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Nonlinear up-conversion of a polarization Möbius strip
with half-integer optical angular momentum
Martin Luttmann1*, Mekha Vimal1, Matthieu Guer1,2, Jean-François Hergott1, Antonio Z. Khoury3,
Carlos Hernández-García2, Emilio Pisanty4, Thierry Ruchon1*

Symmetries and conservation laws of energy, linear momentum, and angular momentum play a central role in
nonlinear optics. Recently, paraxial light fields with nontrivial topology have been attracting a keen interest.
Despite not being eigenstates of the orbital and spin angular momenta (OAM and SAM), they are eigenstates
of the generalized angular momentum (GAM) operator—a mixture of the OAM and SAM operators with frac-
tional eigenvalues. By driving high harmonic generation with a polarization Möbius strip carrying a half-integer
GAM charge and implementing angular momentum characterization methods in the extreme ultraviolet range,
we demonstrate the linear scaling of the GAM with the harmonic order, each harmonic carrying a precise half-
integer GAM charge. Our work shows that beyond SAM and OAM, the GAM is, in some situations, an appropriate
quantum number. It paves the way for finer manipulations and applications of light beams containing fraction-
al-order polarization singularities.
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INTRODUCTION
Beyond bosons and fermions, which respectively carry integer and
half-integer values of spin angular momentum (SAM), quantum
particles whose motion is confined in two dimensions can exhibit
intriguing angular momentum quantizations. For instance, charge
carriers obey “anyonic” (i.e., neither bosonic nor fermionic) statis-
tics in the fractional quantum Hall effect (1). Similarly, as one par-
ticular direction is determined by their propagation axis, paraxial
light beams do not show any full three-dimensional (3D) rotational
symmetry. Ballantine et al. (2) recently demonstrated that, although
photons are classified as bosons, light beams that are superposition
states of different orbital angular momentum (OAM) and SAM can
be described in terms of an angular momentum operator with non-
integer eigenvalues. For instance, light fields that are invariant under a
rotation of the spatial dependence by an angle ϕ, followed by a rota-
tion of the polarization vector by a fraction γϕ of that angle—a trans-
formation called coordinated rotation (3)—are eigenvectors of the
generalized angular momentum (GAM): Jz,γ = Lz + γSz, with Jz,γ,
Lz, and Sz the projections of the GAM, OAM, and SAM operators
along the propagation axis z. Depending on the value of γ, Jz,γ has
integer or half-integer eigenvalues, the latter yielding a fermionic-
like spectrum. Coordinated rotation invariant monochromatic light
fields are topologically equivalent to twisted ribbons if γ is an
integer or Möbius strips (4–6) if it has a half-integer value. In the
more general situation of polychromatic fields, the eigenvalues of Jz,
γ can be arbitrary rational numbers. In this case, the topology of the
corresponding light beam and of the symmetry group is that of a torus
knot (3) so that the GAM can be identified as a torus knot angular
momentum. The GAM formalism provides a relevant alternative to
the usual descriptions relying on “fractional OAM” states (7, 8).

The conservative nature of the GAM, which remains experimen-
tally unexplored, is expected to find a rich scenario in nonlinear
optics (8, 9). While several earlier works have tackled OAM and
SAM conservation separately, very few have investigated experi-
mentally the case where the fundamental field is a superposition
of both forms of angular momentum. An exception is the recent
report of the up-conversion of vector-vortex beams (10) associated
to the integer-valued total angular momentum Lz + Sz and inter-
preted in terms of the Pancharatnam charge. However, the complete
characterization of the angular momentum content of light beams
up-converted from a half-integer GAM eigenstate raises specific ex-
perimental difficulties, which thus far prevented their investigation.

In this article, we demonstrate the linear scaling of a half-integer
GAM charge with the harmonic order in a nonlinear optical
process. This investigation must use an isotropic and homogeneous
nonlinear medium because both SAM and OAM have to be con-
served separately. Common nonlinear crystals are generally bire-
fringent and do not have the required rotational invariance,
yielding transfers of angular momentum between light and matter
or optical spin-orbit coupling (11, 12). Alternatively, simultaneous
OAM and SAM conservation is precisely achievable in high-order
harmonic generation (HHG), a highly nonperturbative nonlinear
optical process occurring in gases (13–20). Here, we report on
HHG driven by a planar polarization Möbius strip with GAM
charge jIRγ ¼ 1=2, which is formed by superimposing two infrared
(IR) driving beams carrying different OAM and SAM. A major
challenge faced in this program is the characterization of the
OAM carried by the extreme ultraviolet (XUV) harmonics. The
techniques commonly used in the visible domain based on interfer-
ence or mode conversion with tilted lenses are difficult or impossi-
ble to implement here because of the absence of transmissive optics
at XUV wavelengths. We instead propose two methods. The first is
based on spatial interference between two harmonic vortices and
allows retrieval of their relative phase variation. The second uses
transverse mode conversion by a spherical mirror (21–23), which
had not been achieved in the XUV domain so far. Both techniques
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might be promising in future experiments involving XUV beams
with angular momentum.

RESULTS
GAM formalism
We begin by defining the operator Jz,γ = Lz + γSz in such a way that
nonseparable superpositions of SAM and OAM modes can be
treated as eigenstates (2). We consider nonseparable states, or
spin-orbit states (24), of the form

jψSOi ¼
j‘1ijσ ¼ 1i+ j‘2ijσ ¼ � 1i

ffiffiffi
2
p ð1Þ

where ‘1,2 and σ denote the eigenvalues of the OAM and SAM op-
erators, respectively. We note that ∣ψSO⟩ is an eigenstate of the total
angular momentum Jz = Lz + Sz only in the specific case where ‘2 −
‘1 = ± 2. Radially and azimutally polarized beams fall into this cat-
egory (10). Instead, applying the more general Jz,γ operator, we
obtain

Jz;γ jψSOi ¼
ð‘1 þ γÞ j‘1i jσ ¼ 1i+ð‘2 � γÞ j‘2ijσ ¼ � 1i

ffiffiffi
2
p ð2Þ

∣ψSO⟩ is an eigenstate of Jz,γ provided that ‘1 + γ = ‘2 − γ. Thus, any
nonseparable state of the type of Eq. 1 is an eigenstate of Jz,γ with

γ ¼
‘2 � ‘1

2
ð3Þ

and the corresponding eigenvalue is jγ ¼
‘1þ‘2

2 . Depending on the
value of γ, Jz,γ thus has integer or half-integer eigenvalues, the
latter case corresponding to the Möbius strip topology.

Theoretical model of HHG with a polarization Möbius strip
Here, we use a high-intensity IR polarization Möbius strip field to
drive HHG in a jet of argon gas. This field is obtained by overlap-
ping, temporally and spatially, the pulses from two 800-nm wave-
length laser beams (referred to as beams 1 and 2) carrying the
OAM charges ‘1 = 0 and ‘2 = 1 and the opposite SAM (i.e., they
have orthogonal circular polarization) σ1 = +1 and σ2 = −1 (6). Ac-
cording to Eq. 3, the associated coordination factor is thus γ ¼ 1

2,
and both driving beams carry the same half-integer GAM charge:
jIRγ ¼ ‘1 þ γσ1 ¼ ‘2 þ γσ2 ¼

1
2. Thus, the total IR field is a GAM ei-

genstate despite the fact that it is not an eigenstate of the SAM and
OAM operators. Figure 1A shows the IR polarization state in the
transverse plane when the two driving beams are collinear. On
the optical axis, the polarization is purely circular, forming a “C
point” (25, 26). Around the C point, the field is elliptically polarized,
and the orientation of the ellipse varies by π when travelling along a
loop about the optical axis (Fig. 1A). The winding number associ-
ated to the C point is thus equal to 1/2 (5). To visualize the Möbius
strip topology of the field, the polarization ellipses computed along
the gray dashed circle in Fig. 1A are stacked, resulting in a twisted
strip traced by the major axis of the ellipses, the two ends of which
corresponds to the azimuth 0 and 2π. Connecting them, we obtain a
Möbius strip whose single edge is traced by the tips of the ellipses
(Fig. 1B). Note that because we are dealing with paraxial light
beams, this Möbius strip only exists in a synthetic space rather
than in real space. The interaction of this IR field with the atomic
gas results in the emission of high-order odd harmonics. Because

the efficiency of the process decreases exponentially with the ellip-
ticity of the driving field (27), XUV emission mostly occurs along
the circle where beams 1 and 2 have equal intensity, i.e., where the
IR polarization is linear (Fig. 1A and fig. SB).

We model HHG using the so-called thin-slab model (Materials
and Methods). The results are displayed in Fig. 1C. Each harmonic
is itself a polarization Möbius strip (top), i.e., is a superposition of
OAM and SAM states. This can be understood within a parametric
picture of HHG. To emit the qth harmonic, with q odd, p photons
can be taken from beam 1 and q − p photons from beam 2. OAM
conservation (16–19, 28, 29) implies that the resulting emission
channel (q, p) carries the OAM ‘(q,p) = p‘1 + (q − p)‘2 = q − p.
SAM conservation forbids all photonic channels yielding an XUV
photon with spin σ(q,p) ≠ ± 1 (30, 31). Thus, each harmonics is ex-
pected to be a superposition of two emission channels, which we
refer to with “+” and “−” subscripts, carrying the SAM σðqÞ+ ¼+1
and the OAM ‘

ðqÞ
+ ¼ ðq+ 1Þ=2 (8). Such a photon picture also pre-

dicts that the GAM charge of harmonic q should be
jðqÞγ ¼ ‘

ðqÞ
þ þ γσðqÞþ ¼ ‘ðqÞ� þ γσðqÞ� ¼ q=2. In the time domain, the

GAM conservation corresponds to invariance under a dynamical
symmetry consisting of a coordinated rotation and a time delay
(32). Inspecting the complex XUV field E, this linear increase of
the GAM with the harmonic order appears when we plot the so-
called rectifying phase, defined as Φ ¼ 1

2 argðE� EÞ (33). It shows
2� jðqÞγ phase jumps of π (Fig. 1C, bottom).

Experimental results
To experimentally verify these predictions, one has to access the
SAM and OAM content of the high harmonics. The spatially re-
solved measurement of the polarization and OAM state of those
composite beams would be extremely challenging because of the
cumbersome operation of phase retarders (30, 34, 35) and
Hartman sensors (19, 36) in the XUV. Here, we instead lift the de-
generacy of the two σ(q) = ± 1 emission channels by introducing a
small angle θ (50 mrad) between the two driving IR beams. This
way, the two channels are separated angularly, as shown in
Fig. 1F, as a consequence of the conservation of the photon linear
momentum (37, 38). Because of the noncollinear crossing of the
drivers, the IR polarization Möbius strip now exhibits several
right- and left-handed twists (Fig. 1, D and E, and movie S1).
Still, the net number of twists remains one, i.e., one can untwist
the Möbius strip of Fig. 1E to obtain that of Fig. 1B, as a conse-
quence of the topological protection of the winding number (5).

In the first step of the experiment, we set the polarization of the
two superimposed IR beams to linear vertical while keeping their
OAM equal to ‘1 = 0 and ‘2 = 1. In this configuration, the emission
of all HHG photon channels (q, p) is allowed. This process corre-
sponds to HHGdriven by a fork-shaped intensity and phase grating,
making it possible to draw an analogy with holography (18). The
measured XUV spectrum is shown in Fig. 2A. The noncollinear
angle θ was adjusted so that, for harmonic 11, the bottom part of
the beamlet (q, p) spatially overlaps with the top part of the one
after, (q, p + 1). In the overlapping region, the spatial phases of
the two neighboring vortices vary in opposite directions, and an in-
terference pattern can be observed (Fig. 2B). As we consider higher
values of p, the OAM gets higher; thus, the spatial period of the in-
terference pattern gets smaller. Comparing with simulation results
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(Fig. 2, C and D), the periodicity of the interference fringes provides
a measurement of the absolute value of the algebraic sum of the two
OAM charges (see the “Rescaling of the far field image” and “Inter-
ference of two linearly polarized XUV vortices” sections in Supple-
mentary Text). The result is compatible with the predicted law ‘(q,p)
= q − p. Note that the interference pattern is also clearly visible for
harmonics 9 and 13 (see the “Line outs of the vortex interference for
harmonics 9 and 13” section in Supplementary Text). Incidentally,
this experiment allows us to observe the interference between two
distinct photonic channels of a given harmonic. In particular, it
could provide a way to retrieve their relative phase, which, to the
best of our knowledge, was not achieved thus far. This unique capa-
bility is provided by the azimuthal phase variation and the high di-
vergence of OAM beams.

We then set the polarization of the driving beams to counter-ro-
tating circular and generate high harmonics with the resulting po-
larization Möbius strip. We obtain the harmonic spectrum shown
in Fig. 3A. As expected, all beamlets are completely extinguished,
except for the two located about the bisector of the drivers, for all
harmonic orders. Comparing with Fig. 2A, we also observe com-
plete suppression of the interference fringes in the overlapping
region of the vortices. These two facts indicate that the remaining
beamlets have opposite ±1 SAM, inherited from the driving IR
beams, and that the interference pattern now takes the form of a
complex rotating polarization direction in the region where they
overlap. As a downside, it is now impossible to quantify the OAM
content with the previous method. Instead, we take advantage of

controllable astigmatism of the refocusing optics. By increasing
the incidence angle of the XUV light on a spherical mirror (Mate-
rials and Methods) from normal up to 15°, we obtain a partial La-
guerre-Gaussian (LG)–to–Hermite-Gaussian (HG) mode converter
(see the “Partial LG to HG mode conversion” and “Mode conver-
sion with linearly polarized harmonics” sections in Supplementary
Text) (21–23). Counting the number of intensity minima on the di-
agonal of each harmonic vortex (Fig. 3, B and D) (39), we find that
the beamlets [q, (q+ 1)/2] carry the OAM (q+ 1)/2, in agreement
with the OAM value measured with linear polarization and the pre-
diction of the photon counting method. With the values of both the
OAM and SAM of the high-harmonic vortices in hand, we can now
compute their GAM charge. According to the experimental and
theoretical results, the channels of harmonic order q carry the
OAM ‘

ðqÞ
+ ¼ ðq+ 1Þ=2 and the SAM σðqÞ+ ¼+1. Thus, despite

having different OAM charges and helicities, they both carry the
same GAM charge

jðqÞγ ¼ ‘
ðqÞ
+ þ γσðqÞ+ ¼

q
2

ð4Þ

The GAM charge is therefore a property of harmonic q, which
does not depend on the number of photons absorbed from each
driving IR beam. It is equal to q times that of the fundamental
beams

jðqÞγ ¼ q� jIRγ ð5Þ

Fig. 1. Möbius strip topology of the driving IR field and corresponding simulated XUV spectra. Left: Collinear driving beams. Right: Noncollinear driving beams
(relative angle θ = 50 mrad). (A and D) Polarization state of the total IR driving field (red curves) and electric field at time t = 0 (blue arrows) for three different raddi. The
background color map displays the field intensity. (A′ and D′) Orientation angle of the IR polarization ellipse. (B and E) Möbius strip constructed by stacking the IR
polarization ellipses along the dashed circle in (A) and (D) and connecting those corresponding to ϕ = 0 and ϕ = 2π. The blue and pink lines trace the path of the
tip of the ellipse over a 2π range of the azimuthal angle ϕ. The yellow spheres indicate the connecting points of these two curves. (C) Simulated far field harmonics.
The top shows the intensity and polarization state (cyan ellipses). The bottom displays the rectifying phase, defined as arg(E · E)/2, where E is the complex Fourier am-
plitude of the harmonic. The GAM charge jγ ¼ ‘þ γσ ¼ ‘þ

1
2 σ corresponds to the number of azimuthal π phase jumps divided by 2. (F) Simulated far field XUV intensity.

The blue (respectively red) arrows represent σ = +1 (respectively σ = −1) SAM states.

Luttmann et al., Sci. Adv. 9, eadf3486 (2023) 24 March 2023 3 of 7

SC I ENCE ADVANCES | R E S EARCH ART I C L E
D

ow
nloaded from

 https://w
w

w
.science.org at U

niversidad de Salam
anca on February 28, 2024



yielding jð7Þγ ¼ 7=2, jð9Þγ ¼ 9=2, jð11Þγ ¼ 11=2, and so on. This trend is
shown in Fig. 4. In collinear driving geometry, where the σðqÞ+ ¼+1
beamlets are both emitted on axis, the GAM charge is well defined
and varies linearly with the harmonic order, while the OAM and
SAM each have two contributions for each harmonic.

In the absence of a spectrometer in the setup, the XUV emission
depicted in Fig. 3 would simply consist of two broadband XUV
rings separated angularly, with opposite helicity, each ring being a
comb of harmonics with increasing OAM values. Thus, in the tem-
poral domain, this noncollinear scheme allows the simultaneous
generation of right and left circularly polarized attosecond light
springs (8, 17, 29). Here, we use simulations based on the strong-
field approximation (SFA) to visualize the spatiotemporal structure
of the XUV light (see the “Spatio-temporal profile of the HHG emis-
sion in the noncollinear scheme” section in Supplementary Text)
and find that each of the two light springs exhibits a single helix.
This is reminiscent of the fact that the transverse profile of a
beam with jγ ¼

1
2 only contains one single amplitude extremum at

any given time (Fig. 1A). On the contrary, regular LG beams exhibit
an even number of extrema in their profile and yield attosecond
light springs with an even number of helices (17, 29).

DISCUSSION
We experimentally demonstrated that the GAM charge jγ is con-
served in nonlinear optics and that the topology of the fundamental

field is transferred to the generated light. Using the eigenstates of the
GAM operator as the basis of the laser modes, we turned the com-
bined OAM/SAM parametric conservation laws, which yield har-
monics with ill-defined angular momenta, into a linear scaling of
the GAM charge. jγ is thus the appropriate quantum number to de-
scribe nonlinear phenomena involving light fields invariant under
coordinated rotations. We also note that because the eigenstates of
the GAM (i.e., polarization Möbius strips and twisted ribbons) co-
incide with nonseparable spin-orbit states (24), our work shows that
HHG preserves the nonseparability of the SAM and OAM degrees
of freedom of the photons by transferring the polarization Möbius
strip structure to the high harmonics.

Incidentally, we directly observed the interference between two
photon channels contributing to the same harmonic order. Our
scheme could thus contribute to the validation of photon-based
theories of HHG (40). By exploiting transverse mode conversion
by astigmatic focusing, we also introduced an OAM measurement
method in the XUV that is of general usefulness. It may serve the
ever growing interest in applications of focused harmonic beams
carrying OAM, SAM, or both, for instance, in angular momen-
tum–induced dichroisms (41–43). The production of XUV light
beams with fractional-order polarization singularities also opens
more perspectives in ultrafast light-matter interaction. In particular,
the control of light’s topology at ultrafast time scales could lead to
light beams with time-varying nontrivial GAM (γ ≠ 0), along the
lines of (44), or beams with a dynamical symmetry (45, 46) and
be extended to bichromatic fields (20, 47, 48), HHG driven by

Fig. 2. High harmonic spectrumgenerated by a combination of ℓ1=0 and ℓ2=1 linearly polarized noncollinear driving beams. (A) Experimental intensity profiles of
harmonics 7, 9, 11, and 13. The colored digits indicate the OAM charge of the nearest XUV vortex. The bisector of the driving beams is indicated with a horizontal dashed
line. Δ is half the distance between the centers of two neighboring vortices, which only depends on the harmonic order and the relative angle θ of the driving beams. (B)
Line outs of harmonic 11 along the white horizontal lines in (A) (left) and corresponding spatial Fourier transform (right), with spatial frequencies in units of 1/Δ. (C)
Simulated intensity profiles of harmonics 7, 9, 11, and 13. (D) Line outs of harmonic 11 along the white horizontal lines in (C) (left) and corresponding spatial Fourier
transform (right).
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single-cycle pulses (49), tightly focused fields (50), and HHG in
nonlinear media with broken rotational symmetry (51), further ex-
panding the capabilities of ultrafast angular momentum-based
spectroscopy. Last, our results, combined with the recent progress
of the quantum optical description of HHG (52), could enlighten
the discussion triggered by Ballantine et al. (2) about the photon
statistics of light beams with noninteger angular momentum.

MATERIALS AND METHODS
Experimental setup
The fundamental laser is a Ti:sapphire regenerative amplifier, deliv-
ering 25-fs pulses centered at an 800-nm wavelength, with a 1-kHz
repetition rate and a 2-mJ pulse energy. The laser is split in two
beams (beams 1 and 2) by an intensity beam splitter and propagates
in a Mach-Zender interferometer (see the “Experimental setup”
section in Supplementary Text). A spiral phase plate (SPP), made
of 16 azimuthal steps and manufactured by SILIOS Technologies,
gives an OAM charge ‘2 = 1 to beam 2 (see the “Measurement of
the topological charge carried by beam 2” section in Supplementary
Text). The SPP is designed to imprint an optical path varying from 0
to λIR = 800 nm over a 2π azimuthal range. At the output of the
interferometer, the two beams are recombined noncollinearly.
Their relative angle θ is kept sufficently small (50 mrad) to

remain in the paraxial regime and avoid any spin-orbit coupling
of light (11). A zero-order half waveplate (HWP) is placed in
beam 2, and a zero-order quarter waveplate (QWP) is common to
both beams after the interferometer. To obtain counter-rotating cir-
cular IR beams, the slow axis of the HWP is precisely aligned at 45°
so that the field of beam 2 becomes horizontally polarized, and the
axis of the QWP common to both beams is precisely set at 45° (see
the “Gaussian counter-rotating circularly polarized drivers” section
in Supplementary Text). Each beam (collimated and apertured with
an iris of 14 mm in diameter) is focused using a plano-convex lens
with 75-cm focal length. The diameter of the focal spot size is about
50 μm. After passing through all the optical elements, a pulse of
beam 1 (respectively, beam 2) has an energy of 0.61 mJ (respectively,
0.52 mJ). The optical path difference between the interferometer’s
arms is set to zero by means of a delay stage placed in beam 1. HHG
occurs in an effusive jet of argon atoms issued from a 500-μm nozzle
located in the focal plane of both beams. To observe the intervortex
interference or to achieve controllable LG-to-HGmode conversion,
astigmatism must be limited, which prevents the use of cylindrical
mirrors and gratings with variable steps that are commonly used in
HHG experiments. We use instead a gold grating with uniform pe-
riodicity (600 grooves/mm). The XUV spot size on the grating must
be minimized to limit dispersion. The harmonics are thus focused
by a near normal incidence spherical mirror with boron carbide

Fig. 3. High harmonic spectrum obtained with a polarization Möbius strip as the driving field. (A) Experimental intensity profiles of harmonics 7, 9, 11, and 13. The
bisector of the driving beams is indicated with a horizontal dashed line. Circular arrows indicate the SAM of the light above and below the bisector (blue, σ = +1 emission
channel; red, σ =−1 emission channel). The two beamlets of each harmonic order have unequal intensity because the two driving beams have unequal pulse energy. (B)
Line outs of the XUV intensity along the corresponding lines in (A) in log scale. The number of intensity minima corresponds to the OAM charge of the vortex considered.
(C) Simulated intensity profiles of harmonics 7, 9, 11, and 13. To simulate the astigmatism of the optical setup, we impose a spatial phase varying quadratically with the y
coordinate to the XUV field before propagation. (D) Line outs of the XUV intensity along the corresponding lines in (C) in log scale.
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(B4C) coating and 600-mm curvature radius. The angle of incidence
on the mirror allows us to control the astigmatism as per require-
ment. The near-normal incidence reflections on the spherical
mirror and the grating prevent efficient detection of wavelength
shorter than 50 nm, which approximately corresponds to harmonic
order 15 (see the “Experimental setup” section in Supplementary
Text). The harmonics propagate to the far field where a set of micro-
channel plates and a phosphor screen is located. Last, the XUV spec-
trum at the back of the phosphor screen is recorded with a
complementary metal-oxide semiconductor camera (Hamamatsu
Photonics, model ORCA Spark C11440-36 U). The experimental
images shown in this work were acquired by averaging 30 frames,
with 0.6-s exposure time for each frame.

HHG simulations
The numerical model [the so-called “thin-slab model” (53)] assumes
that the gas jet is infinitely thin in the longitudinal direction so that
HHG occurs in a 2D transverse plane. Thus, we discard any longi-
tudinal phase-matching effect. This gas sheet is placed at the crossing
point of the two driving beams, where their respective foci are
located. The intensity of theHHG emission in the focal plane is com-

puted as IqeffIR e
�

εIR
ε0

� �2

, where IIR is the local intensity of the IR field
(with a peak intensity of 1014 W cm−2), qeff = 3.5 is a typical effective
order of nonlinearity (53), and ϵIR and ϵ0 = 0.2 are the local ellipticity
of the IR and a threshold ellipticity, respectively (27). The phase of
the harmonic order q at the focus is given by qϕIR + αatIIR, with ϕIR as
the local phase of the IR field and αatIIR as the atomic phase, propor-
tional to the IR intensity. The strong-field parameter αat =
2 × 10−14 cm2 W−1 corresponds to short electronic trajectories.
The polarization state of the generated harmonics at focus is
assumed to exactly match that of the IR. The resulting XUV field
is then propagated to the far field using the Fraunhofer propagation
operator (53). In the simulation, the first beam is an ideal right cir-
cularly polarized Gaussian beam, and the second beam is an ideal left
circularly polarized LG mode of indices (‘ = 1, ρ = 0), both having
the samewaist radiusw0 = 50 μm. The peak intensity of the LG beam
is 0.85 times that of the Gaussian beam. The noncollinear angle θ is

adjusted so that, in the far field, the distance ∆ between two XUV
vortices matches with the experiment (we did not simulate the
effect of the refocusing optics on the relative angle of the beamlets).
This configuration is achieved for θ = 40 mrad in the simulation.
Quantum simulations based on the SFAwere also performed to cor-
roborate the temporal emission of the Möbius strip driven harmon-
ics in the form of circularly polarized attosecond light springs (see
the “Spatio-temporal profile of the HHG emission in the non-collin-
ear scheme” in Supplementary Text).

Supplementary Materials
This PDF file includes:
Supplementary Text
Figs. S1 to S13
Legend for movie S1
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Other Supplementary Material for this
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Movie S1
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