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Abstract
Attosecond transient absorption is an ultrafast technique that has opened the possibility to study
electron dynamics in condensedmatter systems at its natural timescale. The extension to the x-ray
regime permits one to use this powerful technique in combinationwith the characteristic element
specificity of x-ray spectroscopy. At these timescales, the coherent effects of the electron transport are
essential and have a relevant signature on the absorption spectrum. Typically, the complex light-
driven dynamics requires a theoreticalmodeling for shedding light on the time-dependent changes in
the spectrum.Herewe construct a semiconductor Bloch equationmodel for resolving the light-
induced and core-electron dynamics simultaneously, which enables to easily disentangle the interband
and intraband contributions. By using the Blochmodel, we demonstrate a universal feature on
attosecond x-ray transient absorption spectra that emerges from the light-induced coherent intraband
dynamics. This feature is linked to previous studies of light-induced Fano resonances in atomic
systems.

1. Introduction

The revolution of producing pulses as short as several attoseconds (10−18 s) has opened the door of observing the
fastmotion of electron in complex systems and exploring a new quantum realm at unprecedented time scales.
Attosecond transient absorption (ATA) is a ultrafast technique resulting from such technology. ATAhas been
successfully applied to studies of electron dynamics inmaterial systems, allowing to understand petahertz
conductivity changes in dielectrics [1], tunneling excitation induced by intense laser pulses [2], sub-femtosecond
dynamics of both holes and electrons in complex semiconductormaterials [3], among other interesting ultrafast
studies [4–8].

ATA consists in a pump-probe scheme, see figure 1, inwhich the pumppulse, typically an infrared (IR)
pulse, drives the dynamics under investigation, while the absorption of the attosecond probe pulse ismeasured
at different time delays with respect to the pumppulse. Both pulses are synchronized, as the pumppulse is also
used to generate the attosecond pulse via high-order harmonic generation (HHG). Recent developments for
HHG sources driven by few-cyclemid-IR lasers have allowed the production of attosecond pulses in the soft
x-ray regime [9, 10], and the possibility to performx-ray spectroscopywith such short pulses [11, 12]. This offers
the possibility to determine local chemical state and electron configuration, spin states, coordination number,
and local structural geometry. The extension of ATA into the soft x-ray regime is a powerful technique for
condensed-matter systems, as onemay envision to resolve electron dynamics at different elements and
investigate attractive functionalmaterials for optical applications such as solar energy harvesting and energy
storage.

The interpretation of ATA requires theoreticalmodeling to correlate the absorption changes of the x-ray
pulsewith the induced dynamics driven by the pumppulse. ATA experiments at XUVphoton energies have
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relied on time-dependent density functional theory approaches [13], which has provided good results in
comparisonwith experiments [5, 8]. However, the disentanglement of intraband and interband dynamics is not
straightforward and adds an extra difficulty in the interpretation of the numerical results.

On the other hand, semiconductor Bloch equations (SBE) [14–17] have been successfully applied to describe
the nonlinear response of semiconductors and two-dimensionalmaterials under the interaction of intense IR
andmid-IR laser pulses [18–23], and also tomodel ultrafast studies [6]. Thismany-body theory offers clear
advantages for understanding and interpreting the induced complex dynamics, such as separating the intraband
and interband contribution as well as reducing the numerical effort. There is still an ongoing debate about the
underlyingmechanisms of high-harmonic generation in solids and their intrinsic interband and intraband
nature [24–27]. In this context, theoretical approaches that allow to disentangle both contributions are desirable.

In this workwe present an extension of the standard SBE theory to the x-ray regime, named core-state-
resolved Bloch equations (cBE), by including core-hole states. Using cBE, the induced dynamics driven by the IR
pump and the x-ray probe pulse can be efficiently resolved.We demonstrate a universal feature of the pump-
induced intraband dynamics on the attosecond x-ray transient absorption spectra in condensed-matter systems.
This intraband effect is originated from the coherent lightwave electron transport prior to decoherence by
scattering interactions or core-hole decay, and it can be connected to previousworks on light-induced Fano
spectral lineshapes in atomic systems [28]. This effect is important when the time of the attosecond excitation or
the core-hole decay overlaps with the IR laser pulse.We also discuss the importance of this effect on ultrafast
studies withmid-IRwavelengths or physical systemswith high conductivity properties.

2. Theory

2.1. Core-state-resolved Bloch equations
We start from the SBEHamiltonian expressed in second quantization

H E a a 1
s

s s s0 å=ˆ ˆ ˆ ( )†

inwhich the canonical operators satisfy the anticommutator relations a a a a, , 0s s s s= =¢ ¢{ ˆ ˆ } { ˆ ˆ }† † and

a a,s s ssd=¢ ¢{ ˆ ˆ }† , andEs is the energy of an electron in the state s. The electric field coupling, in the length gauge, is
written as

V t t a ad 2I
s s

ss s s
,
åe=
¢

¢ ¢ˆ ( ) ( ) ˆ ˆ ( )†

inwhich te( ) is the electricfield and dss¢ stands for the dipolematrix element between states s and s¢. Our time-
dependentHamiltonian is H t H V tI0= +ˆ ( ) ˆ ˆ ( ) and describes the dynamics of ourmany-body quantum state.
By evolving the operators, within theHeisenberg picture, we find the equation

t
a a E E a a t a a t a ad di . 3

s
s s

s
s s*å åe e¶

¶
= - - +l l l l l l l l l l¢ ¢ ¢

¢
¢ ¢ ¢

¢
¢ ¢( ˆ ˆ ) ( ) ˆ ˆ ( ) ˆ ˆ ( ) ˆ ˆ ( )† † † †

Wedefine the time-dependent densitymatrix elements, evolving froman initial state r̂, from themean value of
the canonical operator coherences [17]

a aTr 4k k k k,r r=l l l l¢ ¢ ¢ ¢[ ˆ ˆ ˆ ] ( )†

inwhichwe explicitly separate the quasi-momentum k fromother quantumnumbers, such as the spin and the
energy of the band. Using equation (4), the SBE is cast as

Figure 1.Attosecond transient absorption spectroscopy. Scheme of the pump-probe scheme.
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Thefirst termof the dipolematrix element (6), which emerges from intraband transitions, plays a significant
role in the densitymatrix coherences of the system, especially when it is driven bymid-IR laser pulses aswewill
show in the following.

In general, equation (5) accounts for all the energy bands of the system, although it is sufficient to truncate
the sum to those bands inwhich themain dynamics is comprised. In simulating the dynamics in an attosecond
x-ray transient absorption experiment, the coupling of the valence and conduction bands close to the Fermi level
is driven by the IR pulse, while the coupling of core-electron bands and the bands close to the Fermi level is
driven by the x-ray pulse. A certain numerical difficulty comes from the fact that both pulses represent two
different timescales. However the interactionwith the high-frequency nearly-resonant pulse can be described
within the rotating-wave approximation, i.e. averaging the fast x-ray carrier oscillations. The electricfield is
composed by the sumof the IR, toe ( ), and the x-ray pulse, txe ( ). The x-ray pulse is described as

t t tg cosx x xe w=( ) ( ) , where gx(t) is a slowly-variant envelope function andωx is the central frequency of the x
rays. Defining the labels i, j, k, .. for energy bands close to the Fermi level and a, b, c,K for core- and inner-shell
bands, we obtain the core-state-resolved Bloch equations as
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wherewe perform the phase transformation eib
t

ib
i xr r= w ˜ and introduce the dephasing and relaxation termsΓ.

Within the densitymatrix formalism, scattering effects accounting for electron–electron and electron–phonon
interactions are included by dephasing or relaxation terms [16]. In ATA studies, the explored time scales are at
most few femtoseconds andmost scattering effects do not play amajor role in the dynamics. For example, in
non-equilibriumphoto-carriers excitation studies, electron–electron scattering effects in graphite are found to
be around 30 fs [30] and inmonolayerMoSe2 are found to be around hundreds of femtoseconds [31]. On the
other hand, relaxation terms arisen from core-hole decaysmust be included. Core-hole relaxations are in the
order of hundreds of attoseconds to few femtoseconds,mainly triggered byAuger orfluorescence transitions.

2.2. Attosecond transient absorption
ATA is based on a time-resolved scheme. A pump IR pulse excites the system inducing the dynamics to be
investigated. Then, with a controlled time delaywith respect to the pumppulse, a secondXUV/x-ray pulse, of
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only several to hundreds of attoseconds, propagates through the system. Bymeasuring the absorption of the
probe pulsewith andwithout the pumppulse, one is able to retrieve information of pump-induced dynamics. It
is important to take into account the broad bandwidth of the probe pulse and tomodel the response of the
system at such short timescales for calculating the ultrafast absorption.

In the recent years, the theoreticalmodeling for calculating ATA spectra has been developed, first in atomic
systems [32], and then extended to condensed-matter systems [4]. The ultrafast absorption can be calculated via
the so-called response function

S E2 Im 11*mw w w=( ) [ ( ) · ( )] ( )

for positive frequenciesω>0, whereE andm stands for the Fourier transformof the electric field and dipole
response of the system, respectively. The dipole response of the system is defined as

t q a adTr 12
k k

k k k k
, ,

,ååm r=
l l

l l l l
¢ ¢

¢ ¢ ¢ ¢( ) [ ˆ ˆ ˆ ] ( )†

q is the charge of the electron. Sincewe are interested in the absorption of the XUV/x-ray pulse, themain
contribution in the high-frequency region of the dipole response involves transitions between core sates and
states near the Fermi level, and is given by

t q td k k, e c.c. . 13
i b

ib ib
t

k ,

i xååm r» +w( ) [ ( ) ˜ ( ) ] ( )

By integrating the cBE equations (8)–(10), we compute the response function given by equation (11) at the
end of the simulation, and from the response functionwe calculate the absorption of the systemusing the
relation [32]

S

E

4
, 14

2
s w

paw w
w

=( ) ( )
∣ ( )∣

( )

whereα is thefine-structure constant.

2.3. cBE theory as time-dependent configuration interaction singles (TD-CIS)
The derivation of the SBE and cBE theory is based on creation and annihilation operators and is different from
othermany-body approaches used in condensed-matter systems to calculate the electronic properties. In this
sectionwe show the relation of a SBE theorywith a TD-CIS, inwhich a configuration interaction expansionwith
single excitations is evolved in time by integrating the time-dependent Schrödinger equation.

Several TD-CIS approaches have been developed in these recent years with the aimof describing complex
systems interacting with ultrashort light pulses [33–37]. One of themain advantages of these approaches is the
possibility to account for electron correlations in a time-dependent framework.Here we re-interpret the SBE
equations (5) from aTD-CIS perspective.

InHartree–Fock theory, the Bloch orbitals with periodic conditions satisfy the hartree–fock operator

h x k x 15i i ik kHF F = F( ) ( ) ( ) ( )

inwhich thewavefunction is given by

Ax x x x x x0 , , , ... ,N i j n Nk k k k1 2 1 2¼ º F F F( ) ˆ [ ( ) ( ) ( )]

where Â[] stands for the antisymmetry operator. The total electron density of the periodic system in the ground
state is then

n x x . 16
i

i
k

k
2åå= F( ) ∣ ( )∣ ( )

In order to simplify the TD-CIS interpretation, we assume a physical system at temperature zero and the
conduction and valence bands are well separated in energy at the Fermi energy level.

When the system is interacting with an external time-dependent electric field, it is convenient to cast the total
Hamiltonian as

H t H V V t 17IHF= + +( ) ( ) ( )

inwhichwe define theHartree–FockHamiltonian as H h jjHF HF= å ( ), where the sum j runs over all electrons
in the occupied orbitals, whileV is the difference between theHamiltonianwith no externalfield and the
Hartree–FockHamiltonian. Following the recipe of TD-CI approaches, the solution of the evolving system is
expanded as
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where ĉ† and ĉ stand for the annihilation and creation operator of orbitals, eigenstates of theHartree–Fock
Hamiltonian. The order of the truncation depends on the problemunder study. For example, first-order
truncationwill be sufficient for investigating laser-induced intraband dynamics of electron-hole pairs, while
Pauli blocking effects, fromdifferent energy bands, will require a second-order truncation.Herewe focus on the
wavefunction created by single excitations, that is truncating tofirst excitations and assuming that second and
higher excitations are zero. The ansatz is then reduced to
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Notewhile the coherence of an electron in the conduction and a hole in the valence is just themultiplication of a
single excitation amplitude with the unperturbed amplitude, coherences between single excitations involve a
sumamong all the holes or particle states. Nowweneed tofind the time evolution of the TD-CI coherences.We
insert the ansatz given by equation (19) into the time-dependent Schrödinger equation, and projecting over the
different eigenstates of the basis ( 0kñ∣ and i c c, 0ik ka ñ = ña∣ ˆ ˆ ∣† ), we obtain the equations ofmotion (EOM) for the
amplitudes
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In the previous equationswe have neglected electron correlations from theV potential of theHamiltonian.
Oncewe obtain the EOM for the amplitudes, after a cumbersome derivation, the time-dependent equations for
the coherences (20) read as
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By separating the conduction and the valence bands in the SBE equations (5), we note that they are identical
to the dynamical equations (22) found from the TD-CIS amplitudes. In conclusion, there is a correspondence
between the SBE theory and theTD-CIS approach, inwhich the coherences (20) are built by tracing out the
electron or hole of the single excitation. A similar correspondence is found by truncating the TD-CI expansion
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(18) at higher degree of excitations andfinding the coherences via equations (20). This correspondence is
particularly interesting to visualize the dynamical charge density of the system. In the followingwe further
exploit this property to develop an analyticalmodel to describe the intraband effects onATA.

3. Intraband effects onATA

In this sectionwe study the coherent effects on the transient absorption arisen from the intraband electron
dynamics. Inspired by semimetals such as titaniumdisulfide, we consider a three-band system as depicted in
figure 2(a), inwhich the crystal structure is a=6.28 a.u., the energy bandgap is 0.4 eV, and the x rays are
coupled only to the conduction band. The x-ray pulse has a central photon energy of 435.4 eV, and it ismodeled
by a gaussian envelope of 300 as FWHM.The IR laser pulse induces interband transitions from the valence to the
conduction band as well as intraband transitions, i.e. it drives the excited electrons along the conduction band.
The IR pulse has a 1850 nmwavelength (0.67 eV) and ismodeled by a gaussian envelope of 12 fs FWHM
(approximately 5 cycles). The intensity of the laser pulse is 3.3×1011W cm−2. For simplicity, we assume the
dipole transition between the valence and the conduction band equal to one atomic unit.We do not consider
scattering damping factors, besides a core-hole decaywithΓ=0.30 eV (2.2 fs).

The transient absorption is obtained by calculating the difference of absorption of the x rays with andwith
no laser pulse, and for different time delays between the two pulses. Infigure 2(b)we show the absorption
spectrum for a particular time delay. The blue line depicts the absorption of the systemwith no laser pulse. It
extends over all the conduction band, showing twomaxima connectedwith the absorption at the band edges. In
the presence of the laser pulse, we observe a clear shift at the edges of the conduction band, while we observe an
increase of absorption on themiddle of the band.We further discuss these effects in the following.

The corresponding ATA spectrum is shown infigure 3(a). The colormap has been normalized, with yellow
and blue indicating the increase and decrease of absorption in comparisonwith the IR laser is not present. The
ATA shows a complex structure, inwhich carriers are promoted both from the valence and the core band into
the conduction band. Infigure 3(b)we show the results of an additional simulation, with the same parameters, in
which the transitions between valence and conduction band have been artificially disconnected. Note that the IR
field is still allowed to induce intraband transitions. In this case, we observe that the decrease of absorption
corresponding to the lower edge of the conduction band has vanished. Interband transitions promote carriers
from the valence to the conduction,mainly at the lower energies of the band, precluding then the possibility of
core electrons to be excited due to Pauli blocking. At the bottomoffigure 3(a)we depict the conduction
excitation as a function of time that is in agreement with the time delays inwhich the decrease of absorption is
observed at the bottom edge of the band.

The comparison offigures 3(a) and (b) also shows that the complex structure of the absorption enhancement
(yellow areas) is not affected by the interband transitions from the valence band, therefore can be attributed to
the intraband dynamics. Note that in previous studies of attosecond excitations from valence bands to high
conduction bands [5], intraband interactions arisen from the IR field alsomodify the attosecond absorption

Figure 2.A three-bandmodel for an attosecond transient absorption study. Scheme of the physical scenario. (a), A core electron is
promoted to the conduction band by an ultrashort x-ray pulse and driven along by anmid-IR few-cycle pulse. Also, the laser could
excite a valence electron into the conduction band and drive the created electron-hole pair along the corresponding bands. (b),
Absorption spectra for the case with (red line) andwith no (blue line)mid-IR laser pulse.We show the difference between laser-off and
laser-on spectrum (green line) to emphasize the spectral changes.
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spectrum, similarly to our observations. In the following sectionwe develop a semiclassical approach in order to
understand this structure and its dependence on the laser-driven intraband dynamics.

3.1. Semiclassical approach
By exploiting the correspondence between the SBE and the TD-CIS approach introduced in a previous section,
we develop a simple two-bandmodel to describe themain features of the laser-driven intraband dynamics.We
restrict our dynamics to the evolving state

t a t g a t ck k k k, , , , , 23g c
k
åy ñ = ñ + ñ∣ ( ) [ ( )∣ ( )∣ ] ( )

where g k, ñ∣ stands for the ground state, while c k, ñ∣ is the excited state formed by the core electron promoted
into the conduction band. The amplitudes are found to obey the EOMs
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where Eg (k) andEg (k) are the energies for the ground and excited state, t0e ( ) and txe ( ) the electricfield of the
laser and x-ray pulse,d (k) the electric dipole transition, andΓ is the core-hole decay.We consider that the
attosecond x-ray pulse excites a small fraction of the system in a very short time, i.e. the system is suddenly
excited.Within the sudden approximation, the second line of equation (24) gives rise to the solution
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wherewe use theVolkov transformation, tK k A= - ( ), as it is usual in strong-field theory [38], whereA(t) is
the vector potential of the laser pulse and ac (K, t0) is the small fraction of excited state produced by the
attosecond pulse, considered as an impulse at t0. Now that we have an analytical expression for the amplitudes as
a function of time, we calculate the dipole response of the system (11) that is proportional to the absorption (14).
The dipole evolution of the system, in theVolkov picture, is given by
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where the energy difference of the transition is given by the energy difference of the core-hole and the conduction
band E EK K K Kc g c ch - = -( ) ( ) ( ) ( ), b(K, t) is a slow-variant function in time, and the phase t t K, ,0f ( ) is,
using that the core-hole energy band has a small dependencewith the quasi-momentum k

Figure 3. Interband and intraband contributions on the transient absorption spectrum.On the top panel, transient absorption
spectra, on the bottompanel, conduction excitation of the IR laser pulse, considering (a), the IR laser pulse induces both intraband
and interband transitions, and (b), the IR laser pulse only induces intraband transitions. The yellow and blue colormap indicates the
increase and decrease of absorptionwith the IR laser pulse respectively.
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If there is not laser pulse, the dipole response (26) has an oscillating term, given by the energy difference of
the transition, that is damped by theΓ factor. By the presence of the laser pulse, the oscillating term acquires a
phase (27) that depends in a trajectory in the reciprocal space driven along the polarization of the electric field.
Depending on the position in the reciprocal space, the acquired phase is different, this gives rise to the complex
ATA interference structure shown infigure 3(b). Note that in the limit of a core-hole lifetimemuch larger than
the IR laser pulse, andwhen attosecond excitations only involve transitions around the gamma point, wewill
recover the absorption formula found in a two-band parabolicmodel [39].

We use ourmodel to calculate the absorption of the systemby using the following approach: (i) at different
positions in the reciprocal space, we consider a trajectory driven by the vector potential of the laserfield, (ii) for
each trajectory, we calculate the phase (27) that depends on the energy bandwandered by the carrier, (iii)we
calculate the dipole response (26) by summing all trajectories, taking into account the energy of the transition
and the phase at each position of the reciprocal space. By using this semiclassicalmodel, we obtain theATA
spectrum shown infigure 4(a), in very good agreement withfigure 3(b). Thismodel also provides a simple
interpretation of themain features. At the gammapoint k=0, the electron driven by the laser pulse can only
move to higher energies, and the accumulated phase (27) for any trajectory is positive, see figure 4(b). This is
quite different for a position at themiddle of the band, such as at k=±π/2a, where the laser-driven electron
could go to positive and negative energies, and the accumulated phase could be positive or negative andmore
sensitive to the initial excitation, i.e. time delay between the laser and the attosecond pulse. Also, a 2ω0 structure,
beingω0 the frequency of the laser pulse, is clearly observed at themiddle of the band, as it is expected by the
accumulated phase at symmetric points such as k=±π/2a. At further points k=±π/a, the accumulated

Figure 4. Intraband effects derived from a semiclassicalmodel. (a), Transient absorption spectrum calculated from a semiclassical
model, see text formore details. (b), Coherent accumulated phase for different positions at the reciprocal space for zero time delay.
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phase only is negative, opposite to the behavior found at gammapoint. In conclusion, the coherent phase
accumulated by the carriers driven along the reciprocal space determines the spectral features in the attosecond
absorption spectrum. Interestingly, the ATA features arisen from intraband dynamics contain the information
of the energy bands. Note that thismodel assumes that the excitation is shorter than the period of the laser pulse
and the decoherence or decay times. If the excitation is comparable to the period of the electric field, the
coherent superimposed signal would be blurred in the absorption spectrum. Also, one expects that electron-hole
interactionswould play a role andmodify the spectrum. This shows the potential of this unique approach to
access ultrafast electron dynamics and obtain electronic properties of condensed-matter systems.

3.2. Fano profiles from laser-induced intraband dynamics
In early experiments of attosecond transient spectroscopy, by studying Fano resonances in atomic systems, it
was shown that the ultrashort IR laser has an important effect on the lineshape of the absorption spectrum [28].
In those experiments, an autoionizing state was excitedwith anXUVattosecond pulse. After excitation, and
during the autoionization decay lifetime, a few-cycle IR pulse was sent to the atomic system to induce a
dynamical Stark shift. This energy shift results in a phase change in the time-dependent dipole response of the
system, giving rise to a change in the absorption lineshape.

Here we show that the intraband dynamics results in Fano lineshapes in the ATA spectrum similar to the
effects found in atomic systems.

In the reciprocal space, the absorption at a particular quasimomentum is linked to the transition from the
ground state to the core-hole state, i.e. the created pair electron and core hole at a particular k. During the
subsequent decay of the electron-core-hole pair, the energy of the exciton ismodified by the quiver induced by
the laser, introducing then a complex dynamical Stark shift. The excursion of the electron introduces a quantum
phase in the probability amplitudes, that is translated to a dephase in the dipole response, see equation (26) and
the discussion in the previous section. Depending on the initial position in the reciprocal space, the induced
phase shift is different because of the local energy dispersion.

Figure 5 shows, for the same positions shown infigure 4(b), the absorption lineshape changes induced by the
laser pulse.When the laser is not present, bluefilled lines in 5, we observe the expected Lorentzian lineshape for
the three different positions in the reciprocal space. However, the presence of the laser puse, in this case
synchronized at time delay zerowith the attosecond x-ray pulse,modifies the lineshape and it depends on the
reciprocal-space position. At k1, themain change is due to an energy shift, while for k2 and k3 we observe
substantial changes in the lineshape profile, similar to the observed laser-induced Fano lineshapes in atomic
systems.

4. Conclusion

In conclusion, being able to investigate the lightwave electronmotion in the attosecond timescale is a new
frontier that opens promising venues to both fundamental condensed-matter physics and applications in
material science. Knowing the position of electrons in real time is essential to boost the design of rational
materials with specific functionality. This goal is now achievable with attosecond x-ray transient absorption
spectroscopy, an ultrafast technique developedwithHHG sources. The advance of this unique technology needs
also the development of time-dependent theoretical approaches to interpret and understand experimental
measurements.We show that SBEmay be reformulated in order to separate the two different dynamics induced
by the IR pump and the attosecond x-ray probe pulse,mainly involving electrons close to the Fermi levels and
electrons close to the nuclei, respectively.Within this theoretical formalism, we easily distinguish intraband and
interband dynamics, this facilitates the track of the underlyingmechanism and the construction of simpler
analyticalmodels. The access to sub-femtosecond dynamics, and the lightwave behavior of electrons,make
coherent effects to play an important role in the calculated observables. This is the case of the electron transport
signature on the x-ray absorption spectrum induced by the intraband interactionswith the laser pulse.Here, we
study themain features of this effect by using a three-band system that allows us to develop a simple semiclassical
model. Interestingly, these intraband effects depend on the local energy band structure around the k-space
excitation and can be connectedwith previousworks on light-induced Fano resonances in atomic systems.
Because this scheme involves transitions from core bands, the reported intraband effects are dominated by the
energy dispersion of the bands close to the Fermi level.

This work opens the door to explore the possibility of performing tomography of complex energy bands
[40], to detect coherent effects in light-field-driven currents [41, 42], to study nonadiabatic dynamics in
graphene during high-harmonic generation [43], and to investigate topological and valleytronics properties in
two-dimensionalmaterials [44].
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