/js (v—V),

TeT SeST

I f/vavva/vav;%:/vWUEpva,
2l

I ;:Afv_/rprv.

The choice Fr = Lf of implies I3 = 0 so that only I; and Iy need to be
estimated. Observe that I; is the usual residual term, whereas Iy is the geometry
consistency term and accounts for the discrepancy between v and I'. An estimate
for the error matrix Er is given in .

The PDE error indicator stems from I; and is defined as follows for any V' € V(7))

2 2
b (V. e 1) = 0 [ R (Vo E) 2y + i [ Tor (V) oy YT €T
We recall that the definition hy = |T|4 with T = X7!(T) guarantees the strict

reduction property (4.10)).
We also introduce the oscillation for any V € V(T) and T € T

P . 2
oser(V. £, T)? i= 3| (id = 13, _y) (fa + div(arVVGr) ) |

(4.14)
b =113, ) (6f VHGE) TR 4 g YV (Gp) R |

Lo (8T

where 0T is defined according to (3.10)), G# and q% = 4/det G# are the first fun-

damental form and area element associated to T, and IIZ, denotes the best L,-

approximation operator onto the space P, of polynomials of degree < m; the domain

is implicit from the context. Notice that we used scaled local versions of the residual

q(f + ArV) (see (3.9)) and co-normal derivatives rrVrV n (see (3.11])) to define the

oscillation. We refer to Remark [£.7] for an alternative definition of oscillation.
Finally, for any subset 7 C T we set

/'77—(‘/7 FFvT)z = ZWT(V»FF;T)2» OSCT(V fv ZOSCT V fa ) )

Ter Ter

and simply write |177—(V, Fr) and bscT(V7 f) whenever 7 =T.

Standard arguments [2] [34] to derive upper and lower bounds for the energy error
on flat domains can be extended to this case; see [17), 25, [6].

LEMMA 4.5 (A posteriori upper and lower bounds). Let A7 () satisfy , Let
u € H;&(W) be the solution of , (T,T) be a pair of mesh-surface approximations
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and U € V(T) be the Galerkin solution of (3-16). Then there exist constants|Cy,Cs
and Ay depending only on Ty, the Lipschitz constant of v, and || f||1, (), such that

IV (u = U7, < Crnr (U, Fr)? + MAr(7)?, (4.15)
Conr (U, Fr)? < V4 (u=U)|[7, ) + 0ser (U, )* + AAT(7)*. (4.16)

Proof. Our departing point is (4.13)) with v € H;é (v) arbitrary and V € V(T)
being its Scott-Zhang interpolant built over the partition 7 of ' and lifted to I" using
X7 0 X, . Using interpolation estimates and (&.9) yields

(| < 07 (U, Fo)lI Vool L)

Since [|VrU||L,(y) < [Ifll2(y), the estimate (4.7) on the error matrix Er gives

(o] < ATVl ()

The upper bound follows from I3 = 0. The lower bound can be proved
locally over an element TeTinQ using standard arguments for flat domains. O

To prove optimality of AFEM we need a localized upper bound for the distance
between two discrete solutions U and U,. This bound measures ||V, (U, — U)|1,(+)
in terms of the PDE estimator restricted to the refined set and geometric estimator;
we refer to [0, Lemma 4.13] for a similar estimate for n = 1.

LEMMA 4.6 (Localized upper bound). Let A7, (y) satisfy (£.6). For (T,T),
(T%, L) pairs of mesh-surface approzimations with T < T, let R := Ry—1. C T be
the set of elements refined in T to obtain T i.e., R =T \ Te. Let U € V(T) and
U, € V(T.) be the corresponding discrete solutions of on T and T, respectively.
Then the following localized upper bound is valid

IV (Us = UL,y < Crng (U, Fr, R)? + Mid7 (1), (4.17)

with constants C1, Ay as in Lemma[{.5
Proof. We start from the error representation formula (4.13) by replacing + by
T, u by U, and taking as a test function v = E, := U, — U € V(T,)

/ Vr,(Us —U)VE E. =1 + I, + I5.

*

To estimate I;, we proceed as in the flat case [12, 28, [30]. We first construct an
approximation V € V(7)) of E, € V(T.). Let w be the union of elements of R = 7T\ T
and let @ be the corresponding union in 7. Let w; (resp. w;), 1 < j < J, denote the
connected components of the interior of w (resp. @). We stress that w; may intersect
several patches I' and likewise @; may intersect several copies of . Let T; be the
subset of elements in 7 contained in @; and let V(7 ;) be the restriction of V(T) to
w;. We now construct the Scott-Zhang operator [29] on @; and use the map X7—oX0_1
to lift it to I'. We denote this lift by 7; : H'(&;) — V(7;), with

T = {T:XTOX(;l(T) : T€7j} cT.
Let V € V(T) be the following approximation of the error E, € V(T,):

Vi=mE, inuwj, V .= FE, elsewhere.
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By construction, V has conforming boundary values on dw;, V € V(T), and is an H'-
stable approximation to E,. Since V = E, in I"\w, by the same standard argument
for flat domains, we obtain

11| < Cinr (U, Fr, R)|[|VrEx| £y(r)-

To estimate I5, we note that I" and I', coincide in the unrefined region I"'\w, so that
J
Iy=> | V,UErV!E,-V,UErV!E,
J=17%7

with @; 1= x o X7'(w;). Combining the estimate (4.7) on the error matrices Er and
Er, with (4.9) and (2.14), in its elementwise form, we obtain

1Ll < A7) + A (O IVeEdllLa() S (L + Do)l f o AT (7)-

Since I3 = 0 in view of the choice (3.17) of Fr, and Fr, collecting the preceding
estimates we finally conclude (4.17)). O

4.4. Properties of the PDE Estimator and Oscillation. As indicated in

({4.15)(4.16), we have access to the energy error ||V, (u — U)||z,(,) only through the
PDE estimator ny(U, Fr), the geometric estimator Ar(7), and the oscillation quan-

tity oscy (U, f). As is customary for flat domains, the definition (4.14]) of oscillation
guarantees that oscy (U, f) is dominated by 77 (U, FT), namely

oser (U, f,T)* < Csnr(U, Fr, T)> VT €T, (4.18)

where the constant |5 depends on the surface .
REMARK 4.7 (Definition of oscillation). The alternative definition to (4.14]):

P 2
oser(V, f,T)* = h%H(id —113, ) (qur e 4r UQdiV(qFVVG;l)) ‘ Lo(T)
2

+ hTH(id - Hén_l)(rr_m (¢ VVH(GH At + q;@V*(G;)*lﬁ*))‘

2

L (8T)

would imply with an optimal constant C3 = 1. However, this would be at the
expense of a more intricate proof of Proposition (local decay of oscillation). We
opted to use definition @ to simplify the presentation.

The main novelty in (@f relative to flat domains, which is also the chief
challenge of the present analysis, is the presence of Ay (7). In this respect, we show
now the equivalence of 77 (U, Fr) and the IPDE error

1
2

Er(U, f) = (||V7(u — U3, () +oser(U, f)2) (4.19)

provided Ar(7) is small relative to ny(U, FT). We refer to [12, 28] for a similar result
for flat domains, and to [6] for parametric surfaces and n = 1.
LEMMA 4.8 (Equivalence of error and estimator). Let Cy, Co, A1 be given in

Lemmal[{.5 and Cs3 be as in [{.18). If

c
() < g (U ), (4.20)
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then there exist explicit constants|Cy > C5 > 0, depending on Cy, Co and Cs, such that

Csnr (U, Fr) < E7(U, f) < Cany (U, Fr). (4.21)
Proof. Combining (4.15)) with (4.20), we infer that
C
19 (= D)) < (C1+ 32 ) (U, P22 (4.22)

This, together with (4.18)), gives the upper bound in (4.21]). We next resort to (4.16))
and ([4.20]) to obtain

C
CQ”T(U7 FF)2 < Hv"/(u - U)H%z('y) + OSCT(U7 f)2 + 7277T(U7 FF)27

which implies the lower bound in and concludes the proof. O

It turns out that the usual reduction property of n(U, 1) [12] Corollary 3.4], [28],
which is instrumental to prove a contraction property of AFEM, is also compromised
by the presence of A\ () as stated below.

LEMMA 4.9 (Reduction of residual error estimator). Let Ay, (v) satisfy (4.6).
Given a mesh-surface pair (T,T), let M C T be the subset of elements bisected at

least b > 1 times in refining T to obtain T, > T. If € :== 1 — 274, then there exist
constants A2 and |As, solely depending on the shape regularity of T, the Lipschitz
constant L of vy, and || f||1,(), such that for any 6 >0

7. (U, Foe)? < (14 6) (n7(U, Fr)? — &n7 (U, Fr, M)?)

4 AU — D), + Aerr (). P

Proof. We first examine the residual Ry (U, Fr). If T, € T, and T € T satisfy
T.CT,and T" :== X7 o X}*l(T*) C T, then the bound on gr, given in Lemma
yields

1
IR, (Us, Fr ) 1o(r) = llag, R, (Us, Fr )l 1, (7
< (||FF* —Frllp, gy T 1A (U = U)llp, 7.y + I(Ar, — AF)UHLQ@*))
1/2 1/2 1/2
+l(a? = a2y R (U, Fo)|l 1y 7y + lla! *Rer (U, Fo)l -

Now, from (4.8]) and the local form of (2.14) we bound the first term

1Fr. = Frll 7y < I (ar) —ar ™) afll gy < ATQL TN o

Recalling the expression (3.9) for the Laplace-Beltrami operator and taking V =
U, — U, we can write

Ar.V = g div (. VVG))
= qil (@qp* . @VG;} + qp*lA)QV : G;} + Q]_“*%V -div G;}) ,
and using bounds for ||L]1"*||Loo(j:*) and ”Gl:*l”Loo(ﬁ) from Lemma the inverse
inequalities (4.11]), (4.12)) and a third one for D?*V, we get

1
||AF* (U* - U)||L2(ﬁ) < EHVV(U* - U)HLz(T’)-
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Again by virtue of (3.9) we rewrite the third term above
I(Ar. = AU,z < gt — g7 DAV (a0 VUGN I, 70
+llgr ' div((ar. — ar)VUGE) [, 7
1T S . , 1
+llar 'div (ar VU (GE! = Gl 7, < E)‘T('%TI)HVU”LQ(T’)

due to an inverse inequality for DU , (@.11), (4.12) and Lemma Finally, using
the same arguments for the fourth term we obtain

1/2 1/2 1/2 1/2\—
I(at® = a/ YR (U, Fo)ll 7., = Iar, — ar)(ar? + a/*) "R (U, Bl 7

=
S AT TR (U, Fr)llp, 20y

et (7

90l + I acen )
T

As a consequence, the interior residuals on I'y and I" are related through the estimate

hr | Re(Ue, Fr )| Locrry < b IR (U, Fr)l| o)
+ CIIVy (U = U)oy + CN (7, T) (IIVUll Loy + b | Fll o)

(4.24)

for some constant C' only depending on the shape regularity of T and the Lipschitz
constant L of .

We now examine the jump residual Jpr(U). Let S. € Sp. and S' := Xy o
X7_-*1(S*) C . We denote by T the two elements of 7, sharing S, (resp. [TF] :=
Xro X7_-*1 (T+)) and recall that the corresponding outward pointing co-normals ngc*
are not necessarily co-linear; moreover, T* may belong to different surface patches,
ie. TH € 7/ and T, € T/ for some 1 < i,j < M. Still, observe that the jump
Js. (Uy) can be rewritten as follows

jS*(U*) = jS(U)

s. + (Vr,Uls.nf — VU™
+ (VF*U*_|S*II§* - VU~

s.)
s.)

regardless of I'* and I'7. Therefore, the last two terms in the right hand side can now
be estimated using the geometric error estimates (4.8). Note that on S,

+
S. g

S. g

Ve, Ufng — ViU ng = Vi, (UF - UF)ng
+(Vr, = Vr)U*ng +VrU* (0 —nf) =1+ 11+ 111
We bound each term using their parametric representation on S, = X7_-*1 (S4). For the
first term, we use the expression (3.11)) of the tangential derivative in the co-normal

direction, the spectral bounds on Gr, and gr, given in Lemma and a scaled trace
estimate to deduce

ST
Ve, (UF = UG, ||Los.) < 1TE 2 VTS =T, 7 )

Recalling that h%i = |T%|, we see that

—1/2
17l 2as.) < B IV e, (UE = U)o
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Similarly, in view of (3.7) and (3.11]), we obtain
—1 2
TN 25,y + 1T Locsy < B 2IVEU | (||DF* = Do)l 7
+ an —arlly gy + e, = 1rlly o7 )

where rr, and rr denote the area elements associated with S, and S’ := XTOX}*1 (Sy)
respectively. Utilizing the geometry error estimate (4.8]), we further get

—1/2
1T sy + I agsy < gt Ar(r [TE)IVEU gy -
Hence, combining the previous two estimates, we get
Ve, U 05, = VeU* 05 ys.)
—1/2
< hi? (IVA(UZF = Ul ) + A7 TV )
whence

175 () Lacs) = 2 Ts Iy 5. < N2 =) Ts (@) . + 175 @) Lagsr)-

Invoking again (4.8) we realize that |rr, —rr||,_ @ < A7 (7, [T*])'). Combining this
with a scaled trace theorem, we deduce that

g2 =) Ts (O, 5. < Pt A (0, (TE)) VP02
whence
15 @)lltacs.) < IT5@) zagsry + Chr A (v, L) VeVl -

The above three estimates guarantee the existence of a constant C only depending on
the shape regularity of T and the Lipschitz constant L of v such that

1 2 1/2
1T Ul as.) < b1 Ts (U)o

. (4.25)
+C (V4 (U = O)llarsy + Ar (i [TE)IVEU s ) -

To conclude the proof we proceed as for graphs [25, Lemma 4.2], basically squaring
and via Young’s inequality, adding over all elements T, € 7, and sides
Sy € S,, and using the strict reduction of meshsize hr for all refined elements.
In addition, we employ the global bound [[VrU||r, ) < || fllLa(y)- O

Another difference with the theory of adaptivity for flat domains is the behavior
of data oscillation under refinement. The usual situation is that oscr (U, f) does
not increase upon refinement from 7 to 7. [27]. This is no longer true because
oscr (U, f) and oscr, (U, f) correspond to different domains " and T',. We state a
quasi-monotonicity property in Lemma [£.10] but omit its proof because it is similar
and somewhat simpler than that of Lemma [£.9]

LEMMA 4.10 (Quasi-monotonicity of data oscillation). Let A () satisfy (4.6).
Let (T,T), (T+,T'x) be mesh-surface pairs with T < T.. Then, there exist constan%,
|]A2 and |A3 depending only on Ty, the Lipschitz constant L of v, and || f| 1,y such
that

oscr. (Vi )% < Cooser(V, )2 + Aal|Vo (Vi = V)17, 5y + A2Ar (7). (4.26)
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REMARK 4.11 (Local perturbation of data oscillation). The previous result is
also valid locally, that is for any subset 7 C 7T,. In fact, if 7 = T N 7, the same proof

gives (4.26) with Cs = 2,
oser, (V, f,7)? < 20ser(W, f,7) + A3|| V., (V — W)||2L2(7) + A2 AT (7)?, (4.27)

for any piecewise polynomials V, W subordinate to 7. Although the elements in 7 de-
scribe (part of) the common surface I' NI, whence there is no geometric discrepancy,
the presence of the geometric estimator Ar(7) in is due to the boundary of this
common region. Note that the contribution to the oscillation associated to a side on
the boundary of 7 involves the terms ql? according to .

5. AFEM: Design and Properties. Since \y(v) and 5y (U, Fr) account for
quite different effects, following [7], the algorithm AFEM is designed to handle them
separately via the modules ADAPT_SURFACE and ADAPT_PDE.

JAFEM: Given 7Ty and parameters g9 >0, 0 < p < 1, and w > 0, set k = 0.

1. T," = ADAPT_SURFACE(T},wey)

2. [Uk+1, Te+1) = ADAPT_PDE(T,", &)

3. k1 =per; k=k+1

4. go to 1.
We notice the presence of the factor v , which is employed to make the geometric error
small relative to the current tolerance ¢, thereby controlling the interactions between
the geometry and the PDE. This turns out to be essential for both contraction and
optimality of AFEM, even for polynomial degree n =1 as discussed in [6].

5.1. Module ADAPT_SURFACE. Given a tolerance ¢ > 0 and an admissible
subdivision 7, 7. = ADAPT_SURFACE(T,¢) improves the surface resolution until the
new subdivision T, > 7T satisfies

A7) <e, (5.1)

where A7 () is the geometric estimator introduced in (L.2)). This module is based on
a greedy algorithm and acts on a generic mesh 7 = UM, 7% € T:
T. = ADAPT_SURFACE(T,¢)
LiM:={TeT : \f(v,T)>e} =0
return(7) and exit
2. T = REFINE(T, M)
3. go to 1.

where REFINE(T, M) refines all elements in the marked set M and keeps conformity;
more details are given in §5.2] To derive convergence rates for AFEM, we require that
ADAPT_SURFACE is t-optimal, i.e. there exists a constant C(vy) such that the set M
of all the elements marked for refinement in a call to ADAPT_SURFACE(T, ¢) satisfies

#M < C(y) e/t (5.2)
In § we show that this assumption is satisfied by a greedy algorithm provided that

X' € B;‘*‘td(Lq(Q)) withtg>1,0<g<ocandtd <nforalll<i< M.
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5.2. Module ADAPT_PDE. Given a tolerance ¢ > 0 and an admissible sub-
division T € T, [Us, 7.] = ADAPT_PDE(T,¢) outputs a refinement 7, > 7 and the
associated finite element solution U, € V(7,) such that

nT. (U*,FF*) <e. (5.3)

This module is based on the standard adaptive sequence:
| [U..,7.] = ADAPT_PDE(T ,¢)
1. U = SOLVE(T)
. {UT(U, Fp7 T)}TGT = EST|MATE(T, U)
3. if ’177*(U, Fp) <e€
return(7, U) and exit
4. M = '\/lARK(7-7 {nT(U, FF, T)}TET)
. T = REFINE(T, M)
6. goto1

[\

ot

We describe below the modules SOLVE, ESTIMATE, MARK and REFINE separately.

Procedure SOLVE. This procedure solves the SPD linear system resulting for
where we recall that I' = I'. For simplicity we assume that is solved exactly
with linear complexity. We refer to [24] for a hierachical basis multigrid preconditioner
and to [9] for standard variational and non-variational multigrid algorithms.

Procedure ESTIMATE. Given the Galerkin solution U € V(T) of the pro-
cedure ESTIMATE computes the PDE error indicators {ny (U, Fr,T)}rer. We em-
phasize that this procedure does not compute the oscillation terms, which are only
needed to carry out the analysis.

Lemma (equivalence of error and estimator) is critical to deduce that the
ADAPT_PDE module, which reduces the error indicators ny (U, Fr), is successful in
reducing the PDE error £ (U, f) of provided the parameter w satisfies

Cs
< = . .
I‘ =¥\ [9A2Z4, (54)

In fact, given a tolerance € > 0 to be reached by ADAPT_PDE starting from the input
subdivision T satisfying A7 (v) < we, we observe that (2.14]) guarantees that 7 as well
as all subdivisions 7, > 7T constructed within the inner iterates of ADAPT_PDE satisfy

C
A (9)? < AT (7)* < e
2A4
Within the while loop of ADAPT_PDE we have ny (U, Fr) > ¢, so we deduce the
validity of (4.20) whence that of (4.21)) within that loop.

Procedure MARK. We rely on an optimal Dérfler’s marking strategy for the se-
lection of elements. Given the set of indicators {n (U, Fr,T)}rer and a marking
parameter ) € (0, 1], MARK outputs a subset of marked elements M C 7T such that

nT(Ua FF7M) 2 977T(Ua FF) (55)

In contrast to [25], MARK only employs the error indicators and does not use either the
oscillation or surface indicators. We will see that quasi-optimal cardinality requires
that M is minimal and quasi-optimal workload that the sorting scales linearly.
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Procedure REFINE. Given a subdivision 7 and a set M C T of marked elements,
the call REFINE(T, M) bisects all elements in M at least b > 1 times and performs
additional refinements necessary to maintain conformity. The resulting subdivision is
denoted by 7,. Recall that the bisection procedure is first executed on faces of the
corresponding flat subdivision 7 and its effect is transferred to the actual subdivision
via interpolation maps X’ o (X{§)~! fori=1,..., M.

Since the refinement procedure is performed on 7 or similarly on 7A'7 the complex-
ity results of the overall refinement algorithm proved by Binev, Dahmen, and DeVore
for d = 2 [3] and Stevenson [31] for d > 2 hold in our setting. In order to state them
precisely, following [3] BT], 28], we need the concept of ladmissible labeling [3], [31].

REMARK 5.1 (Admissible labeling). For d = 1, any subdivision is said to have an
admissible labeling. For d = 2, we say that 7y has an admissible labeling if each edge
of Ty is labeled either 0 or 1 such that each element of 7y has exactly two edges with
label 1 and one with label 0 [3]; refining an element entails connecting the middle of
the edge labeled 0 with the opposite angle. For d > 2, the corresponding condition
(b) of §4 in [31] is much more technical and is omitted here. In short, an admissible
initial labeling guarantees that the bisection procedure terminates in finite steps with
a conforming mesh, and that any uniform refinement of 7 is conforming.

LEMMA 5.2 (Complexity of REFINE). Assume that the initial triangulation Ty
has an admissible labeling. Let {Ti}r>0 be a sequence of triangulations produced by
successiwe calls to Tp11 = REFINE(Ti, My), where My, is any subset of Tg, k >
0. Then, there exists a constant |C7 solely depending on Ty, its labeling, and the
refinement depth b such that

k—1

#T —#To < Cr Y #M;,  Vk>1. (5.6)

J=0

It is worth noticing that the user parameter b > 1 can be chosen equal to one,
which only implies a minimal refinement, and does not force an interior node property
[27, 28] or an extra refinement to improve the surface approximation [25].

REMARK 5.3 (Alternative subdivision strategies). For simplicity we only discuss
the refinement strategy based on simplex bisection. However, all the results obtained
here can be extended to quadrilaterals with fixed number of hanging nodes or red
refinements. We refer to [8, Section 6] for details.

6. Conditional Contraction Property. The procedure ADAPT_PDE is known
to yield a contraction property in the flat case. In the present context, however, the
surface approximation is responsible for lack of consistency in that the sequence of
finite element spaces is no longer nested. This in turn leads to failure of a key or-
thogonality property between discrete solutions, the Pythagoras property. We have,
instead, a perturbation result referred to as quasi-orthogonality below. Its proof fol-
lows the steps of that for graphs [25, Lemma 4.4]. In this section, we use the notation

e 1= V(= Uiy, BT 1= V5 (U = U9)| e,
77j = nTj(Uijj)a nJ(MJ) = nTj<Uj7Fj7Mj)7 )‘j = )‘Tj(’Y)v
where T7 are meshes obtained after each inner iteration of ADAPT_PDE, starting with

T% =T, MJ C T are the subsets of elements selected by the marking procedure, F7
are the scaled right hand sides defined in (3.17) with I' replaced by I'/, the surface
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associated to 77, and U7 € V(T7) are the corresponding Galerkin solutions.

LEMMA 6.1 (Quasi-orthogonality). There exists a constantlAg > 0 solely depend-
ing on the Lipschitz constant L of v and || f|1,(y) such that for i = j,j+1 with j > 0,
we have

(&) = S~ AN < () < (&) — (B + AN (6.1)

277
2

Before proceeding with the proof of the above lemma, we point out that the constant

Ao was already defined in Lemma [4.9] This is to simplify the notations below and is

without loss of generality (upon redefining Ay as the maximum of the two constants).
Proof. Since the symmetry of the Dirichlet form implies

(ej)z — (ej+1)2 + (Ej)Z + 2/ Vv(u _ Uj+1)v§(Uj+1 _ Uj),

we just have to examine the last term. Utilizing the error representation (4.13)) with
v = UJ*t! — U7 and realizing that I; = I3 = 0, we readily obtain

/V,Y(u —UhHVIUIt - U7 = / VU B VE(UIT = U7).
vy vy
Invoking (4.7) yields

| [ 92— 0P )T @ = 09)] < Sy M B
Y

This leads to after applying Young’s inequality and using . 0

Notice that relation also holds when (i) 77, 77! are replaced with 7, T*
satisfying 7* > T; (ii) U™ is replaced by U* € V(T*) and (iii) U’ is replaced by
any V € V(7)) because V need not be the Galerkin solution over 7. The parameter

.7 £6?
FQ T Aov/3205(2A5 + 1) (6.2)

where € := 1 —27%? is defined in Lemma is used subsequently as a threshold for
the AFEM parameter w.

THEOREM 6.2 (Conditional contraction property). Let 8 € (0,1] be the mark-
ing parameter of MARK and let {T7,U7 jJ:O be a sequence of meshes and discrete
solutions produced by one call to procedure ADAPT_PDE (T, ¢) inside AFEM, i.e.,
A0 = M\o(y) < we. Assume that the AFEM parameter w satisfies

w < min{w,ws},

where w1 and wo are given in (5.4) and (6.2)), respectively. Then there exist constants
0<a<1andpB >0 such that

()2 + B2 < az((ej)Q + ﬁ(nj)z) VO<j< (6.3)

Moreover, the number of inner iterates J of ADAPT_PDE is uniformly bounded.
Proof. We proceed in four steps. Note that 1/ > ¢ for 0 < j < J.
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Let 8 > 0 be a scaling parameter to be found later. We combine (6.1)) and (4.23))

to write
(412 4 BOP ) < (&) (= 5 + B0+ 57 ) ()2
80 (14 B0+ 671 (V)2 4 B(1L+6) (07)? = &nf (M7)?),

where M7 is the set of elements marked for refinement at the j-th subiteration. To
remove the factor of EJ we now choose 8 dependent on §, to be

ﬂ(1+5‘1)A3:% = B(l+6)= (6.4)

2A;3’

and thereby obtain
J+1y2 JH1y2 < ()2 L\ yiy2 N2 i aqd)2
(712 + B2 < ()% + Mo (14 oo ) (V)2 + B(1+8) ()2 — & (M7)2)).
2A5
Invoking Dérfler marking (5.5), we deduce

(17)? = &n’ (M7)? < (1= €0°) ().

Since the initial mesh 79 comes from ADAPT_SURFACE we know that \° < we < wn?
for 1 < j<J. Using (2.14) yields MV < Agwn?, whence

(12 4+ B () — 81 +8) (o

+ 6((1 + 5)(1 — %) + A2<1 n i) A%ﬂ)(njﬁ

Moreover, w < w; implies (M)? < (nJ) which turns out to be (4.20). Therefore,
applying the bound (| and replacmg B according to , we obtain

<ef+1>2 B < a1 (0)(e)? + aa(8)B0P)?

2. & 2 _ £0’ 1\ AZw?
a1(0) ~*1*5m, az(0)” == (1+9) <12)+A2 (1+2A3> 3

It remains to prove that § can be chosen so that az(§)®2 < 1. We then fix the

parameter ¢ so that

£6? A
(1+5)<1_7)_1_T = 0= e

. . . £6? £6° . .
We now realize that (6.4) gives 5 = TR (1=E0%) > s and, since w < wo, we infer that

1\ A2w?  4Ap(2A5 1), o _ 62
< < 2.
Ao (”2A3> 5 ST @ MW SR

Hence a3 < 1 — €% <1, and choosing « := max{a,az} <1 yields (6
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The contraction property (6.3) guarantees that ADAPT_PDE stops in a finite num-
ber of iterations J. To show that J is independent of the outer iteration counter k,
take k > 1 and note that before the call ADAPT_PDE(7,",cx) in AFEM of § 5, we
have

€ Apw
M = 17, (Uk, Fiy) < €1 = ?k, Ak = A7 (1) < DoArt (7) < %51@.

We next combine (4.23)), with 5 = 1, and the estimate ||V, (U," — Uk)HLz('y) IV (u—
Uk)|| )+ A7 arising from , to get

nfr,;(UJ, B S+ X+ IV (O = Uiy <+ X%+ V4 (= ORIl 0,

where F;' is the right hand side associated to FT* defined in and the hidden
constants depend on Ay, Az. The bounds on ny, )\k, together Wlth - yield

(1) = 0+ (U D) < i+ A% < ek

Since the stopping condition of ADAPT_PDE is n’/ < &, implies that J is
bounded independently of k, as asserted. O

The fact that J is uniformly bounded controls the complexity of ADAPT_PDE
because the most expensive module SOLVE is run just J times. However, this property
is not required for the study of cardinality of

7. Approximation Class. In this section we discuss the approximation classes
A, and their connection with Besov regularity. We start with the notion of total
error in leading to the definition of A;. We then introduce and discuss a greedy
algorithm in that we use repeatedly in the rest of the section. We study the best
approximation error achievable with piecewise polynomials of degree n > 1 for the
surface v in §7.3]and for the solution u in §7.4] We analyze the decay rate of oscillation
in 7.5 Finally in §7.6] we conclude with our second main result: the membership
(u, f,7v) € Ag in terms of Besov regularity of u, f and .

In the discussion below we also remove the hat on functions, when no confusion
is possible.

7.1. The Total Error. Let Ty C T := T(7p) be the set of all possible con-
forming triangulations, generated on v with at most N elements more than 7y by
successive bisection of 7y:

Ty :={T € T|#T —#To < N}.

Given v € Hy(7), f € La(y) and V € V(T), we recall the notion of total error

IET(V; v, £:9)? = 1V (0 = V), + 0ser (Vs £)? + ™ A (1),

or Er(Viv, f,7)2 = Er(V, f)? +w A (7)?%. Owing to the equivalence of norms ([4.9))
we rewrite the first term in the parametric domain €2, and omit the factor w, to obtain
the following equivalent notion of total error provided A, () satisfies (4.6)):

Er(Vivo, £,9) =Y IV =)L, 5 +oser(V, f)> +Ar(1)? (7.1)
TeT
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Note that the last two terms are already evaluated in 2 according to definitions ,
(4.14). Yet, there is a nonlinear interaction between the approximations of v and of
u, f defined on . At this point, we recall the convention of dropping the patch index
when no confusion arises, for example v|z for T' € T* i stands for v'|z.
Assuming that the parameter w satisfies w < wy in (5.4) to guarantee the validity
of Lemma [4.8| (equivalence of error and estimator), along with the fact that AFEM
is driven by 17 (U, Fr) and Ay (7), we assess the quality of the best approximation of
(v, f,7v) with N degrees of freedom in terms of the following modulus of smoothness:

N = inf inf EA(V: .
o(N;v, f,) B T(Viv, f,7)

This is thus consistent with the approach taken for flat domains in [12] 28]. For s > 0,
we define the nonlinear (algebraic) approximation class A; to be

|As = {57 o, f.ls = sup (N o(N3w, £,7)) < oo}, (7.2)
N>1

The generic range of s is dictated by the polynomial degree, namely 0 < s < n/d.
A useful and alternative definition to (u, f,7y) € A follows: given £ > 0, there
exists a subdivision 7z with 7. > 7y and a discrete function V. € V(7¢) such that

Er(Vou,f,y) <e, and  #T. — #7To < |u, f,7]j e+ (7.3)

The characterization of A, in terms of Besov regularity is an open issue but we give
sufficient conditions for membership in A, in § and § Before doing so, we
discuss in § greedy algorithms suited to our particular framework, where the sub-
divisions consist of a collection of compatible subdivisions.

7.2. Greedy Algorithm. In this section we present and discuss a greedy al-
gorithm to construct a near best piecewise polynomial approximation of a vector-
valued function g := {¢'}M, : @ — RM in a suitable semi-norm. Given a mesh
T :=UM,T" €T, and a corresponding parametric mesh T = Uij\il%i € T, the algo-
rithm requires a local error estimator (i (g%, T) for T € T%, 1 <i < M. To simplify
the notations, we set

Cr(g,T):=Crilgh,T), TeT, 1<i<M.

We emphasize at this point that approximating the functions g requires mesh
compatibility conditions on 9€) to account for adjacent components 7 of the entire
conforming mesh 7. This explains why we employ this somewhat cumbersome nota-
tion, which however we will simplify as much as possible below. Given a conforming
refinement 7 of an initial triangulation 7o and a prescribed tolerance 6, the algorithm
reads:

T. = GREEDY(g, T, §)
LM ={TeT :(r(gT)>=0
return (7) and exit
2. T = REFINE(T, M)
3. gotol

where the module REFINE bisects all elements in the marked set M and keeps con-
formity as described in Note that ADAPT_SURFACE is a particular instance of
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GREEDY that uses (7i(x*,T) := Ayi(7,T) as local error estimator to approximate
the patch of the surface v* parameterized by x* : Q — R, We now discuss some
properties of the greedy algorithm following [28]. Results of this type started with
Birman and Solomyak for Sobolev spaces [5], and continued with [4] for Besov spaces
and [15] for wavelet tree approximation. We do not refer to any specific norm below.

PROPOSITION 7.1 (Performance of GREEDY). Let T := UM T* be created by
successive bisections of Ty, which has an admissible labeling. Let 0 < p < oo and let
g :={gM, : Q= RM be a vector-valued function and {¢7(g, T)}reT be correspond-
ing local error estimators that satisfy

(r(g,T) < hplg'ly, r>0, TeT, 1<i<M, (7.4)

~ o\ /P
where hy = |T|Y/? and <Zi\i1 doreT g’|5~) <|gla is a given semi-(quasi) norm

(with the convention that max;—1, n maxreri |g'|r < |gla if p= 00).
If |gla < oo, then the module GREEDY(g,T,d) terminates in a finite number of
steps and the number of elements marked M within GREEDY satisfies

_dp
HM < [g| 7707 (75)

Proof. The algorithm stops in a finite number of steps because the local estimator
(7 (g, T) is bounded by a positive power of hr according to and the admissibility
of the labeling of 7y ensures that a finite number of refinements is required to guarantee
the conformity of 7. To prove we organize the elements in M by size so that it
allows for a counting argument. Let P; be the set of elements T of M with size (in

the parametric domain) satisfying 2~0+1 < |T| < 274, so that
TeP, <+« 20N |T<27 «— 2°0t0/d<p, <279/4

We assume that 7 = 7y and proceed in several steps.

We first observe that all 7’s in P; are disjoint. In fact, if 11, To € P; and they
overlap (their interiors have a nonempty intersection), then one of them is contained in
the other, say T) C Tb, due to the bisection procedure, thus [T} | < 1 ||, contradicting
the definition of P;. Then, recalling that we have M copies of €2, we deduce

27Ut P, < MIQ| = #P; < M|Q2T (7.6)
We note that P; = Uﬁ\ilpj where 73; contains the elements of P; which are refine-
ments of elements in 7;. Each element 7' € P; belongs to a subdivision 7 created by
GREEDY so that, in light of (7.4) and the fact that P; C M, we have
TeP = §<¢(gT) =2 9/Dg .
Therefore we have §° #P; < 27 (0/dre Z Z |g'[% and

i=1 TePp}

#P; < 57P27 U/ |gfh (7.7)
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The two bounds for #P; in (7.6)) and (7.7) are complementary. The first one is
good for j small whereas the second one is suitable for j large (think of 6 < 1). The
crossover takes place for jg such that

A ‘ . _d
2 HIM|Q| 6P 2P g = 200 & (MY 6 PIglB) T
We now compute

HM= #P; <Y Y +5Pglh Y (27
J i<jo J>Jjo

Since Y. . 27 ~ 270 and Zj>j0(2_rp/d)j < 2=(p/d)jo e can write

7<Jjo
_dp
#M < (Iglad™t) ™,

which is the desired estimate.
It remains to remove the simplifying assumption 7 = Ty. Since T is a conforming
refinement of 7o, [7, Proposition 2] shows that the number of elements marked by
GREEDY(g, T, ) does not exceed those marked by GREEDY (g, 79, d) and estimated
in step 4. This concludes the proof. O

We consider the estimator

(r(g) :=={¢r(g, T)}rer

and its accumulation in ¢4 with 0 < p < g < oo. Its decay rate is assessed next.

COROLLARY 7.2 (Estimate in ¢;). Let (7(g) satisfy withr:=d(s—1/p+
1/q) > 0. Let the initial subdivision To have an admissible labeling. Given § > 0
there exists a conforming mesh refinement T € T such that

ICr(@)lle, < 6, #T — #To < #M < |glef 5. (7.8)

Proof. Since df:"p = qus, the output of the call T = GREEDY(g, 7o, €) satisfies

P
(rgT)<e, #M<|gli e ™,  VIeT,

for any € > 0 according to Proposition [7.1] Combining this with the complexity
estimate (|5.6) readily implies

1CT(8) e, < #T % < #M e 5 eTher [g| 47

: 1

If € satisfies § = eTra g|§+7, then it is easy to see that is valid. O

REMARK 7.3 (Scale invariant error estimates). The interpolation estimate
will be derived and utilized below for functions g which are products or composition
of functions to account for geometry. To illustrate the importance of scale invariance,
we consider now the product g = vw with v,w € W2(T) and 2 > d/p (1 < p < o0);
this implies Loo(f),ng(f) C Wg(f) and g € Wg(f) Therefore |g|7 = |g|W§(T)
satisfies

|9|Wg(f) < ‘U|Wg(f)||w||Lw(f) + ‘U‘ng(f)|w|w2lp(f) + ||U|‘Lw(f)|w|wg(f)-
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This scale invariant expression accumulates correctly in £,

Iz

Z |g‘€V§(T) < |U‘€V3(Q)||w||iw(g) + ‘U|€V21p(g |w| (@) + [Jv x(Q)|w|€V3(Q)

TeT

as a consequence of applying the Cauchy-Schwarz inequality to the middle term. In
9] we extend estimates for the product and composition of functions to Besov spaces
By (Ly (T)) with any order of differentiability s and integrability p, provided s > d/p.

7.3. Constructive Approximation of v. We now analyze a constructive ap-
proximation of v by piecewise polynomials based on the GREEDY algorithm. We also
show that this algorithm, and hence ADAPT_SURFACE, is t-optimal, i.e. the set of
marked elements satisfies , provided that ~ belongs to a suitable Besov space.
The case of polynomial degree n = 1 with regularity of v in terms of Sobolev scales
is discussed in [6]. We establish here a result for higher order degree n > 1 for which
the regularity of v must be measured in Besov scales.

We recall the following compact notation :

x = {X'}L, Xl gi+ea () = X ‘Xi|Bé“d(Lq(Q))'

We also note that the superscript ¢ indicating the patch label is dropped when no
confusion arises.

COROLLARY 7.4 (Constructive approximation of 7). Let ~ be globally of class WL
and be parameterized by x € [By(Lq(2))]M with tq > 1,0 < q < oo, td < n. Let
To have an admissible labeling. Then T, = ADAPT_SURFACE(T,d) is t-optimal, i.e.

A () <8, H#MCi(y)i,

where M denotes the number of elements marked during the execution of the procedure
ADAPT_SURFACE(T,6) and C1(7) < ‘X|Bé+“(Lq(Q)) is the constant in (1.4).

Proof. Observe that BY**(L, (T)), with tg > 1 and 0 < ¢ < oo is just above the
nonlinear Sobolev scale of VV1 in dimension d [32] p. 482], [23] Lemma 4.12], so that

BI(Ly(T)) € BL(Lo(T)) € WL(T).

Therefore, a scaling argument and local interpolation estimates give the following
bound with r =dt —d/¢g>0and T € T

Ar (7, T) = HV(X XT)”L (T hT|X|Bl+“i(L (7)) (7.9)

We then can apply Proposition n withp =¢, 8 =X, IX|la = |x\Bl+m(L @) T
dt—d/q and ¢(7(g,T) = Ar(y,T). Upon termination of T, = ADAPT_ SURFACE('T 9),

we obtain Ay, () < ¢ along with the asserted estimate on #M because d_‘f_q =10

7.4. Constructive Approximation of u. We use the vector notation ([2.4))
— i\ M - i
u = {u'};Z,, |u|B},+Sd(LP(Q)) = i:rlr}?}fM |uz|B;1,+5d(Lp(Q))v
where u’ := ul,: o x* and 7" is the i-th surface patch, along with V = {Vi}, and

IV (u = V)72 —ZHV u' = V)[720)-
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COROLLARY 7.5 (Constructive approximation of u). Let u € Hy,(v) be piecewise
of class By (L, (), namely u € [By**(L,(Q))|M, with s —1/p+1/2 >0, 0 <
p< oo and 0 < sd <n. Let Ty have an admissible labeling. Then, given 6 > 0 there
exists a triangulation T € T such that

inf  [|[V(u—V)| 2 <6 < C(u)/s671/s 7.10
oIV = Vi@ <6 #M<C) : (7.10)

where M is the set of marked elements to create T and C(u) = |u|B+sd(LP(Q)),

Proof. Taking g := Vu e B;d(Lp(Q)) and applying Corollary with q := 2 we
obtain the desired estimate provided we employ discontinuous piecewise polynomials
of degree < n over T. We finally resort to [33], which shows that the error decay is in
fact the same regardless of continuity for approximation of globally H!(Q)-functions.
This takes care also of continuity of traces across patches. O

7.5. Decay Rate of Oscillation. In order to study the decay rate of the oscil-
lation oscy (U, f)?, we split it into two terms that we analyze separately, namely

oser (U, f)? < oser (U)? 4 oser(f)?, (7.11)
where
oser(U)? := Z oscr (U, T)?, oscr(f)? :== Z oscr(f,T)?, (7.12)
TeT TeT

and for T € T and V € V(T)

—_ 2
oser (V, T)? i= h2||(id — 112, _,)div (qr VVGY) ] ) (7.13)
2
~ ~ 2
+ b G = T, ) (6 IV (G R - V(G R
Ly(9T)
2
oser (f.T)? := h{|(id =18, ) (fa) | _. (7.14)
L2(T)
To assess their decay rate, we resort to the following bound [12, Lemma 3.2]:
16 —T12) V) ey < 16 =T )0l 2V 0 (7.15)

which is valid for 0 < n < m, any domain w of R¢ or R¥~!, V € P, (w) and v € Lo (w).

In fact, since 112, is invariant over IP,,, we see that (id —II2,)(II5°_, vV) = 0 whence

(id —112)) (vV) = (id —I12)[(id —1152_, Yo V].

This yields (7.15) for any interpolant I3 v via the L2-stability of I12,.
We now embark on the study of the decay rate of oscillation: we investigate

oscy(f) in §[7.5.1] and oscy(U) in §[7.5.2]

7.5.1. Decay Rate of oscy(f). We employ the vector notation with f :=
{fAM and q = {¢'}%,. We also recall that the superscript 7 indicating the patch
label is omitted when no confusion arises.

COROLLARY 7.6 (Decay rate of oscr(f)). Let v be globally of class WL and be
parameterized by x € [BLT(Ly(Q))M with tq > 1, 0 < ¢ < oo, td < n, and let k =
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[td] +1. Let f € Ly(v) be piecewise of class B3*(Ly()), namely £ € [B5*(L,())]M,
with s — 1/p+1/2 > 0,0 < p < 0o and sd < n. Let Ty have an admissible labeling.
Then, given 6 > 0 there exists a triangulation T € T such that

oser(f) <6, #T —#To < C(f,7) 77 g~ e, (7.16)

where s At :=min{s,t} and

C(f,7) = ||f||B;d(Lp(Q)) (HX”B;Hd(Lq(Q)) + HX”,;éwd(Lq(Q)))-

Proof. Since 113, _5(fq) € Pa,_» is the best La-approximation of fq, we see that
10— T8, o(fa)l,, 7 < Ifa — T o (V) m
< =Vl + Ve - o (Va)l,, 3,
<1 = Vil llally_ o+ lla =Tl IVl
for all V € P,y due to (7.15)). Taking V =1I2_, f we have ||V||L2(f) < ||f||L2(f) and
oser(£,T) < hrllf = T2_ fll oz lally_ 7y + Prlla = T2 aal, oz 1, -
We now introduce for each T'€ T
Ey 7 (£,T) = hTHfi—Hiﬂfi”LQ(f)’ Eoor(q,T) := hTHq"—Hi’filq"lle@ (7.17)

and notice that an immediate generalization of [23] Lemma 4.15] implies the local
error estimates

Eyr(£,T) < hif|f

B, @)y oo (@T) S hrldl g, )

with ro = d[(s+1/d) —1/p+1/2] > 1 and ro = d[(t + 1/d) — 1/q] > 1. Moreover,
Corollary (9.5 yields q € [BE(Lq(€2))]M because Vx € [Bi(Lq(€2))] and

el < lallzgez,cy < max { Il sz, oy Ilseea oy bo (718)

with k& = [td| + 1. Given a constant c; > 0 to be determined later, we resort to
Corollary with tolerance c20, the local indicator Es 7 (f,T), 9 = 2 and r = rg, to
obtain a mesh 75 € T that satisfies

1
Fi7d (025)7ﬁ1/d~ (7.19)

Bar(f) < e2d,  #To = #70 < Il i, o)

Invoking Corollary once again, this time with tolerance c.,d, constant c,, to be
chosen later, local indicator Es 7(q,T), 9 = 0o and r = ro, we find a mesh 7o, € T
such that

—L 1
Boo7..(q) S ccd,  #Too —#T0 < q ];E;/(zq(ﬂ))(cma)*—m/d, (7.20)

If T = T2 & Ts is the overlay of the meshes 75 and T, then it remains to show
that 7 satisfies (7.16]). Since the local indicators ([7.17)) are monotone, i.e they do not
increase with refinement, we deduce from ((7.19)) and (7.20))

oser(f)? < Es 7 (£) ldall7 ) + B (@) [£117,q)
< 6% (ca?llal}. i + e €113, 00 ) -
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We now choose the constants ¢y and ¢, as follows:

Co = Hq“;gd(Lq(Q))v Coo = Hf‘lggd(LP(Q))

This implies oscy(f) < 0 in view of (7.18) and [[f[|r,(0) < [fllpse(r,(0). Finally,
since #T < #T2 + #Too — #7o according to [12, Lemma 3.7], we obtain

#T = #To < #Te — #T0) + (#Too — #T0) < C(£,7) 6~ 7772,

This follows from ([7.19) and (7.20) upon replacing the exponents s and t by s A ¢
because their left-hand sides are always larger than or equal to 1, and eventually

using Corollary to estimate ||q||B‘t1d(Lq(Q)). This concludes the proof. O

REMARK 7.7 (Besov regularity of f). If u' € Byt **(L,(Q)) and 7 is smooth,
then f! = —q_l(fi:/(qﬁui(}_l) € B341(Ly(£2)) is the natural Besov regularity for f*.
However, we require that f? € B;d(LP(Q)) because the data oscillation is evaluated

in Ly(2) rather than H~1(Q). This additional degree of regularity of f is responsible
for the faster decay of oscr(f) reported in Corollary

7.5.2. Decay Rate of oscr(U). In this section we study the decay rates of
oscr(U) defined in (7.13). We again use the GREEDY algorithm where now the local
indicator will be osc(V,T) for V € V(T).

We start with an estimate for osc(V,T) in terms of a positive power of hAp. In
view of expression for osc(V,T), the major non-standard obstruction is the
presence of the surface dependent and non-polynomial term ¢rGr 1 This requires
two auxiliary results about Besov spaces, namely Corollary (scale-invariant Besov
semi-norm of products of functions) and Lemma [9.4] (scale-invariant Besov norm of
composition), which we prove later in § |§| not to interrupt the flow.

We are now in position to show that oscy(V,T) is bounded by a positive power
of hp. The proof of Proposition [7.8]is a consequence of the subsequent three lemmas.

PROPOSITION 7.8 (Local decay of oscillation). Let the surface v be globally of
class W2, and be parameterized by x € [By 4 (Ly ()M with tq > 1, 0 < ¢ < oo,
td<n. For all T €T and allV € V(T)

kk
‘ r 1/4; < R
oscr(V,T) < hip | 1; " Ix\B;Hdgj Lage, (NN NV Ly @y (7:21)
J=1:4=J

withr =td—d/q >0 and k = |td] +1, N7(T) is the set containing T and its adjacent
elements, and B;Hdzj (Lqje,(N7(T)); T) indicates the broken Besov space.

LEMMA 7.9 (Element oscillation). Under the assumptions of Proposition for
alV eV(T) and all T € T, we have

e i = T3, )@@ VYGRS W lar G e, oy 19V iy,

with r =td —d/q > 0.
Proof. We first observe that

div(grVVGy) = div (¢rGr') - VV 4+ qr G D2V,
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and by (7.15)

(id ~ 113, _p)div(ar VV G )| (id — 1152 )div (qr Gyt

=<

Lo (T)

HLOO@) HVVHLQ(T)
+ ||(d - H?A)(‘JFG?)HLOO@)||1A72VHL2(?)‘

Using interpolation estimates in Besov norms of an immediate generalization of [23
Lemma 4.15] we have

|- m D div (w6 )||, o <nn

div (arGy)

Bid(Ly(T))’

with 0 < r < n. By the inverse inequality of Lemma we readily get

<7

’div (qFGfl) Bi(L, @)~ hr |QF I‘1|de(L (7)) -

A similar argument applied to the second term gives

H@VHLQ(T)

[Gd =152 ) (ar G|, 7 ||52VHL2(:F) S hr |QFG51|B;d(Lq(:F)) hr

This proves the asserted estimate. 0
LEMMA 7.10 (Jump oscillation). Let the assumptions of Proposz'tion be valid.
For allT € T and all V € V(T), there holds

hyf||(id =133, ) (a OV (G TR — g VT (G) AT

Ly(97)
r -1 o
< hrlarGr g, (ve @) IVY |y (v (2

with r =td —d/q > 0.
Proof. Let S =TT NT~ be any side of T := T'. Since

h;/QH(id_H%nfl)( CVVHGH AT - g VYV (Gr) TR )‘Lz(g)
1/2H (id — 113, 1)(‘1F§V+(G;)ilﬁ+>)m§>
+h1/2H (id — H2n 1)(qFVV (Gp)~ 15— ) L)’

we estimate each term separately, dropping the + superscript. We invoke ([7.15)) to
deduce that

H(id - H%n—l)(QF§VGflﬁ) H @ < ||(id - I1721) (ar Gy 'n) ||Loc(§)||§v|‘L2(§)’

Lo

where II2° | is the Lagrange interpolation operator onto Pn,l(é\ ). Since the unit nor-

mal 71 is constant on S , the interpolation estimate from an immediate generalization
of 23] Lemma 4.15] reveals that

lI(id — T34 ) (ar G n)”Lm(s) hplorGr ’B;d(Lq(fi))’

where we have used the assumption » < n. This together with a scaled trace estimate
||VV||L2(§) _1/2||VV||L (7+) vields the desired estimate. 0
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We see from Lemmas and [7. 10/ that the discrete surface I' enters the estimates
via |QFGI_‘1‘BM(L ) The next lemma provides control of this term.
q q

LEMMA 7.11 (Besov semi-norm of ¢rGp ) Let the assumptions of Proposi-
twn- 7.8 hold and k = |td] + 1. We then have for T € T, 1 <i < M,

*
_ 1/4;
|QFGF1|BM(L (7)) < Z |X | /1+tdl P
@ , , T (Lgye; (1))
J=1,4;=j/k* !

Proof. We fix i and drop it from the notation throughout this proof. We invoke
Lemma (scale-invariant Besov semi-norm of the product of two functions) along
with the Holder inequality to write

|QFG51|B;d(Lq(T)) < ||quLOO 7 }GI:1|B3‘1(L(1(2A"))
1/lm 1/(1—£m)
+ Z |QF|B(tIdzm(Lqu(f)) + |G 1| ta(1- F7n)(Lq/(172m)(f))
Lot _m/k
+ |qF’Btd(L (f))HG1:1HL (T
q q R
k
1/l 1/l
< Z ‘QF‘BMZ’"(LQ/@” T))+|G 1|Bf“m Lo/en, (1))
m=1
l:i=m/k

because HqFHLw(:T“)’ HG_ 1 for v being globally Lipschitz. We denote

r1||Loo(:F) <

st =tdly, ¢ =q/lm, 1<m<k,

and bound |gr Be* (L. (T)) USing Lemmafor qr = (det(%X?—@XT»l/?:

k 4
By (L) S 2D IVXTIT 2 Y

£=1i=1 i p=17=1

|Qr

s*p*

B, ‘(L a* /25 (T))

a similar bound is valid for G 1. To get a simpler expression, we observe that
ZJ 5 =1 with 0 < 05 = i;/k'""" < 1 and i; € Ny, whence there cannot be

more than ¢ — 1 vanishing Ej’s in each product H;: ane . Therefore

By 7 (Lgx/es @)

VX7| o < (1 VX ) VX7| o .
E' Tl ey = L Tl H' 7oy 0 )

q

250
because |§X7~|B&(Lw(f)) = ||§XTHLOC(7:). Now, using i < ¢ < k, we obtain

k¢

sy o, oy < max (LIVXTI 7)) 3230 30 H VX 55 (Lye s (B

(=1 i1=1 2.7:1 5,‘: £ 750
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and remove the first factor in light of (2.9) and x being globally Lipschitz. Since
S 05 =1and £7 > 0, we employ Holder’s inequality to estimate each product as

Jj=17"7J
i i Le:
I VX7 e K> VX7 .
i By 7 (Lgwyex (1)) = By 7 (Lgw jex (T))
250 €570

Combining this with the preceding expression, and taking into account that the num-

bers of appearances of each |VX7| ¢ __only depends of k, we have
By 7 (Lgx/ex (1))

Eh-1
1/t S 1/ tm
‘QF B/S*(L *(f)) =< Z |VX'T S*Jz;% o
4 N j=1 By (Lq*/é;‘ (1))
G=j/k"

where (7 = j/ kF=1 has been redefined to fit all possible cases. It suffices now to realize
that E;Em can be written as ¢,, = E;Zm = n/kzk for 1 <n < k¥ and

s* =tdly, g/l = q/ln.

Finally, applying Lemma (local stability of Lagrange interpolation) with s =
1+tdl,, so that d¢,, /g < s <n+ 1, we may replace X7 by x in T and thereby obtain
the asserted estimate. O

PROPOSITION 7.12 (Uniform decay rate of oscr(V)). Let v be globally of class
W2, and be parameterized by x € [By T (Lqy(0)]M with tq > 1, td < n. Let Ty have
an admissible labeling and let T > Ty be a refinement of To. Then, for any tolerance
0 > 0 there exists a subdivision Ts € T such that Ts > T and

oscr; (V)

max ———— <0, H#M < Co(y)ME 571,
VET(T) [V V]|, 0 207)

where M is the set of elements marked to create Ts from T and the constant Ca(7)
depends on v and is given explicitly by

k
CZ(’Y) ‘= max (||X‘|B;+td(Lq(Q))a ||X|‘%;+td(l/q(ﬂ))> 9

with k = |td] + 1.
Proof. We make use of the GREEDY algorithm upon taking p = ¢, g = x, and

kk
. 1/¢;
GO =y Xe= Y M, L, (122
) ) B, (Lgye; (T))
j=1.L;=j/kk J

with 7 = d(t — ;) > 0. Since

EF q
g _ ¢ _ 1/4;
Ix & ZAMT Z < Z ‘X|Bi+”“-f(L /Z.(f))>

TeT TeT =1 ¥
ZJ:]/k
K K
0. q/t;
<3 Y W, < Y X,
) 1+4tde ~ ) 1+4tdl ; b
BT, (T B (L, (@
for oA @ T TR )
[]:]/k e]:j/k
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and
By Ly (Q)) € BT (Lyye, () forall 0 < ¢; <1,

we deduce |X\B;+mej (Lajes () < ”XHB;“d(Lq(Q)) along with

Ixla < C2(7).

Then, Proposition guarantees that the call 75 = GREEDY(x, T, 0) stops in a finite
number of steps and the resulting subdivision 7s satisfies

(rT)<s VYTET,.

This, in conjunction with Proposition and the finite overlapping property of the
sets N7(T'), implies that T satisfies

OSCTS(V)Q < Z CT(X7N7—5( )) ||VV||L2(N7_ () < 52HVV||L () vVVe V(%)
TeTs

This proves the first assertion. In order to bound the cardinality of M we rely on the
estimate ([7.5)) on the elements marked by GREEDY

LM < [x|ET 5T

The proof concludes upon realizing that %‘fﬁq = % 0

REMARK 7.13 (Approximation of ). Since Ay (vy,T) and (7 (x,T) satisfy
)\T(’Ya )— ”V(X XT)HL (T) hT|X‘Bl+td(L () hT|X‘T CT(Xv )a

we deduce Ar; (y) < ¢ for the mesh 75 of Proposition (7.12)).

7.6. Membership in A;. We now collect the estimates derived earlier in this
section and prove our second main result.

THEOREM 7.14 (Membership in A,). Let v be globally of class WL and be
parameterized by x € [B;‘*‘td(Lq(Q))]M with tg > 1,0 < ¢ < 00 and td < n, and let
k:=|td|+1. Letu € H;#(v) and f € La(7y) be piecewise of class B;*Sd(Lp(Q)) and
Bs(Ly (), respectively, namely u € [BLT*4 (L, ()M and £ € By (L, ()], with
s—=1/p+1/2>0,0<p<ooand0< sd <n. Let Ty have an admissible labeling and
Mo (7) satisfy (£.6). Then,

(u7 .f7 rY) € As/\h

i.e, given § > 0 there exists a conforming refinement T such that

f Er(V; )Y d, T—#To < Y 5“ o Mf 7.23
végm T(Viu, f,7) < #T = #To < [u, 730, (7.23)
and
|u7f77AsAt §|u|Bl+Sd(L (£2))

(7.24)
(HX”BI+td( + HX||Bl+’fd L (Q))) (1 + ”f”ijd(Lp(Q)))'
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Proof. Since Ar, () satisfies (4.6)), instead of dealing with E+(V;u, f,7), we argue
with the equivalent quantity E+(V;u, f,~) from (7.1)), which is evaluated in Q. Given
d > 0, we invoke Corollaries and [7.6] to obtain meshes 7, Ty € T satisfying

Viu-— 2 < 0, W =< Cla)t/s§71/s,
Vevm) [V(a = V)2 #M (a)
oser (f) <0, #Tp — #To < C(F,7) !/ AFYD g/ sni1/a),

We next apply Proposition and Remark [7.13] starting from 7, to obtain a
refinement 7, € T such that 7, > 7,

oser, (V)

max Tt ) LM, < Co() 157,
VEIT) [Vl a) i

AT, (7) <9,

The cardinality of 7, can be estimated via Lemma (complexity of REFINE)
#Ty = #To < #Mu + #M,, < Cu)/557 15 4 Cy(y) V16711

Since the cardinalities can be assumed to be at least 1, we can replace the exponents
1/s and 1/t of C(u)d~! and Co(7)6 ! by 1/s At. Let T = T, & Ty be the overlay of
the two meshes 7, and T;. According to [12, Lemma 3.7] the cardinality of #7 —#7j
is bounded by #7, + #7T; — 247y, whence

1/§/\t 571/3/\15
G/\f

#T_ #76 |’LL 77

with the nonlinear quantity |u,7, fla.,, satisfying (7.24]).
It remains to show the first estimate in (7.23]). We first observe that

Lint 9= V)l € it 9= V)l

because T > T,,. We choose V,, € V(T,) to be the function that realizes the minimum,
whence [|[V(u — V)|, < 0. Since the definition 1_) of oscr (V) involves the
best Lo-approximation, we can argue as in Lemma [4.9) to deduce for 7 > T, (see

Lemma
oscT (Vi) < oser (Vi) + A () < 5|IVV, llLo0) + 9,
because V,, € V(T,) C V(ﬁ) Upon adding and subtracting u, we readily see that
oser (V) < 8119ul e + 619 (0 = V) e +6 < 6
Since the definition utilizes the Lo-projection and 7 > Ty we infer that

oscr(f) <oser; (f) 6.

Collecting the preceding estimates and using the definition (|7.1)) of total error gives
the desired estimate E7(Vy;u, f,v) < 6, and finishes the proof. O
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8. Convergence rates. In this section we study the cardinality of AFEM, which
is dictated by the regularity of u, f and v. We now prove that AFEM achieves the
asymptotic decay rate s dictated by the class A;. We establish the link between
the performance of AFEM and the best possible error by adapting a clever idea of
Stevenson [30] for the Laplace operator, further extended by Cascén et al [12] to
general elliptic PDE, in flat domains. We refer to the survey [28] for a thorough
discussion and to [I1]. The insight of [30] is the following

Any marking strategy that reduces the total error to a fraction of its current
value must contain a substantial portion of the error estimator, and so it can (8.1)
be related to Dérfler Marking.

Exploiting next the minimality of Dorfler marking we can compare meshes generated
by AFEM with the best meshes within T. The approach of [12] 28, [30] does not
apply directly to the present context because of the consistency error due to surface
interpolation. We account for this discrepancy below upon making the parameter w
of ADAPT_SURFACE sufficiently small. Let

C
I‘3 T AovBAL T 4}5\2 T 2AA; (82)
be a threshold for w to be used next and let P* be a threshold for Dorfler parameter 0
0. = Cs .
" V2C5 +C1(3+2A3)

since C5 = \/m and Cy < C4, we see that 0, < 1.

LEMMA 8.1 (Doérfler marking). Let Ay, (y) satisfy (4.6), and the parameters 0
and w satisfy

(8.3)

0<6<,, 0 < w < min{wy,ws}, (8.4)

where 0,,ws are defined in (8.2), (8.3), and wy in (5.4). Let p := %,/1 — Z—i and
(I, T,U) be the approximate surface, mesh and discrete solution produced by an inner
iterate of ADAPT_PDE. If (T, T.,U.) is a surface-mesh-solution triple with T, > T,
such that the PDE error satisfies

then the refined set R := T \ T, satisfies Déorfler property with parameter 0, namely

Proof. We proceed as in [12, Lemma 5.9] using the notation e(U) := ||V, (u —
U)llLy(y)- Since w < wy, we combine the lower bound of (4.21) with (8.5) to write

(1= 202)C2nr (U, Fr)? < (1 — 2u%) (e(U)? + oser (U, £)?)
< e(U)? —e(U.)? +oscr (U, f)? — 20scr. (Us, f)?.
We now estimate separately error and oscillation terms. According to (6.1]) and (4.17)),

we obtain

3
e(U)? = e(U)* < SIIV4(Us = U)lIZ, ) + A2d7(7)?

IN

3 3
5 Cunr (U, Fr,R)? + (§A1 + A2> Ar(7)%.
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For the oscillation terms we argue according to whether an element T € T belongs to
the set of refined elements R or not. We use the dominance bound (4.18) to arrive at

oser (U, f,R)? < Canr (U, Fr, R)*.
On the other hand, using for T, NT with V =U and W = U, yields
oscr (U, f, T. N T)? — 20scr. (Us, f)? < A3||V,(Us — U)||%2(A/) + Ao ()2
By combining these two estimates with we infer that
oser (U, f)? = 20scr. (U, £)* < (Cs + C1hs)nr (U, Fr, R)? + (A1 Az + Az)Ar(7)*.

Since T is produced within ADAPT_PDE, which is initialized with 7+ in AFEM of
§ 5, we have nr(U, FT) > & , A+ () <we, and T > T, whence

A () < Ao+ (77) < Agwe < Agwnr (U, Fr).

Collecting these three estimates, we deduce
(1 —2p*)Cnr (U, Fr)* < %(203 +C1(3 + 2A3))77T(U, Fr,R)?
+ %(3/\1 + 405 + 201 A3) Ajwnr (U, Fr)?.
Finally, using that w < wg, along with and , we infer that
(1 = 4u?)0207 (U, Fr)? < nr (U, Fr, R)%.

The choice of y implies the asserted estimate (8.6]). O
LEMMA 8.2 (Cardinality of M). Let Ay, () satisfy (4.6]) and the procedure MARK
select a set M with minimal cardinality. Let the parameters 6 and w satisfy

0<0<b,, 0 < w < min{w;,ws} (8.7)

with 0., w1 and ws given in (8.3), (5.4), and (8.2)), respectively. Let u be the solution
of (3.13), and let (T, T,U) be produced within ADAPT_PDE. If (u, f,v) € A, then

#M < |, fAl5 Er (U, F)75.

Proof. We set
8 = [ Er(U, f)? = i (e(U)? + oser (U, )?),

for0 < g < p = %,/1 — 2—2 < 1 sufficiently small to be determined later. Since

(u, f,7) € Ag, there exists a subdivision 75 € T and Vs € V(7s) such that

HTs — 4T < Ju fA12 075, e(Va)? +osery (V, )2+ A ()2 < 6% (8.8)

Let 7. = T @ Ts be the overlay of T and Ts, which satisfies [12] Lemma 3.7], [28],

#T. <H#HT +#T5 —#7o. (8.9)
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Let U, € V(T.) be the corresponding Galerkin solution. We observe that 7T, > Ts, T,
and invoke the upper bound of ([6.1]) in conjunction with (4.26)) to write
e(Us)? + oser. (Us, )? < e(Vs)? + Aadr; ()
+ Co 05¢7; (Vo, )2 + A3 | Vo (U = Va)l[7, () + A2A73 (7).

Applying (6.1) again gives ||V, (U, — %)H%z(w) < 2e(Vs)? + 2A2)1; (7)?, whence

e(U)? + oser. (Us, £)? < (14 2A3)e(Vs)? + Cg oser; (Vs, £)? + 2As(1 + As)A7; (7).

©

We now choose i =
H /max{Cs,1+2A5,2A> (1+A3)}

to end up with

e(U.)? +oser, (Us, f)° < max{Co, 1+243, 205(1+ 83)}5° = i (e(U)? +oscr (U, £)?).

We thus deduce from Lemma [8.1] that the subset R = Ry_7, C T satisfies Dorfler
property . Since the set M C T also satisfies this property, but with minimal

cardinality, we infer from 1'
#M <HR SHT —#T <HT —#To < [u f0]1,67%,

The asserted estimate finally follows upon using the definition of §. O

The quasi-optimal cardinality of AFEM is a direct consequence of Lemma[8:2] and
Theorem [6.2] This is our third main result and we prove it next.

THEOREM 8.3 (Convergence rate of AFEM). Let g9 < (6wAoL3)~t be the initial
tolerance, and the parameters 0,w, p of AFEM satisfy

0<6<8,, 0 < w < wy :=min{wy, ws, w3z}, 0<p<l, (8.10)

where 0., w1, wa,ws are given in (8.3), (5.4), (6.2), and (8.2)), respectively. Let To

have an admissible labeling, and let the procedure MARK select sets with minimal
cardinality. Let u be the solution of and {Tk, Ty, Uk }k>0 be the sequence of
approximate surfaces, meshes and discrete solutions generated by AFEM.

If (u, f,v) € As for some 0 < s < n/d, then there exists a constant C, depend-
ing on the Lipschitz constant L of v, ||f|r,(y), the refinement depth b, the initial
triangulation To, and AFEM parameters 0,w, p such that

e(Uk) + oser, (U, f) + w A7 () < Clu, £,91a, (#Tk — #70) (8.11)

where |u, f,7|a, is defined in (7.2)).

Proof. We start by noting that since weg < ﬁ the first output of the procedure
ADAPT_SURFACE fulfills Ag+ (7) < m which is and implies that T(7;") is
shape regular.

There are two instances where elements are added, inside ADAPT_SURFACE and
ADAPT_PDE. In light of and we observe that ADAPT_SURFACE is s-

optimal with C'(v) < |u, f, 'y&ss, whence the set of all the elements marked for refine-
ment in the k-th call to ADAPT_SURFACE satisfies

1 -1 1
AMy < CO) wt et < frlf e
For ADAPT_PDE, Lemma [8.2] (cardinality of M) yields

1
s

1 , , -1 )
i (e(Ud) + oser (UL 1) 0<j<.
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where Mfc denotes the subset of elements selected by the marking procedure at the j-th
subiteration of the k-th step of ADAPT_PDE. Since the inner iterates of ADAPT_PDE
satisfy Theorem (conditional contraction property) and

e(UR) + oses (U, f) & e(U) +nry (U}, ),

according to (4.21)), we deduce that

1 1
s

. . - J—j—1 _ _ s
() +osers (UL, 1)) " 50 (U™ +mpa (UL BT
J—j—1 _1

Sa s gt

by virtue of 7 (U,;]_l, F,;]_l) > eg. This implies
k

J—1

— J—j—1 1 _1
Z "LL f77|A Z':Ic ZOZ ° |u7f77|&58k °
7=0

7=0

To do a full counting argument, we resort to the crucial estimate (5.6) which,
combined with the estimates above, gives

k—1 J—1 k—1
, 1 _1
#Te—#T < Cr Y (#Mit Y #MI) < fu frlf, Yo el ™.
i=0 j=0 i=0
We now use the relatlon 5k+1 = pek of step 3 of AFEM, together with p < 1, to obtain
k-1 -1
Yoo €S =& Zz 0 PE < , whence
11
#776_#76 < |u7f77|1§3 E}gs' (812)

Moreover, the stopping criteria (5.1)) and (5.3 guarantee that
B(Uk)—l-OSCTk(Uk,f)—l—w 1)‘71( ) €k, (8.13)

which implies the desired estimate . O

The precise constant on the right-hand side of is wTIC(Y)® + |u, f,7a.-
This and the condition w < w, in suggest that w should not be too small
to optimize . An optimal choice of w, which unfortunately is not computable,
appears to be

w = min {w,, [u, £,/ C(7)"}.

We also provide an estimate on the workload in the following corollary. We assume
that the adaptive loop on a subdivision 7 € T requires O(#7 ) computations and
in particular (i) the linear algebra solver scales like #7 [9] 24] and (ii) an approximate
sort requiring O(#7) arithmetic operations is used to select the local estimators
nr (U, Fr,T) for all T € T (see e.g. [8, Remark 5.3]).

COROLLARY 8.4 (Workload estimate). In addition to the assumptions of Theo-
rem[8.3 suppose that each inner loop of ADAPT_PDE on a subdivision T € T requires
O(#T) arithmetic operations. If € < gg, then the number of arithmetic operations W
for AFEM to construct a triple (T, T,U) such that

e(U) +oser(U, f) +w 'Ar(y) <e (8.14)
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satisfies

W < e /s,

Proof. Let C' > 1 be the hidden constant in (8.13)) and set K to be the integer
such that ey := pK+150 < ¢/C < eg. Moreover, we define W;r to be the number

of arithmetic operations performed within the call ’7}+ = ADAPT_SURFACE(T;,we;)
and Wj41 those within the call [Ujt1,7j41] = ADAPT,PDE(7}+,5J-). With these
notations, the total number of operations to achieve (8.14)) satisfies

K
W< (W +Win).

Jj=0

We now bound each term separately starting with W;“. The computation of each
local geometric estimator requires O(1) arithmetic operations and is performed

HT; + #M; < #TH < #T70

times. Since ADAPT_SURFACE does not involve sorting the local geometric estima-
tors, we readily deduce that

Wi < #Tj41.

Regarding W41, we recall that Theorem guarantees that the number of inner
iterations J within ADAPT_PDE is uniformly bounded. This, together with the com-
plexity assumption on the inner loops of ADAPT_PDE, yields

W1 < #Tj41.

Now combining the above two estimates and invoking (8.12]), we deduce that

-1
W+ Wi < 21"

Going back to the total number of operations W, we find

K
Wsp ey <l

Jj=0

where we used the relations €;4; = p~E=i=Dgp for j = 0,...,K. The desired
estimate follows from the definition of ex. O

9. Products and Compositions in Besov Spaces. In this section we derive
scale-invariant estimates for Besov (quasi-)semi-norms for products and compositions
of functions. This extends estimates for Sobolev norms of products [I], as alluded to
in Remark and for Besov norms of compositions [I0]. Our estimates, however,
possess a structure that does not seem to be available in the literature.

We recall the definition of Besov spaces via modulus of smoothness; a thorough
discussion can be found in [23]. Let Q be a Lipschitz domain in R% 0 < p < co and
u € Ly(2), we define the differences as follow, for h € R%, k € N: Apu: Q — R, with

Anu(z) = w(x+h) —u(z), ifrzeQ,={zeQ:z+theQvtel01]},
" o, otherwise,
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and Afu 0 Q — R as Ajtlu(z) = ApAfu(z) for k € N and z € Q1) and 0
otherwise. Therefore,

AZU((E) = {Z;?O(_l)k—i_j (?)U(Z‘ +]h)7 1f xr € Qkha

) (9.1)
0, otherwise.

Using these difference operators we define the modulus of smoothness of order k in
L,(9) as:

Wk(’u,, t)p = Sup ||A];LUHLP(Q)a t> 07
|h|<t

Given s > 0 and 0 < ¢,p < oo, the Besov space Bj(L,(Q)), is the set of all
functions f € L,(£2) such that the semi-(quasi)norm ||f\B (L, () is finite, with

> dt\ 7
(/ [tswk(u,t)p]q) , if0<g<oo
5,00 = \o t (9:2)
supt*wi(f, 1), if ¢ = o0
t>0

where k € N is such that s < k. Although this definition only requires k > s, it turns
out that the space Bj(L,(€2)) is independent of &k [I8, Theorem 10.1]. From now on,
we fix the value of k := [s] + 1 in most of our results for simplicity. The (quasi)
norm of By (L,(R2)) is defined by:

1A Bs (2,2 = 1 fllz, @ + [flB: (2, 2)- (9.3)

Two important properties that we will exploit in what follows are the embed-
dings of B;(L,(Q)) in L (£2), whenever sp > d, and of By (Ly, (Q2)) in Bj2(L,,(Q)),
whenever s; — d/p1 > s2 — d/p2 [23].

9.1. Product of Functions. The following result, essential for our discussion,
is analogous to [I, Theorem 4.39] for Besov spaces and is scale-invariant.

LEMMA 9.1 (Scale-invariant Besov semi-norm of the product of two functions).
Let u,v € By(Ly(Q)) with s > 0 and 0 < p,q < oo satisfying s > d/p (i.e.
Bi(Lp(Q)) C Loo()) and k = |s| + 1. Then uv € B (Ly(S2)) and

k
[ul By Ly @) < Z) 5% Ly ) P B 50 () (94)
i=
with the convention that BY(Lyy () = Loo(Q) and | - 1BO(L i jo@) = || 20 (@)-

Proof. Recall that wy(uv,t), = sup, < | AF (uv)| 1, ) and that the k-th differ-
ences obey a rule similar to Leibniz rule. This translates into the expression

k k—q
1A% (uo)l| 2, 0) < ZHMLUA;L Mol < ZHA ull L@ 1ALVl L sy (9)
7=0 j=0

where we have used Holder inequality in the last step and the conventions A?L =1Id
and Ly /0(Q) = Loo(£2). Therefore,

k
wi (uv, t)p < Z Wi (U, ) pr /i Wi—j (V3 ) ple (k-3 »

Jj=0
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where we use the convention wo(v,t)pr/0 = [V ()
We now consider the cases ¢ = co and g < oo separately. Observe that

Bs_(L,(Q)) = Sup t Swy (v, t),
>0

k

< D sup 7 My ) s O K (0, .
j=0

Utilizing that |U|ng‘/’“(ka/j(Q)) ~ supysot 9%/ Fw;(u, t),,;, because k > s so that

js/k <j <j—14+max{l,j/(pk)} for 0 < j <k, we have

Ea

|uv

Bs (Ly(Q) = § :|“|B“/’“ Lpk/; Q))|U|B(k D (Lo (V)
J=0

If 0 < g < o0, we define ¢* = max{1,q} and notice that by the triangle and
Holder inequalities

o0 1/q”
Q/q* _ sq dt
= t t
|UU|BS(LP(Q)) </0 w(uv, t)] P )

R at\ /"

e B pws =3 (0 Opr iy 3

e s k)i dt # o s k/(k— dt
(/O t qw]' (U,t);kéi t) </O t qwk—j (v’t)f)k%k i) 7 )

q/q" v a/q"
Boilk s(k—j)/k .
B M (L (@) 1 B D M (L -5y ()

<

M-

Il
o

J

(VR

<
= |l
o

|u

R

<.
Il
o

Upon raising both sides to the power ¢*/q > 1, this inequality implies . O

We make the important observation that (9.4)) is scale-invariant: simply scale 2
by a constant h and realize that both sides of scale by the same factor h®~/?.
This implies that can be used at the element level. Upon iterating we
obtain the following simple, but technical, generalization of (9.4)).

COROLLARY 9.2 (Scale-invariant Besov semi-norm of products of functions). Let
5> 0and0 < p,q < oo satisfys > d/p (i.e. Bi(Ly(R)) C Lo(82)), and let k = [s]+1.
If u; € Bi(Ly(Q)) for 1 <i <m, then [[\2, u; € Bi(Ly(Q)) and

’1_[1 B:(Lyp(2)) = Z H |u’ ot Lyse, ()7 (9.5)

S li=1 =1

where 0 < £; = m; /K™~ < 1 and the sum ranges over all choices of m; € Ny such
that 30" m; = k™~ L

Using embedding theorems for Besov spaces, can be further simplified by
replacing the semi-norms by norms. However, this is at the expense of having a
constant depending on |€].

COROLLARY 9.3 (Besov norm of products of functions). Let s > 0 and 0 < p,q <
oo satisfy s > d/p (i.e. By(Lp(Q)) C Loo(2)). If ui € Bi(Lyp(R2)) for 1 <i < m, then
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[T~ ui € Bi(Ly(S2)) and then there exists a constant C(Q) such that

het

B: (L, Q)) HHUzHBs »(2)

Proof. Since st; — d/(p/t;) = £i(s — d/p) < s—d/p for 0 < ¢; < 1, we deduce
B (L, (Q2)) C BSE “(Lpye, (Q2)) for any 0 < g, ¢’ < oo This, together with BS( »()) C
Lo (), enables us to replace the semi-norms in (9.4} by the full Besov norms absorbing
the scaling into the constant C'(€2). O

9.2. Composition of Functions. The following result is a scale-invariant gen-
eralization of a result in [I0] related to the Besov regularity of the composition of
functions.

LEMMA 9.4 (Scale-invariant Besov semi-norm of composition). Let u : Q —
R be of class By(Lp(S2)) with 0 < p,q < oo and s > d/p, and let R be a closed
interval in R that contains the range of u. If f € CF(R), with k > s, then the
composite function fou € By(L,($2)) and there exists a constant C(f) depending on
maxi<j<k ||| L (r) such that

L e, (@) (9.6)

Cf)f:i:l@ll > Hlu

(=1 i=1 Z}:l ej_lj 1

where the inner sum ranges over all choices of fractions of the form 0 < ¢; =
m; /K"t <1 withm; € No such that 375 mj = k'".
Proof. Recall formula (9.1]) and notice that Aﬁl = 0. Then for z € Qgp,

k = [k k-+j :
Ab(fou)a) =Y (j)<_1) i f(ule + 3h)) — flu())].
j=1

Using Taylor’s formula

Flule +h) = flu(@) = - = (Ayu(e)’
=1 ’
1 (k) (u(m) +tA;hu(x)) - i
+/0 1) (1—t)kLat (A;hu(x))) .

Therefore, [|AF(f ou)l|r, @) < HZ@ 115‘

where
Ly(Q)

(0)
Z( ) k+]f (g[( )) (A;hu(m))z 1<l<k

) (u(x 1wz
i( ) /01 f ( ((li—i__ii]h : )> (1 -0 Lt (AL u(2))".
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In order to bound the terms corresponding to ¢ < k we use Newton’s binomial formula:
¢

Iy k (k) (~1)fH W > <f> (1) "u(z + jh) u(z)

j=1 J i=0

(”)( pye-+£20la)) Z() (e + jh)u(z)

™

~ |l

© (u(z _ _
( ) f (E'( ))Aﬁul(x)u(x)efz,

because Aﬁu = 0. Consequently,

H'MN

k—1 k—1 ¢ ) )
1, (1) DDAkl @ llulli o)
(=1 LP(Q) =1 1=1

A similar formula is valid for I, whence

k ¢
1AL 0wy < OO S S 1A o, @ lulls .

(=1 i=1

The modulus of smoothness wy(f o u,t), in turn satisfies

V4
wi(f out), = sup [Affoull, @) < Zwk (', )pllull T o)

<t =1 i=1

Consequently, the Besov seminorm satisfies

> A
[ oulsy (L, @) = (/0 t‘sqwk(fouvt)zt)

k 1/q
. dt
ZZ(/ Py (u t)pt> lull g
(=1 i=1
k é . .
NI 1 s lell @)
(=1 i=1

Employing Corollary we eventually infer the desired bound . 0

The inequality is scale-invariant and, as such, can be used at the element
level. However, it can be further simplified at the expense of having a constant
depending on |Q|.

COROLLARY 9.5 (Besov norm of composition). Under the assumptions of Lemma
there exists a constant C(f,Y) such that

S S C

(9.7)
< O(f, )k max{

Proof. Tt suffices to use the embeddings B; (L,(Q2)) C B;Zj (Lpye,;(Q2)) for 0 < £ <
1 as well as B;ej (Lpse; () C Lo(£2), which are valid because s > d/p, to convert

into . ]

S(L (ﬂ))}
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Glossary.

Notations.

A

Approximation classes.
4,4qr,TT

Area elements.
X =yt

Local parametrization of v°. |§|
n, nr

Co-normals. [14]
Er

Error Matrix.
V(T)

Continuous piecewise polynomial finite element spaces associated with 7T .
T

Forest associated with the initial subdivision 7p.

First fundamental forms. [12] [T3]

Iy
_ Macro-element. [6]
To
Initial polyhedral surface. [0]
Fi
Piecewise polynomial approximation of +°.
V’ya VF
Surface gradients.
hr
Meshsize.
A’ya AF
Parametric representation of the Laplace-Beltrami operators.
Q
Local parametric domain. [6]
QM
_ Global parametric space. [§
P() : FO — Y
Lipschitz homeomorphism from the initial polyhedral surface to the exact
surface. [6]
Ti
Conforming parametrization of the parametric domain Q. [§]
Ti
Local subdivision of the approximate surface.
Xi:Q—T, B
Local parametrization of I'y. |§|
Xé_i QT
Piecewise polynomial interpolant of x*.
Constants.
017 027 Al

A-posteriori upper and lower bounds constants, see (4.15)) and (4.16)).
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Cs

Oscillation and PDE error estimator relation. 21]

C47 C5
PDE error and estimator equivalence constants.
Cs
Quasi-monotonicity of the data oscillation constant. [24]
Cr
Complexity of REFINE constant.
L
Bi-Lipschitz constant of x*, see (2.1]). |§|
M
Number of macro-elements.
Ao
Geometric estimator quasi-monotonicity constant, see (2.14)).
Ao
Quasi-monotonicity of the data oscillation, reduction of residual error estima-
tor and quasi-orthogonality constant. 22] 24] [28]
A3
Quasi-monotonicity of the data oscillation and reduction of residual error
estimator constant. 22} [24]
wi
Restriction on w to guarantee that ADAPT_PDE reduces the PDE error. [26]
w2
Restriction on w required to guarantee that ADAPT_PDE satisfies a contrac-
tion property. [2§]
w3
Restriction on w for the adaptive finite element to satisfy an optimal Dorfler
marking property. [43]
w
Surface and PDE approximations relative tolerance constant.
9*
Restriction on the Dorfler marking parameter 6.
0
Dorfler marking parameter.
b
Number of successive bisections performed on each marked element.
Definitions.
1 Bs (L)

Besov semi-quasi-norms. (4|

Admissible labeling

Remark (.11 27

Shape-Regularity

Definition .21 [I1]

Algorithms.
ADAPT_PDE

Adaptive finite element method reducing the PDE approximation error. [20]

ADAPT_SURFACE

Adaptive finite element method reducing the surface approximation error.
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GREEDY

Greedy algorithm.

AFEM

Adaptive finite element method.

Errors and Indicators.

Er(U, f)
PDE error. 21
Er(Viv, f,7)
Total error.
777-(‘/3 FF? T)
Local PDE error indicator. [I9]
nr(V, Fr)
Global PDE error indicator. [I9]
)‘Ti ('Ya T)
Local geometric indicator.
A7i(7)
Global geometric indicator.
oscr (V, £,T)
Local oscillation. [19)
oser(V, f)
Global oscillation. [19]
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