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Abstract: The nonlinear propagation of a laser beam in a hollow-core capillary is studied by
solving the spatiotemporal nonlinear propagation equation. Although we assume to initially
couple the light into only one high spatial mode of the capillary, we have identified that the beam
can propagate as a new type of multi-mode solitonic structure, the spatiotemporal-dressed soliton,
which consists of a mixture of spatial modes in which one has most of the energy while the rest
of them, with small contributions, module (dress) the propagation of the main spatial mode.
As a consequence of such behavior, we observe a clean self-compression process, obtaining a
pulse in the single-cycle limit, accompanied by a giant blue dispersive wave and a new type of
multi-mode dispersive wave that appears in the mid-IR region.

© 2018 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Soliton formation is one of the most fascinating nonlinear effects. It was first reported in 1844
when John Scott Russell saw a water wave traveling in a channel without changing its shape [1].
Since then solitons have been observed in other fields besides fluids, such as in Bose-Einstein
condensates [2] or light [3,4]. Optical solitons, that are localized waves in the temporal coordinate,
were first observed in optical fibers [5] with an enormous interest due to their possible application
for optical communications [6]. Thenceforth the optical community has used optical fibers,
or similar systems, to study many nonlinear effects such as self-phase modulation (SPM) [7],
stimulated Raman scattering [8], stimulated Brillouin scattering [9], etcetera.

Among all these nonlinear effects, SPM has become essential in the ultra-short pulse generation
context. In 1980, Mollenauer and coworkers reported for the first time the pulse self-compression
in optical fibers due to the solitonic propagation [5]. Four years later, Tomlinson and coworkers
demonstrated that the compression of the pulse could also be obtained in the normal dispersion
regime, with the help of an external compressor to compensate the phase acquired during nonlinear
propagation in the optical fiber [10]. Later, important improvements have been introduced in the
post-compression setups, especially in two directions: first, creating new compressor elements
such as the chirped mirrors [11], that have helped to develop powerful compressor and diagnostic
devices such as the d-scan, [12], allowing the compression of pulses down to almost the cycle
limit [13]. Second, using longitudinal or transversal structured fibers to gain fine control of the
propagation properties. An example of longitudinal structured fibers are the dispersion-managed
fibers proposed by Hasegawa and coworkers [14]. They presented periodic evolution of the
dispersion and were used to enhance the transmission of temporal solitons in the fiber. Hasegawa
and coworkers demonstrated that these structured fibers have a center solitonic solution that guides
the evolution of the whole pulse, that they called dressed-soliton. Transverse structured fibers,
such as hollow-core photonic crystal fibers (HC-PCFs), have enormous capabilities in the context
of nonlinear optics because they can be designed to guide the light through the hollow core,
presenting the suitable dispersion response needed for a broad number of applications, [15, 16],
with special relevance in the ultra-short pulse generation context [17–19].
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Nowadays there is an increasing interest in studying nonlinear effects in multi-mode (MM)
fibers. The MM systems have the difficulty of showing a complex spatio-temporal evolution,
but they present other nonlinear ingredients that could be interesting for a variety of effects,
such as the super-continuum generation in MM HC-PCFs [20], the optical soliton formation or
other spatio-temporal effects observed in graded-index MM optical fibers [21–24], the presence
of vector soliton solutions on step-index MM optical fibers [25], or the self-compressed pulse
generated using high-spatial modes in hollow-core capillaries (also called hollow-core fibers
HCFs) [26], to mention just some examples. Moreover, the extraordinary control that can be
achieved nowadays allows us to couple the light in a single high order mode of a hollow-core
fibre [27, 28], and also of a hollow-core photonic crystal fiber [29, 30]. In this article, we will be
dealing with a multi-mode HCF in which the interaction between the different spatial modes, even
those with a small contribution, is essential to understand the nonlinear propagation dynamics. In
particular, we will show a new solitonic structure based on a high spatial mode sustained by small
contributions of other spatial modes. We will call it a spatiotemporal-dressed optical soliton.

2. Self-compression dynamics in hollow-core fibers

Fig. 1. Evolution of the normalized on-axis temporal (left) and spectral (right) intensity
distribution of a 35 fs FWHM laser pulse, with 75 µJ of energy and coupled to the second
high spatial mode (HE13) of a 1 meter long HCF with 150 µm core radius filled with 1 bar
of argon.

We have recently demonstrated that, although the higher spatial modes of the HCF (the HE1m
modes with m > 1) have non-negligible losses, they present anomalous dispersion response in the
near infrared spectral region that could lead to the activation of self-compression processes [26].
Figure 1 shows the theoretical self-compression dynamics of the second excited spatial mode
(HE13) propagating in a 1 meter long HCF with 150 µm core radius (rF ) filled with 1 bar of
argon. The pulse is a 35 fs laser pulse (at full width at half maximum (FWHM)) with 75 µJ of
energy. The input beam used in the simulation has the following form:

E(r, t) = E0J0 (u3r/rF ) exp
(
−t2/t2

p

)
, (1)

where u3 ≈ 8.65, the third zero of the J0 Bessel function, so initially the beam only contains the
HE13 mode, and tp = 30 fs. All the linear dispersion terms are taken into account by using the
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formula of the refractive index of argon obtained in [31]. As shown in Fig. 1, a self-compressed
single-cycle pulse with a FWHM of 2.2 fs is obtained at around 75 cm. These results are
obtained from the standard nonlinear envelope spatio-temporal equation adapted to simulate
the nonlinear propagation of a laser pulse in a HCF [32], in which the linear propagation is
done by decomposing and propagating the field through the HCF modes, while the nonlinear
terms are solved with a standard fourth-order Runge-Kutta algorithm. A similar model has been
successfully applied to the nonlinear propagation in planar hollow waveguides [33,34]. As usual,
our model assumes cylindrical symmetry and takes into account the whole modal-dispersion and
absorption linear response of the first 30 linearly polarized leaky modes of the HCF [35], together
with the most relevant nonlinear effects: SPM, self-steepening and ionization (modeled with the
well-known Perelemov-Popov-Terentev (PPT) model [36]). All the results presented here do not
include any noise in the input beam, but we have checked that adding white noise to the phase of
the input beam does not alter the dynamics. For more details on the simulation see [26, 32].
The dynamics shown in Fig. 1 are common in nonlinear pulse propagation in anomalous

dispersion regime [37]. They are often explained with the help of the soliton order parameter,
N =

√
LD/LNL [38], where LD = t2

0/|β
′′ | and LNL = c/n2I0ω0 represent the dispersion and

nonlinear lengths, respectively. These characteristic lengths are defined for a pulse of duration
t0, with peak intensity I0 and centered at frequency ω0, propagating in a medium with a group
velocity dispersion (GVD) β′′ and nonlinear refractive index n2, where c represents the speed of
light in vacuum. Note that these lengths, and the soliton order parameter, are defined neglecting
the losses and any possible spatial dynamics. Large values of the soliton order parameter
indicate complex nonlinear dynamics due to the progressive appearance of the modulation
instability [37, 39].

For the parameters used in Fig. 1 (t0 = 35 fs, β′′ = −0.055 fs2/mm, n2 = 1.74 × 10−19 cm2/W
and λ0 = 800 nm) the soliton order takes the value N = 34 which should correspond to a quite
strong nonlinear interaction but has nothing to do with the self-compression process observed,
which typically appears for N ∼ 3 − 8 [37]. The discrepancy between the dynamics predicted
by the soliton order parameter and what we obtain with the spatio-temporal simulations is not
surprising, because it is possible that a pure temporal model, such as the one behind the soliton
order parameter, could not describe properly our MM guiding system [20]. To see if we really
need a complete spatio-temporal simulation, we show in Fig. 2 (top) the percentage contribution
of the lowest six spatial modes along the HCF for the same parameters used in Fig. 1. The
contribution of the main mode (HE13) is shown in the inset (being always >92%), while the
other five modes are presented in the main plot (being all <5%). Although Fig. 2 (top) seems to
indicate that we are dealing with a single-mode propagation scenario and, in fact, there is no
appreciable change in the spatial characteristics of the beam along the whole propagation, we
will demonstrate that the presence of the small contributions of other spatial modes is essential to
understand the observed propagation. Figure 2 (bottom) shows the temporal intensity distribution
on-axis for the lowest six spatial modes at three different propagation distances, where we
show the small contribution of some spatial modes that will help us to understand the new
nonlinear scenario. The situation shown here is completely different to that presented by Wright
and coworkers, [40], where they discussed a case in which several spatial modes, all of them
presenting similar contributions, evolve as a multi-mode optical soliton. In our case, we have a
single-mode soliton affected (dressed) by the small contributions of other spatial modes. We
have called this new type of solitonic dynamics a spatiotemporal-dressed optical soliton.

3. Spatiotemporal-dressed optical solitons: a simple model demonstration

To demonstrate that the small contributions of spatial modes (the spatial dressing) have an
important influence on the propagation of the main mode, we have developed a simple temporal
nonlinear propagation model, a 1D model, including the same linear and nonlinear effects as the
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Fig. 2. Percentage weight of the first 6 spatial modes along the propagation (top). Their
temporal intensity distribution on-axis in log. scale at three distances inside the HCF
(bottom). Both plots are done for the same parameters of Fig. 1 and share the color code of
the legend (see Visualization 1 for the complete evolution in the first 80 cm of the HCF).

complete spatio-temporal simulation, but neglecting the spatial dynamics. The results obtained
are presented in Fig. 3 (top) where we show the temporal and spectral intensity evolution for the
same input parameters used in Fig. 1. It is evident that the simple 1D-model does not reproduce
the results obtained with the complete 2D-model, demonstrating the pure spatio-temporal nature
of the propagation in this situation. To better compare both simulations, Fig. 3 shows the
comparison between the evolution of the FWHM pulse temporal duration (middle) and the
FWHM spectrum width (bottom) for the two models (2D-model in blue and 1D-model in orange).
As we can see, the temporal compression and the spectral broadening are much more intense in
the 1D-model, as the soliton order parameter predicted. In fact, we could compute some other
distances related to the nonlinear dynamics observed, such as the self-compression distance
LSC ≈

√
LNLLD/2 [41], for which we obtain a value of 35 cm, which agrees quite well with the

1D-model but not with the 2D-model.
It is clear that the spatial dynamics cannot be neglected when studying the nonlinear propagation

in standard HCFs. Although the amount of energy transferred to other spatial modes is low, this
nonlinear transfer process occurs along all the HCF and ends up affecting the propagation of the
main spatial mode. The bottom plots of Fig. 2 show clearly this transfer process and the role
played by the new spatial modes, which has two components. One propagates almost linearly,
with a group velocity very close to the one determined by the HCF modal dispersion [35]. This
component suffers a clear temporal walk-off, as can be seen in Fig. 2 (bottom) for z=35 and 70
cm, and interferes with the main mode, generating a beating in the spatio-temporal intensity
distribution that can be observed in the oscillations of the evolution of the pulse duration, the
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Fig. 3. Evolution of the normalized temporal (top left) and spectral (top right) intensity
distribution obtained from the 1D-model for the same parameters as in Fig. 1. Comparison
of the evolution of the FWHM temporal (middle) and spectral widths (bottom) for the two
models.
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blue line of Fig. 3 (middle)) [42]. Obviously, this component ends up isolated from the main
mode and cannot be responsible for the dressing process. On the contrary, the second component
of the secondary spatial modes is trapped by the main mode, generating the oscillations shown in
the top plot of Fig. 2. This latter component is connected to the main mode during the whole
self-compression process. We say that this component of the secondary modes dresses the main
one. The nonlinear energy transfer between the dressing modes and the main one reduces the
nonlinear efficiency of the latter, softening its nonlinear propagation and generating a new type
of multi-mode solitonic dynamics: the spatiotemporal-dressed solitons.

-10 0 10 20 30

t (fs)

-0.5

0

0.5

1 I(t) complete

I(t) without ioniz

I(t) 1D

200 400 600 800 1000

 (nm)

-0.5

0

0.5

1

HE
13

HE
14HE

15HE
16

0.2 0.5 1 2 5 10 20

 ( m)

10
-12

10
-6

10
0

HE
12

HE
11

Fig. 4. Best self-compressed pulse obtained with the two numerical models. The figure
shows the temporal intensity distribution (top) and spectrum (middle in linear scale and
bottom in log. scale). The continuous blue and yellow lines are the structures obtained with
the 2D-model (at 75 cm) and the 1D-model (at 30 cm), respectively. The dashed orange
lines are the results obtained when turning off the ionization in the 2D-model (at 75 cm).
The results corresponding to the 1D-model are vertically shifted for clarity.

Finally, we should remark that the formation of this new spatiotemporal-dressed soliton has
interesting properties, besides the obvious single-cycle self-compression result. The first relevant
effect, shown in the middle plot of Fig. 4 and in the final part of the spectrum in Fig. 1, is the
generation of the standard dispersive wave (DW), typically observed during the propagation of a
pulse with low N in anomalous dispersion media [37]. It is well known that the DW appears
when there is an energy transfer from a self-compressed soliton (propagating in the anomalous
response region) to a new pulse (propagating in the normal response region, usually at the blueish
spectral part) under perfect phase-matching conditions [43]. In our case, this transfer process
can be done from the soliton towards the normal dispersion frequencies of the main mode, but
also towards the normal dispersion frequencies of other higher order modes. As a consequence
we obtain an extraordinary large DW comb, each spike coming from a different spatial mode.
Moreover, the presence of spatial modes of lower order than the main one (HE11 and HE12)
opens a new DW generation scenario because they have a different phase matching condition
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that is fulfilled in the mid-infrared (mid-IR) spectral region, as shown in the bottom plot of
Fig. 4. Similar mid-IR DWs have been identified before, although in different contexts: in a
study devoted to the generalization of the dispersive wave emission process [44], or as the Stoke
four-wave mixing emission in a hollow-core photonic crystal fiber [45], or as an effect induced
by the plasma generated in HC-PCF [46], recently proved experimentally [47]. In our case the
origin of the mid-IR DW is completely different, coming directly from the modal dispersion of
the HCF modes (see that those mid-IR peaks do not appear for the 1D model, which does not
include spatial modes). In order to verify that the ionization is not the origin of this mid-IR DW
we have done simulations of the 2D-model without ionization (shown in Fig. 4 with an orange
dashed line). It can be seen that ionization plays a minor role both in the DW generation process
and in the general dynamics, although note that the DW associated to the fundamental mode has
some enhancement due to the presence of the plasma.

4. Conclusions

In summary, we have found a new type of multi-mode solitonic structure: the spatiotemporal-
dressed soliton. This type of solution appears when the beam is composed of several spatial
modes, one of them having a much greater contribution than the rest. In spite of their small
contribution, the rest of spatial modes affect the propagation of the main one, dressing it. We
have found this new type of solitonic structure during the propagation of a higher order spatial
mode in a HCF. As a result of the nonlinear propagation of this multi-mode structure, we observe
a clean self-compression, close to the single-cycle regime, thanks to the giant blue dispersive
wave induced during the temporal compression process. Another unique property, linked to the
multi-mode nature of this propagation, is the appearance of a new type of dispersive wave in the
mid-IR spectral region, paving the way to the generation of ultra-broadband spectra.
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